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Let us consider a composite material that occu-
pies a volume Q C R?. We assume that the mate-
rial consists of periodically distributed inclusions
of material 1 in the continuous material 2. More-
over, we assume that material 1 occupies a volume
fraction of my and has a thermal conductivity of
a1 and that material 2 has a thermal conductivity
of as, where as < ay. We will here consider ther-
mal conduction, the elasticity case can be found
in [3].

Let us consider the expression
a2<§+g—;+m1 (Z—;— )f)
S+ —m(2-1)

E(f,ml) =

This expression can be rewritten as a Halpin-Tsai
type equation, see [2], by

a(gvml) _ 1 +§77m1

as 1—nmy’

where
a_q
as

2R
and & > 0 is the fitting parameter. The function
@ (&, m1) has the following properties:

77:

1. @(&,m1) is an increasing function in m; for
every fixed £ and

{ 6(670) = a2,
(

a(&, 1) =a.

2. @(&,my) is an increasing function in & for
every fixed m;.

3. The lower Reuss-Voigt bound (i.e. the har-
monic mean H) is attained at { = 0, that

is,
1

my g 1omg
ai a2

E(O,ml) =H =

Figure 1: Points on the upper and lower general-
ized Hashin-Shtrikman bounds.

4. The upper Reuss-Voigt bound (i.e. the arith-
metic mean A) is attained in the limit as
& — oo, that is,

glim a(&,my) =A=mia; + (1 —mq)as.

5. The Hashin-Shtrikman lower bound is at-
tained at £ = 1, that is,

a (17 ml) =az+ 1
aj]—ag

6. The Hashin-Shtrikman upper bound is at-
tained at £ = %, that is,

_{a1 1—-m
al|—,mq :a1+1—m.
a2 w—ar T 2a;

7. The generalized Hashin-Shtrikman lower

bound given by the eigenvalues </\l ,/\12) , see
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Figure 2: Unit cell with a rectangular inclusion of
volume fraction m;.

H(A=N))

() for

figure 1, is achieved with £ =
H < M| < A, that is,

)\l()\l):a<H<A_>\l1)

(2

8. In particular, the generalized Hashin-
Shtrikman lower bound is parametrized
by the curve <E(§,m1),6<%,m1)) as
0<¢< oo,

9. The generalized Hashin-Shtrikman upper

bound given by the eigenvalues (A}, \§), see
Hay (A-)\Y)

figure 1, is achieved with £ = 0T for
2\

H < \} < A, that is,

Ha1 (A - )\1{) m1>
a3 (A} — H)

a,

) =a (

10. In particular, the generalized Hashin-
Shtrikman upper bound is parametrized
by the curve (E(%{,ml)ﬁ(%,ml)) as
0<¢< oo

11. For the special case when we have rectangular
inclusions, the generalized Reuss-Voigt lower
bound is achieved with & = tITmtl, where

myq /t? is the quotient between the sides of the

rectangle, see figure 2. We have

() = [ ([ ) o

=
o
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Figure 3: A comparison of different bounds with
numerical data from the homogenization of a com-
posite with square inclusions.

12. For the special case when we have rectangular
inclusions, the generalized Reuss-Voigt upper
. . . _ t—
bound is achieved with &, = Wﬁlt)» where
my /2 is the quotient between the sides of the
rectangle, see figure 2. We have

t—m1

_ B 1
' <mml> R (fatey)dy) dr

We have square inclusions in the special case

when ¢t = ,/mj, and then & = ,/m; and
Eu = Lml In this case, the best bounds are the

lower Hashin-Shtrikman bound and the general-
ized Reuss-Voigt upper bound. These bounds are
compared with numerical data from the homoge-
nization procedure described in [1], see figure 3.
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