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Zh zloo lq wklv sdshu frqvlghu frpsxwd0

wlrqdo dvshfwv ri pxowlvfdoh lwhudwhg krqh|frpev1

E| krqh|frpev zh phdq wzr0glphqvlrqdo wzr0

frpsrqhqw shulrglf vwuxfwxuhv zkhuh wkh lqwhulru

sduw frqvlvwv ri sro|jrqv +w|slfdoo| kh{djrqv ru

uhfwdqjohv,1 Lwhudwhg krqh|frpev duh/ urxjko|

vshdnlqj/ �krqh|frpev lq krqh|frpev�1 Wkh

wkhruhwlfdo edvlv iru wklv zrun fdq eh irxqg lq

^5` dqg ^6`/ zkhuh G1 Oxnndvvhq lqyhvwljdwhg wkh

olqhdu hodvwlf dqg wkhupdo h�hfwlyh surshuwlhv ri

wkhvh w|shv ri vwuxfwxuhv1 Lq sduwlfxodu/ Oxnndvvhq

irxqg vlpsoh irupxodh iru wkh xsshu dqg orzhu

erxqgv ri wkh fruuhvsrqglqj h�hfwlyh sdudphwhuv1

Wkhvh erxqgv kdsshq wr frqyhujh wr wkh vdph

olplw dv wkh qxpehu ri ohqjwk vfdohv wxuqv wr lq0

�qlw|/ dqg/ lw wxuqv rxw wkdw wkhvh olplwv duh rs0

wlpdo1 Frpsrvlwh vwuxfwxuhv ri wklv w|sh duh xvx0

doo| uhihuuhg wr dv rswlpdo1 Rwkhu zhoo nqrzq h{0

dpsohv ri rswlpdo vwuxfwxuhv duh wkh Kdvklq hools0

vrlgdo vwuxfwxuh dqg wkh pxowludqn odplqdwh vwuxf0

wxuh1 Krzhyhu/ lw lv lpsruwdqw wr qrwh wkdw vwuxf0

wxuhv zklfk kdyh wkh vdph h�hfwlyh ehkdylru riwhq

duh gl�huhqw zlwk uhvshfw wr surshuwlhv vxfk dv or0

fdo exfnolqj uhvlvwdqfh/ orfdo dqg joredo vwuhqjwk/

vwuxfwxudo froodsvh hwf1 Iurp wklv srlqw ri ylhz lw0

hudwhg krqh|frpev vhhp wr eh yhu| lqwhuhvwlqj/ hv0

shfldoo| ehfdxvh wkh| srvvhvv fhuwdlq vxlwdeoh v|p0

phwu| surshuwlhv +vhh ^6`,1

Zh suhvhqw d qxphulfdo phwkrg iru hvwlpdwlqj

wkh h�hfwlyh frqgxfwlylw| zlwk jrrg frqwuro ri wkh

dffxudf|1 Wklv phwkrg surylghv d uholdeoh wrro

iru frpsdulqj gl�huhqw w|shv ri lwhudwhg vtxduh

krqh|frpev1 Xs wr qrz rqo| wkh fdvh ri zlgho|

vhsdudwhg ohqjwk vfdohv kdv ehhq frqvlghuhg1 Iurp

d pdqxidfwxulqj srlqw ri ylhz lw lv lqwhuhvwlqj wr

lqyhvwljdwh dqg frpsduh wkh lqwhuphgldwh fdvhv1

Ohw xv frqvlghu wkh lwhudwhg vtxduh krqh|frpe

vwuxfwxuh gh�qhg e| wkh fkdudfwhulvwlf ixqfwlrq

Iljxuh 4= Lwhudwhg vtxduh krqh|frpev1

"6c&c� rq U2
> zkhuh n> k> p duh srvlwlyh lqwhjhuv/
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"
E6� lv irxqg lwhudwlyho| e| ohwwlqj "

E�n�� eh wkh

^3> 4`0shulrglf h{whqvlrq ri wkh ixqfwlrq
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dqg " lv wkh fkdudfwhulvwlf ixqfwlrq ri wkh lqwhu0
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zkhuh �lq dqg �frq duh wkh frqgxfwlylwlhv ri wkh

lqwhulru dqg wkh frqqhfwhg sduw ri wkh lwhudwhg

vtxduh krqh|frpe0vwuxfwxuh/ uhvshfwlyho|1

Lq rughu wr eh deoh wr vshdn derxw h�hfwlyh frq0

gxfwlylw| iru wkh deryh vwuxfwxuh zh frqvlghu wkh

iroorzlqj wzr olplw0fdvhv=

� �{ p dqg n dqg ohw k dssurdfk lq�qlw|1 Wkh

fruuhvsrqglqj h�hfwlyh frqgxfwlylw| lv lq wklv

fdvh ghqrwhg �6c&=

::



Iljxuh 5= H{dpsohv ri xqlw fhoov iru � @ 3=85=

� �{ p dqg ohw k @ n dssurdfk lq�qlw|1 Wkh

fruuhvsrqglqj h�hfwlyh frqgxfwlylw| lv lq wklv

fdvh ghqrwhg �6c"=

Wr jhw �6c& dqg �6c"> zh qhhg wr vroyh fhu0

wdlq plqlpl}dwlrq sureohpv ryhu d vshfldo Vrerohy

vsdfh Z �c2
shu +\ , +vhh ^4`,1 Iru lwhudwhg vtxduh krq0

h|frpev wkh dssur{lpdwlrq irupxod ri Oxnndvvhq

+vhh ^5`/^6`, uhgxfhv wr
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zkhuh y�*E26�
� u6 � 4= Qrwh wkdw wklv |lhogv wkh

frqyhujhqfh �6c" $ �"c" dv p$4/ zkhuh

�"c" @ �frq .
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zklfk lv suhflvho| wkh Kdvklq0Vkwulnpdq xsshu

erxqg iru �lq ? �frq dqg wkh Kdvklq0Vkwulnpdq

orzhu erxqg li �lq A �frq1

Lq rughu wr jhw qxphulfdo hvwlpdwlrqv ri �6c&

dqg �6c"> zh uhsodfh Z
�c2
shu +\ , zlwk d �qlwh gl0

phqvlrqdo vxevhw ri Z �c2
shu +\ , lq wkh plqlpl}dwlrq

sureohpv phqwlrqhg deryh1 Lq wklv zd| zh re0

wdlq xsshu dqg orzhu qxphulfdo hvwlpdwhv �n
6c&

dqg

�
3

6c&
> iru �6c&= Zh qrwh wkdw wkh jhrphwu| ri wkh

sureohp lv wkh vdph rq hdfk vwhs1 Edvhg rq wklv

jhrphwu| zh fdq fuhdwh d �{hg IHP0phvk +zlwk

�qhvw phvk0uh�qhphqw lq wkh fruqhuv, zklfk zh

fdq xvh rq doo wkh 5p vwhsv1 Dv dq dssur{lpdwlrq

iru �6c& zh xvh wkh qxpehu h�6c&
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Iljxuh 6= Gl�huhqfh ehwzhhq wkh h�hfwlyh frqgxf0

wlylw| dqg wkh Kdvklq0Vkwulnpdq xsshu erxqg1

dqg ohw g6c& ghqrwh wkh ghyldwlrq ehwzhhq �6c&

dqg �"c" +lq (, l1h1

g6c& @ 433
�"c" � �6c&

�6c&

=

Lw vhhpv wkdw iru d �{hg ydoxh ri p wkh frqgxf0

wlylw| lqfuhdvhv zlwk n1 Krzhyhu/ wkh frqyhujhqfh/

dv n jrhv wr 4/ lv vorzhu wkdq zh h{shfwhg +vhh

Iljxuh 6,1 Iurp d pdqxidfwxulqj srlqw ri ylhz

lw lv reylrxv wkdw wkh qxpehu ri zklwh vtxduhv

n
2E63�� lq hdfk xqlw fhoo lv dq lpsruwdqw sdudphwhu

+lw lv hdvlhu wr pdqxidfwxuh d vwuxfwxuh zlwk ihz

odujh vtxduhv wkdq pdq| vpdoo rqhv,1 Zh revhuyh

iurp Iljxuh 6 wkdw wkh frqgxfwlylw| pd| qrw qhf0

hvvdulo| lqfuhdvh zlwk wkh qxpehu n2E63�� +frp0

sduh h1j1 wkh fdvh p @ 5> n @ ; zlwk wkh fdvh

p @ 6> n @ 6,1
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^4` M1 E|vwuùp/ M1 Khovlqj dqg D1 Phlghoo/ Vrph

frpsxwdwlrqdo dvshfwv ri lwhudwhg vwuxfwxuhv/

5334 +vxeplwwhg,1

^5` G1 Oxnndvvhq/ Irupxodh dqg erxqgv frqqhfwhg

wr rswlpdo ghvljq dqg krprjhql}dwlrq ri sdu0

wldo gl�huhqwldo rshudwruv dqg lqwhjudo ixqf0

wlrqdov/ Sk1G1 wkhvlv/ Ghsw1 ri Pdwk1/ Wurpvù

Xqlyhuvlw|/ Qruzd|/ 4<<91

^6` G1 Oxnndvvhq/ D qhz uhlwhudwhg vwuxfwxuh

zlwk rswlpdo pdfurvfrslf ehkdylrxu/ VLDP M1

Dsso1 Pdwk1/ 8<+8,/ 4;5804;75/ 4<<<1
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