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BOUNDS AND NUMERICAL RESULTS FOR
HOMOGENIZED DEGENERATED p-POISSON EQUATIONS
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Abstract. In this paper we derive upper and lower bounds on the homogenized energy
density functional corresponding to degenerated p-Poisson equations. Moreover, we give
some non-trivial examples where the bounds are tight and thus can be used as good ap-
proximations of the homogenized properties. We even present some cases where the bounds
coincide and also compare them with some numerical results.
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1. INTRODUCTION

In many types of materials, e.g. composites, the physical properties can be mod-
elled by a Y-periodic function A. For small values of € the function A\(z/e) will
oscillate rapidly which means that the material is strongly heterogeneous on a local
scale. Nevertheless, the material will globally act as a homogeneous medium. It
is extremely difficult to find the effective properties Apom which describe this ho-
mogeneous medium. The field of mathematics that rigorously defines the notion of
effective properties is known as homogenization.

Consider a class of physical problems described by a minimum energy principle of
the form

(1) E. nluin{/(”%)\<§)|Du|pdx/Q fudz},

where u belongs to some subset of W1!(Q) and represents the state of the material.
It is known that the energy E. — FEpom as € — 0, where Fyopy, is of the type

Ehom :min{/ )\hom(Du)dx—/ fudx},
“ Q Q
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and Apom is defined as

2) Mo () = miin [ ZAwlé + Do dy.

For a proof of these homogenization results when A is bounded between two positive
constants see e.g. [13]. The degenerated case, i.e. when ) is allowed to approach zero
or infinity, was studied in [6] (see also [2]). By using numerical methods it is possible
to compute Apom by formula (2), see e.g. [3]. Another approach is to find bounds
on /\hom-

Bounds for the case when A is bounded between two positive constants were pre-
sented in [10] (see also [9]). These bounds, combined with reiterated homogenization
(i.e. introducing A of the form A(z/e,...,2/c™)), have played a central role in the
development of new optimal structures, see e.g. [1], [7], [8], [11], [12], [14] and [16].
Moreover, these bounds were used in an extension of the Ponte Castaneda varia-
tional principle ([4] and [5]) to obtain bounds for a class of more general nonlinear
problems than those described above, see [15].

The main results of this paper are that we prove lower and upper bounds on Apom
for the degenerated case (see Theorem 1 and Theorem 2), i.e. we find functions Ajower
and Aypper such that

>\lower (5) g /\hom(g) g Au];)l'.>er(§)'

Moreover, we present some illustrative examples where the bounds are tight and thus
can be used as a good approximation of Apom.

2. NOTATION AND PRELIMINARY RESULTS

Let © be an open bounded subset of R”, ¥ the unit cube in R™ and (-,-) the
Euclidean inner product. Let 1 < p < 0o, 1/p+ 1/¢g = 1, and let A be a Y-periodic
(weight) function such that

A>0 ae.,and A\, \"Y07P) arein Ll (R").

The set of all real-valued functions u in L{ (Q) such that uA'/? is in LP(Q) is
denoted by LP(£2, ). The set of functions v in Wli’cl (©) such that v and |Du| are in
LP(Q, ) is denoted by W'2(Q, \). Moreover, by W, (2, ) we mean the closure of
Cy(Q) in WHP(Q, X) and W 2(Y, \) is the set of real functions v in WLL(R™) such

that u is Y-periodic and u € WP (Y, \).
Define the family (u.) as the set of solutions of the variational problems

1
E. = min {/ —A(E)|Du|pdx/fudz}.
ueWy P(QA(z/e) LJa P \E Q
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Under the additional assumption that A belongs to the Muckenhoupt class A, it was
proved in [6] that (u.) converges weakly in W,"'(Q) to the unique solution tpem of
the homogenized problem

Ehvom = min {/ Ahom(Du)dx — | fu dx}
Q Q

wEW, P (Q)

where \pom is defined as

. 1
3) Man(© = _min [ SA@we + Do dy,
veWRE (Y,)A) Jy P

It was also proved that
E: — Eyom-

We remark that the family of solutions (u.) of the minimization problems described
above are also solutions to the weighted weak formulations of the p-Poisson equations,

[, (2ot D)z = [ o

u. € Wy (0, Az /e))

for every ¢ in W, P(Q, M(z/¢)). The homogenized solution upem satisfies the homog-

namely

enized problem

/(b(Duhom),Dgo) dm:/fgodx,
Q Q

Unom € WP (),
for every ¢ in W, P(Q), where b is given by

HE) = | Awlé + DueP (¢ + Dug) dy
and we is the solution of the local problem

| 0wl + D=2+ Dug), D)y =0,
(@ v
we € WLE(Y, N),

per

for every o in WLE(Y,\).

per

Remark 1. The solution we of the local problem (4) is also the minimizer in
the local minimization problem (3) and

Mom(€) = {25(6).€).
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3. BOUNDS

In this section we present upper and lower bounds on the homogenized energy
density functional Aneom, defined in (3). The bounds are given in the following two
theorems:

Theorem 1. Let A\yom be defined as in (3). Then we have the upper bound

et 1/ 1 _ 1-p
Anom (kei) < Aupper(ke;) < L ( / (A dyi) ,
0

where {e1,...,e,} Is the canonical basis in R™ and

1 1
0 0

Theorem 2. Let A\yom be defined as in (3). Then we have the lower bound
)\hom(kei) 2 >\lower (kez)

1 1
& |k|p1—) / . / WV OA=PN Py dyior dyiga - - - dyn,
0 0

where {e1,...,e,} Is the canonical basis in R™ and

1
(AL/(1-p))y, :/ A=) gy
0

Remark 2. By linearity, we get lower and upper bounds on Ay for all £ € R”
when p = 2.

For the proofs of Theorem 1 and Theorem 2 we need the following two lemmata,
which themselves are of independent interest:

Lemma 3. Let D be a measurable set in R such that |D| = 1. Moreover,
let a > 0 be a weight function such that a € L*(D) and a'/('=") € L'(D), where
1 <r < oo. Then

1-r
min/ a(x)|1 4+ u(z)|" dz = </ a(z)t/ (=) dz> ,
uwel Jp D

where

(5) U:{ueL’”(D,a): /Dudx:0}.
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Moreover, the minimum is attained for

1
U= (/ at/(=7) d:c) at/(=r) 1,
D

Proof. The reversed Holder inequality and (5) imply that

/Da(x)|1+u(x)|rdx> (/Da(x)l/ﬂ—ﬂ dac)l_r/Dl—i-u(a:)da:

= < /D a(z)t/ (=) dz>”.

Equality holds in Hoélder’s inequality when

T

a0 = 1+ ul=1+u.

The zero average constraint implies that

1
c= (/ al/(=7) dx) .
D

Since a € LY(D) and o'/~ ¢ LY(D), it follows that 0 < ¢ < oc. Moreover,
u € L"(D,a) since

/ [u|"ada = / lea/ =) — 1" dz
D D

gO(/ al/(lr)der/adz) < 0,
D D

where C' is a constant. O

Lemma 4. Let A\yom be defined as in (3). Then
* : 1 1—
)‘hom(é) = inf -A q|§+o—|qdya
y 4
where A} is the Legendre transform of Apom and V' is defined as

per

V= {a € LYY, \'79): / (o0, Dv)dy =0 for all v € WLP(Y, )\)}.
Y
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Proof. Let f: R* — R be defined as
1 P
f(é):]—j)\léJrSI :

where s is a fixed vector in R”. The Legendre transform f* of f is

£*(0) % sup {{0,€) — F(©)} = éxl-w — (o,5).

£ER™
This implies Young’s inequality
(6) (0,8) < f(§) + f7(0) forall 0, €R",

with equality for
(7) o =N+ s[P2E +5).

Inequality (6) implies that for any measurable function o we have

. 1
Mm@ = _min [ Sawle+ Doy
veWRE(Y,A) Jy P

1
> min / (0,6) — =\ o|? + (0, Dv) dy.
vEWRE (YN JY q

This implies

,l 1—q| |9
(8) Mo (€) > sup /Y (0.6) = X ol dy.

Actually we have equality in (8). This fact will be clear if we prove that

,l 1—q| |9
() Mo (€) < sup /Y (0.6) = X ol dy.

Let we be the minimizer in (3) and let o1 be defined as
(10) 71 = A€ + Dwe[P7*(€ + Duw).
Then it follows by (6) and (7) that
Mnam(€) = [ (71,6} = 2N a1+ (or, Duve) dy.
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Next we note that oy € V and thus (9) holds. Indeed, by (10) and Remark 1 we
have

/ (o1, D) dy = / (A€ + Dwe[P72(& + Dwe), Do) dy = 0
Y Y

for every p € WLP(Y, ) and (10) implies that

per
/ lo|IN "9 dy = / |€ + Dwe|PAdy < oc.
Y Y
We now proceed as follows:

— ,1 1—q| ;19
(11) N (€) = sup /Y (0.6) = X lo]"dy

1
sup{<?7,£> Inf /gqulalqdy}
! Jy ody=n""

Let F': R™ — R be defined as

1 1
(12) F(n)= inf /—A1*q|a|qc1y: inf /—A1*q|n+a|qc1y.
UEVi v q U€V7 vy q
fY ody=n fy ody=0

In view of (11) and (12) it follows that
Ahom (§) = sup([(n, &) — F(n)] = F*(§).
n
Since F' is convex and lower semicontinuous we have

Aom (§) = F*7(€) = F(§)

and the proof is complete. O

Proof of Theorem 1. Without loss of generality we prove the result for k£ = 1.
Let M; = {v e WLP(Y,)\): v =v(y;)}. Lemma 3 then gives

per
, 1
Mom(er) = _min [ SA@le + Do)l dy
veWpE(Y,A) Jy P
1
< i -A 1+ Djv(y;)|Pd
min |5 ()1 + Div(y:)|” dy

1

1
min | p< )ill + Div(y:)[” dy

1 1 U 1-p
(o)
0
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Proof of Theorem 2. Without loss of generality we prove the result for k£ = 1.
Let

Si{UEV: c=(0,...,00(Y1, - Yi=1,Yit1,- -, Yn),---,0) and /ody()}.
Y

By using Lemma 4 and Lemma 3 we obtain

1
ANom(es) = inf /—)\1_‘1|ei+a|qdy
oeV v q
fyo'dy:O
. 1.,_
< inf / _)\1 q|1+Ui(y1)'"7yi—1ayi+1a"'ayn)|qdy
oeS; Jy ¢q

1 1

1

= 1Ilf/ / —<)\1_q>i|1+0i|qdy1... dyifldyi+1... dyn
o€Si Jo o 4

—4q

1 1 ) 1
=- {/ . / (A0 P dyy . dyic dyiga - dyn
qlJo 0
This implies the following lower bound on Apem(€;):

)\hom(ei) = sup {<ei7 §> - A;‘lom(g)}

EER™
= sup {t - Aflom (tei)}

te; ER™
= sup{t — [t|"Afom(€i)}

teR

e L - e

> suﬂg{t 7[/ / ANTD, P dyr L dyi—1 dyigr - dyn] }

te 0 0

I ! _
= 5/ / <)\1/(1—p)>2 pdyl... dyi,1 dyi+1... dyn
0 0

4. SOME EXAMPLES

In this section we apply the bounds from Theorem 1 and Theorem 2 in two il-
lustrative examples. The examples are presented in R? for simplicity. Let us first
remark that when the upper and lower bounds are equal we know the effective energy
density functional exactly. For instance, this is the case when A is of the type

AMy) = f(y1)g(y2), Ay) is Y-periodic.
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Then it follows from Theorem 1 and Theorem 2 that
1 1 1-p 1
Manten) = 5 ([ 107 an) [ gt e
P\Jo 0
1 1-p 1
/ g(y2)"/ 7P dyz) / fyn) dyr.
0

0

Ahom (€2) = %(

We now give one example of this situation where the conductivity degenerates on
the unit cell boundary. We note that it is easy to make the mistake of believing
that we have zero conductivity in one direction and infinitely high conductivity in
the other direction. However, as we show below, the homogenized energy density
functional is nonzero and finite in both directions.

Example 5. Consider the special case when p = 2 and let A\: R? — R be
Y -periodic and defined as

1/2

1
on Y.

Y1 — 3

Ay) = |y (1 —y1)| 72 5

Then, by Theorem 1 and Theorem 2, we have

e = 5 ([N rwan) = L (22k( L))

1 [t T
Ahom (€2) = 5/ Ay1) dyr = Wv
0 1

where K (-) is the complete elliptic integral of the first kind. This means that
Anom (€1) ~ 0.40451,  Apom (e2) ~ 0.84721,

that is, the effective conductivity in the ys-direction is only about twice as high as
the effective conductivity in the y;-direction.

We now consider an example where the upper and lower bounds are very tight.
This means that we have a good explicit estimate of the effective energy density
functional. This fact can be used to obtain error estimates for numerical computa-
tions. We demonstrate this by comparing the bounds with numerical computations
done in MATLAB using the FEMLAB toolbox.

Example 6. Let

11
272

|

DN | =

Drz{er: ‘y—( )‘<r,0<r<

119



and let A\: R? — R be Y-periodic and defined as

Ay) = (Hy_ (% %) )a’ y € Dy,

1, yeY\D,,

where —2 < a < 2p — 2. By symmetry, the homogenized energy density functional
Ahom (€1) = Anom(e2). Let 7 = 0.4 and let A™, A* denote the lower and upper bounds,
respectively.

alpha = -1/2 alpha = 1/2

Figure 1. This picture shows 9 unit cells for each of the values « = —1/2, a =1/2, a =1
and o = 3/2. The radius is r = 0.4.

(a) The linear case, p = 2:
We present the results rounded to five digits.

a | Anom(€i) A~ AT
—3/2 | 0.70147 | 0.67425 | 0.74023
-1 0.63470 | 0.62059 | 0.65433
—1/2| 0.56597 | 0.56203 | 0.57082
1/2 | 0.44172 | 0.43797 | 0.44482
1 0.39389 | 0.38207 | 0.40284
3/2 | 0.35639 | 0.33773 | 0.37078
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(b) The nonlinear case, p = 3:

We present the results rounded to four digits.

a | Ahom(€;) AT AT

-1 0.4325 0.4260 | 0.4482
0.2649 | 0.2608 | 0.2708
0.2219 0.2121 | 0.2353
0.1952 | 0.1821 | 0.2132

WIN| —

As we see from these tables, the lower and upper bounds are very tight, which means

that they can be used as a good approximation of the homogenized energy density

functional.
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