7 Appendix

7.1 Proof of Lemma 2
Proof. (of Lemma 2.)

(a) (6) and (8) immediately gives
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(b) Young’s inequality yields that
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Now choose 7 sufficiently small and the inequality follows.

(¢) By (11), (2), (10) and Young’s inequality we have that
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By choosing 7 sufficiently small, it follows that

/ |§ + DoS%
Y

Pdy <c.(1+¢7).

7.2 Proof of Lemma 3

Before we prove Lemma 3, we state and prove the following auxiliary inequality first.

Lemma 9 Let ¢, and ¢, be two functions in LP (Q,R™). Then we have that
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Proof. We have by Holder’s inequality that
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for every A > 0. In particular, for A =
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where the last step follows by Minkowski’s inequality. 0]
Proof. (of Lemma 3.) By (53), the strict monotonicity assumption (7), (2) and (12) we get
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Now by applying first the continuity assumption (6) and successively Holder’s inequality and

(12) we obtain

I

/ (a (29,6, + Dv%) — a (z,y,6, + Do) €, — &,) du

I

IN

/ |a (»T; y,61 + D'Ugl’x) —a (»Ta Y,6o + DU&Q’E)‘ & — &yl do

33
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7.3 Proof of Theorem 7

Before we present the proof of this theorem we recall some results and prove some lemmas
which will be useful in the proof. We also remark that the proof is influenced by [7] where
the uniform periodicity problem was treated and [15] where the case p = 2 was treated.

Theorem 10 Let u € W' (Q) be a weak solution of the equation
—div (a (z, Du)) = 0 on Q.

Then there exists s > 0 such that for each open set QQ with compact closure in ) we have that
u € WPt (Q) and

HUHWLHS(Q) <C HUHWLP(Q)

Proof. See [11]. O
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Lemma 11 Let a, b, up, and u be defined as in Theorem 5. Then

[(a(o2.0w) sy i [ 0.0, 0

Proof. By (16) and (21) we have that

/ <a (x,ﬁ,Duh> ,Duh> dr = (fn | un)
Q €h

/Q(b(m,Du),Du)d$:<f|u>,

and

respectively. Since f, — f in W=14(Q) and u;, — u weakly in VVO1 P (Q2), we have that
(fn | un) — (f | u) and the lemma is proved. O

Lemma 12 Let a;, v and v™P%% be defined as in Theorem 5. Then
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Proof. First we note that
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It is obviously sufficient to prove (a) - that the first term in equation (54) converges to
Jq, (b: (Du), Du) dx and (b) - that the second term in (54) converges to 0. Indeed, by the
definition of b; together with the cell problem we have that
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_ / (b; (My D) , My Du) da.
o

We will prove that the last integral converges to [, (b (Du),Du) dz. In fact, elementary
estimates and the continuity property of b, see Remark 3, implies that
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p—1y 2 1
P P P
< C /(1 + | My Du| + | Dul)? dx /|MhDu — Dul’ dz /|MhDu|p dx
or or an
ol
p
X /\MhDu— Dul? dx /\MhDu]p dx
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Since || MyrDul|po, gny < DUl 1o, gy by Jensen’s inequality, it follows from (4) and the
fact that [Q;\Q| — 0 that all three terms converges to 0 as h — oo and (a) is proved. Next
we note that by (6) and a change of variables in (12) we have that
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vy
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jEBL J€B} i o

where we in the last step used Jensen’s inequality and in the limit process the fact that
|E"| — 0 since |08;| = 0. Thus (b) is proved and we are done. O

Lemma 13 Let I'; : Q; — R”™ be a simple function of the form

m
L= E X Ay, Ok
k=1

where A, C € is compact, |0Ax| =0 and |[Ax N Aj| =0 for k #1. Then

limsup || My, Du + DuMPues — (T 4+ Dol')

h—oo

‘LP(Qi,R”)
p-a-1 1
< C 1+ |Dul + Tilll oy g 1P% = Till s, e

)-
Proof. Put A,,11 =\ U, Ak, ame1 = 0 and define the following index sets
gk = {je T Y A Wherekzl,...,m+1},
B = {jesi:Vina #0, Vi\Ae #0}.

Moreover, we define F/"" = Uje BZ”“??V Since Uj" Ay is compact, we have that U;" Ay C

QF c Q; for h sufficiently large, which implies that

P
/ ‘MhDu+ DyMrDPusi (3> — (Fi + Dol (3» dx
Eh En
Q;
P
= /‘MhDu+ DyMrDuwzi (£> — (Fi + Doyli®i (£)> dx
Eh En
o
P
+ / ‘MhDu + DyMrDuzi (3) dx. (55)
Eh
Q,\Qh
Let us study the first term on the right hand side.
P
/‘MhDu + DyMrDuzi (ﬁ) — (Fi + Dot <£>) dz
Eh €h
h

(3
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By using (13) with a change of variables and the Jensen inequality, we obtain

x x P
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+) /(1+\MhDu\+\ak] /\MhDu—ak]pdx
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ok FlF

Now we note that ‘thk‘ — |0Ag| and by assumption, that |0Ax| = 0 for k = 1,...,m.
Moreover, we have that [Q;\Q| — 0. The lemma follows by (55) and (56). O
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Lemma 14 Let I'; : Q; — R be a simple function of the form

m
F'i - E XAkak7
k=1

where A, C € is compact, |0Ax| =0 and |[Ax N Aj| =0 for k #1. Then

lim sup Hl + ‘MhDu + DyMnDu,zs
h—o0

+ |T; + Dot

LP(Q;,R™)
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Proof. Put A1 = %\ UL, Ak, ami1 = 0 and define the following index sets
JZ”C = {jE J,"L:?iCA;.C Wherekzl,...,m+1},

Bt = {jesi:Vina #0, Vi\Ae #0}.
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Moreover, we define F/** = UjGBZ’k??"‘ Since Uj*, Ay is compact, we have that U A, C
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Eh
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Let us study the first term on the right hand side.
P
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By using (13) with a change of variables and Jensen’s inequality, we obtain

p
/ (1 + ‘MhDqu Dyt <£> ‘ + |T; + Dot <£> D dx
Eh En
Qb

i

m+1 ﬂ*afl B—a-1
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k=1 jegik
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m+1 m+1
< oYY (1Hlgl ) >0 > (1 + k) 7]
k=1 jegik k=1 jepi*
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< C/(1+‘MhDu‘p+‘F ’P)dx+02 / 1—|— ’MhDu’p+‘ak’p)
a, k=1 o
mAt1
< C’/(1+\Du]p—l—]F ”) dx+C’Z / (1+ |Dul” + |ag|") dx
Q; k= 1Fhk
m+1
< C’/(l+\DuH—]F \)pdx+C’Z / (1+ |Du| + |ag|)? da. (58)
a, k=1 o

Now we note that ‘Flhk‘ — |0Ak| and by assumption, that |[0Ax] = 0 for k = 1,...,m
Moreover, we have that [Q;\Q| — 0. The lemma follows by (57) and (58). O

Lemma 15 There exists a s > 0 such that the functions a; <£,§+Dv§’” <£)> are
Eh Eh

uniformly bounded in L4 (€;, R™).

Proof. Apply Meyer’s estimate, see Theorem 10, with Q) = S—% %) and ) = (—2,2)". By

2’ 2
the definition of v&% we have that — div (aZ (y,{ + Do&i ) 0 on €. Meyer s estimate
implies that there exists a s > 0 such that

1€ 9) + 055 W) 1@y < CNEY) + 057 ()| y100 -

This estimate together with Poincare’s inequality and the periodicity of v5% imply that

|€ + Dv**i (y) < C||¢ + Dv¥* (y)

HLp+s(Q7Rn) HLP(Q,R”) ’

that is,
1€+ Do W) ooy < ClIE+ DV W) iy < C A+ IED
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where we in the last inequality have used (13). By a change of variables we obtain

‘ £ + D&% (ﬁ)
€h

This implies that & + Dv®% (£> is uniformly bounded in LF** (;, R"), and according
En

p+s ,
<c+ley|v). (59)

Lrts (Y] R™)

to (6), we get that a; (ﬁ, £ + Dob% <£>) is uniformly bounded in L+ (Q;, R"), where
Eh Eh

s=s/(p—1). O

Lemma 16 Let a;, u, vMP%% and b; be defined as in Theorem 5. Then

/ <az~ (ﬁ,MhDu + DyMr P <£)> ,Duh> dx — / (b; (Du) , Du) d.
Q Eh Ehn Q;

Proof. First we note that for every 6 > 0 there exists a simple function I'; = " | x4,
satisfying the conditions in Lemma 13 such that

[ Du — PiHLP(Qi,R”) <é.

By adding and subtracting [, <ai (ﬁ, [; + Doliei <£)> ,Duh> dx we have that
i En €h

/<ai (ﬁ,MhDu + DyMrDPusi <£>> ,Duh> — (b; (Du) , Du) dx
€h €h
Q

<ai (ﬁ My Du + DthD“’”i> —a; (ﬁ T+ Dvwi) ,Duh> dz
En

</
Eh

Q;

N / <az. (i,pﬁ Dvﬂm) , Duh> _ (b;(Du), Du) dz| . (60)

i

Let us estimate the first integral on the right hand side in (60). By Schwarz’ inequality, (6)
and Holder’s inequality, we obtain that

/ <ai (ﬁ M, Du + DthD“’”i> —a; (ﬁ I+ vai@i) ,Duh>
Q

Eh Eh
i

-

i

dx

a; (ﬁ,MhDu 4+ DUJV[;LDU,-%) — a; (ﬁ,rz + Dvri,fti>‘ |Duh| dx
Ehn €h
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< /01 (14 |MyDu + Dy )Pflfa

Q;

+ |T; + Dot

x | MyDu + Do — (T; + Do™*)|* | Duy| da
p—;—a
< C / (14 |MyDu + DoMwPu%i| 4 |0y + Do"% )" da
Qi
o 1
p p

/ | Mj,Du + Do*»P% — (T; + Do"™)

Q;

/ | Duy|? dx

Therefore, according to Lemma 13 and Lemma 14,

lim sup <ai (3, M, Du + DthD“’“’i> — a; (ﬁ, I + Dvr““i> ,Duh> dx
h—o0 Eh Eh
p—1— < _a
< ¢+ |Duf + IFiIIILp(Q T 1Du = Til| e, oy 1 Dl o, ey < CP—2, (61)

where C' is a constant independent of h, see (18). Let us now study the second integral on
the right hand side in (60). We will prove that

/ <Gz' (;, I + D’Ur“mi) ,Duh> — (b; (Du) , Du) dx — 0. (62)
o h

In fact, we note that the compensated compactness lemma, Lemma 1, implies that

/ <a1- (ﬁ, g + Dva’““> Duh> odr — / ), Du) ¢ dz, (63)
oN €h

as h — oo for every ¢ € C5° (€;), and then show that

/ <ai (ﬁ, o+ D’L)ak,CU'L) Duh> wdxr — / Du> wdz
Q; €h

for every w € L* (§;), t < co. By Lemma 15 there exists s’ > 0 such that

z ,
a; | —, ap + Dy *
Eh

< p we obtain that

L7 () Q/

i

<C.
Lats' (Q;,R™)

p2 +p28/ _psl
pQ —|—p8’ — g

<a1- (ﬁ, o + Dva’“’“) ,Duh>
Eh

Forl <r=

T

dz

<ai (ﬁ, o + D'U‘”“”) ,Duh>
Eh
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T

| Dup|" dz

IN

a; (ﬁ, o + Dva’““)
En
x
/ a; ( , o + Dy “) /\Duh]p dz
€h
Q

1 1
Choose t < oo such that n + — = 1. Then there exists a sequence (¢,,), ¢,, € C5° (£;), such
r
that

[

i

_pp-1)
p2+ps’—s'

p+ps'—8’
p2+p8’78’

q+s’
dz

IN

[w = Gyl i,y — O for every w € L' ().

We have that

wdx

< (ﬁ o + Dy x) ,Duh> — (bi (o) , Du)

/
/ < (ﬁ ay + Do m) ,Duh> — (i (cw) , D)

i

Q;
< /‘ < (81 akwwm),Duh>—<bi<ak>,Du> (w—%)‘ de
Q " )
+ /K -(— ay, + Dv®* ) ,Duh>—<b¢ (ak),DW} P A
Q;
< H< (ﬁ,ak+pvw),Duh>—<bi<ak>,z>u> | = Gl e

Eh

L7 (%)

+ / [<ai (;,ak + Dva’“’“) ,Duh> — (b; (o) ,Du)} ¢, dx| . (64)
o8 "
For every ¢ > 0 there exists an M such that
m> M= [0 = 6l < (65)

By using (63)-(65) we obtain that for m > M

}}im / [<ai (;,ak + Dva’“’wl) ,Duh> — (b; (o), Du)] wdz
< lim <ai (ﬁ, o + Dv“’““) ,Duh> — (b; () , Du) e < Ce.
h—o00 Eh LT(Qi)
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Since £ was arbitrary, this implies that

lim <ai (ﬁ, ap + Dva’“’mi) ,Duh> wdr = / (bi (o) , Du) wdz
Qi Qi

h—oo En

for every w € L' (€;). By choosing w () = 1 for x € Ay and w (z) = 0 for z ¢ Ay, we obtain
that

lim <ai (ﬁ,Fi + Dvri’”“) ,Duh> dx = / (b; (Ty) , Du) dx,
Qi Qi

h—o00 En
and the desired result follows by the continuity of b, see Remark 3. Indeed,

lim /<ai (E,Fi + Dvr“wi> ,Duh> —/ (b; (Du) , Du) dx
h—o0 En Q
0

i

< hlim /<ai (;,Fi + DUF“”“) ,Duh> —(b; (I';) , Du) dx
+ lim / \(b; (T) , Du) — (b; (Du) , Du)| dz
Q;
< lim /|bz- (T3) — b; (Du)] | Dul
Q;
< hlim /51 (14 |Ty| + |Dul)* 7 |T; — Du|” | Dul da

Qi
. —1—
< lim O+ [T+ Dl ey 1T = Dl ey 1Dl g ey < €8
Since the § was arbitrarily chosen, we have proved (62). The proof now follows by combining
(60), (61) and (62). O

Lemma 17 Let a;, u, up, vMP%% and b; be defined as in Theorem 5. Then

/ <ai (27 Duh) ) MhDu + D,U]V[hDu’wi (E) > dr — / <bl (DU) ) DU> dz.
Q Eh €h Q;

Proof. The proof is similar to that of Lemma 16, but for the readers convenience we present
the details. For every ¢ > 0 there exists a simple function I'; = Y /" | x4, o satisfying the
conditions in Lemma 13 such that

[ Du — PiHLP(Qi,R”) <é.
By adding and subtracting fﬂ <az- (ﬁ, Duh) T + Dol (£)> dz we have that
i En €h

/<CL1 (ﬁ,Duh> , My, Du 4 Dy?MrDusti <£>> - / (bi (Du) , Du) dz
) €h Ep Q

i
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- |

Q;

<ai (ﬁ, Duh) , M,Du + Dy*nPwri _ (FZ- + Dvr“mi) >‘ dx
En

+ / <ai (i,Duh) ,Fi+DvF““i> — (bi (Du) , Du) dz| . (66)

i

Let us estimate the first integral on the right hand side in (66). By Schwarz’ inequality and
Holder’s inequality we get that

[

i

[

<az- (3 Duh> , My, Du + Du*»Pu®i — (T; 4+ D' >‘ dx
Ehn
a; (17 Duh)
€h
q q

< / a; (ﬁ, Duh> dx |MhDu + DyMrPwti (T 4 Dyti®)
En

Q; Q;

IN

‘MhDu + D,U]WhDu,xi _ (Fz + D’Uri’wi) dr

3=

P dx

Lemma 13 and the boundedness of a; (;, Duh) in L9(9Q;,R"), see (20), implies that
h

lim sup /

h—oo Q;

where C' is a constant independent of h. Let us now study the second integral on the right
hand side in (66). We will show that

/ <Clz' (ia Duh) L0+ Dvr“mi> — (b; (Du) , Du) dz — 0.
Q;

€h

€hn

We note that according to Theorem 5, a; ﬁ,Duh converges weakly in L7(9;,R") to

€hn

b; (Du), —div (ai (;, Duh)> converges to — divb; (Du) in W14 (Q;) and by periodicity
h

A, Ty

x
(o, ) +epv — | converges weakly in W'? (Q;) to (o, z). The compensated compact-
€h

ness lemma, Lemma 1, implies that

/ <ai (ﬁ, Duh> o+ Dva’“’“i> ddr — / (b; (Du) , ag) ¢ dx, (68)
Q; €h Q;

as h — oo for every ¢ € C5° (€;). Next we will prove that

/ <ai (ﬁ, Duh) , o+ Dva’“’”> wdxr — / (b; (Du) , o) wdz
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for every w € L'(€;) and some t < oco. First we note that by (59), there exists s > 0
such that Hak + Dyr®i <1> < C, where C is independent of h. For 1 < r =

€h

LPts (2, R")

p(pt+s) _ _p
pPP+ps—s  p—1

‘ <ai (E,Duh> , Q + Dva’“’mi>
ch L7 ()
= / <a1- (E,Duh> , g + Dva’“’“> dx < /
€
Q " Q

i i

a; (17 Duh)
Eh
(p—1)(pts)
/ a; (27 DUh)
€h
Q

_pr
q p2+ps—s p2+ps—s
dx / | + Dv % [P dy <C. (69)
i Q;
1 1 .
Choose t < oo such that n + — = 1. Then there exists a sequence (¢,,), ¢,, € C5° (£;), such
r
that

= ¢ we obtain that

T

T

|l + Dv*|" dx

IN

|w — ¢mHLt(Qi) — 0 for every w € L ().
We have that

7Duh> , O + D'Uak’wi> - <b@ (DU) ,Oék> wdx

(
(o (20w 22 00 0 4 1)
(

En J
< ‘ <ai ;,Duh> , o + Dv“’“’“i> — (b; (Du) , o) | (w — qﬁm)‘ dx
L h J
+ / [<ai (;,Duh> , o + Dva’“’“> — (b; (Du) ,o@} &, dx
x ,
S H <al‘ <_, DUh) , O + Dvak,$z> — <bl (DU) ,Oék> Hw - ¢mHLt(Ql)
“h L7 ()
+ / {<ai (;,Duh) , O+ Dva’“’“> — (bi (Du) ,a@} O dz| . (70)
For every € > 0 there exists M such that
mzM=[w— ¢, @, <e (71)
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By using (68)-(71), we obtain for m > M,

lim / (<ai (E,Duh) , o + D'UO"“”> — (b; (Du) ,ak>) wdx
h—oo Q Eh

< lim ' <a1- (ﬁ, Duh) , p + Dva’“’“> — (b; (Du) , o) e < Ce.
heo €h L7 (%)

Since € was arbitrary this implies that

lim <a1- (ﬁ, Duh> , 0 + Dva’“’“> wdr = / (b; (Du) , a) wdz

for every w € L' (€;). By choosing w (z) = 1 for z € Ay and w (z) = 0 for ¢ A, we obtain

that
lim <ai (ﬁ, Duh) T + Dotis (£)> dr = / (b; (Du),T;) dz,

and the desired result follows by the continuity of b, see Remark 3. Indeed,

lim /<ai (E,Duh> T + Dot (£>> — (b; (Du) , Du) dx
h—o0 Eh €h
Q

i

< lim /<a (ﬁ,Duh> T, + Dol <ﬁ>> — (b; (Du),T;) da
h—oo Eh €h
Q;
+ lim / ((b; (D) ,T) — (b; (Du) , Du)| da
Q;

< hlim/|bz-(Du)||Fi—Du|dm
Q;

< Jim [5:(Du) |, ey 1T = Dl gy < O (72)

Since the 6 was arbitrarily chosen, we conclude, according to (67) and (72), that both terms
on the right hand side of (66) converges to zero and the convergence claimed in the lemma
is proved. O]

Lemma 18 Let uy, vMP%% and P, be defined as in Theorem 7. Then

/ <1 + |Duh| +

Q

N p
me (x) By (z, M},Du, z;) ) dz < Cp. (73)
i—1

Proof. We have by (3), a change of variables in (12) and Jensen’s inequality that

p

dz

/ ’Ph (.I', Mh,Du,ilfi)‘p dx = / ‘MhDU + D,U]WhDu,xi <£>
€h
Q; oy
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<

IN

IN

IN

p

dz

p

‘MhDu + DoyMrDuwi (ﬁ)
Eh

Q
Z/ £+ Dyfiows (E—i)

h
JET! i

dx + / ‘MhDu + DoyMrDui <£>
€h

Q\Qh

d:zH—Z/

eBh

p
f” + Doféhoei (ﬁ)‘ dx

S (1+lal) v+ ch<1+|m ) Y|
jeJh jeBh
cz/ (14 |M,Dul?) dm+02/ (14 |M,Duf)d
JeIl jeB! Yy
cz/ (14 |Dul”) dx—i—CZ/ (14 |M,Dul) d
JEIl Y jeB Yy
C/(1+]Du\p)dx+0/(1+]Du\p)dx
an Fh
c/(1+ ]Du\p)dx+0/(1+ M, Dul?) dz
Q; Fh

Hence we by (74) have that

IN

IN

IN

IN

N
ZXQ ) P (x, My Du, x;)

P
)dx
i=1
p
)dac

C \Q\+/\Duh\pd:c+2/]Ph z, My Du, z;)|F da

Q =17,

/ (1 + ]Duh] +

Q

3! / (1 + | Dup|? +

Q

x) Py (x, My Du, ;)

N
C |Q|+/|Duh|pdx+(]z /(1+|Du|p)dx+/(1+|MhDu|p)d:r

0 =1 \ g, o

i

N
C |Q|—|—/|Duh|pdx—|—/(1+|Du|p)dx+2/(1—|—|MhDu|p)dx
0 o i=1 7,
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Now since |Fl’“ — 0 as h — oo, we have for sufficently large h that

Z/(1+|MhDu|p) iz < 1.

Hence we have that

P
ZXQ ) P (x, My, Du, x;) > dr < Cp

/ (1 + |Duh| +

Q

by (18), (75) and (76).
Proof. [of Theorem 7]
By the monotonicity assumption (7), (73) and Holder’s reversed inequality we have that

IN

IN

IN

IN

B
p P
/ Duy, — ZXQ ) Py (x, My Du, ;)| dz
p=8
N p 2
C’ <1 + | Duy| + ;XQ x) By, (x, My Du, x;) ) dx
B
p P
Duy, — ZXQ ) Py, (x, My Du, z;)| dz

ZXQ ) Py, (x, My Du, x;)

=1

/ (1 + |Duh| +

Q

B

>P/3
X | Duy, — ZXQ ) Py (x, My Du, z;)| dx

C T

hd L Duy ) - —§ z) P, (x, My, D

o <a<x,€h, u) a(x Xa, ( w (¢, My, ux1)>,
Q

Duy, — ZXQ ) Py, (x, My, Du, x1)> dx
x
C /<CL (fE;_JDuh)JDuh> dx
Ehn
Q
. N T
- £ MpDu,z; [
/ <a (z, Eh,Duh) ;29691- (z) (MhDu +Dv (Eh))> e
Q =
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(76)

O]



< < XQi () (MhDU + DyMnPuti (;))) 7Duh> dx
h
<CL <fE, ﬁ XQi (z) (MhDu + DyMnDusi (ﬁ))> ;
Eh 1 En

Q
= x
Z Xo, (2 (Mh,Du + DyMrDusi (€—)> > dac] :
- h

=1

)
/

+

The theorem follows by applying Lemma 11 to the first term, Lemma 17 to the second term,
Lemma 16 to the third term and Lemma 12 to the last term. 0]
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