Introduction

This thesis deals with the theory and applications of the homogenization
method. The theory of homogenization dates back to the late sixties, was
very rapidly developed during the last two decades and is now established as
a distinct discipline within mathematics. The homogenization theory has im-
portant applications in the mathematical analysis of different physical and
mechanical phenomena in composites, perforated media, dispersed media,
porous media and similar situations. The main problem is to determine
effective properties for e.g. heat transfer, elasticity, electric conductivity,
magnetic permeability, flow etc. of strongly heterogeneous multiphase mate-
rials. A common feature for such problems is that the governing equations
involve rapidly oscillating functions due to the heterogeneity of the under-
lying material. These rapid oscillations render a direct numerical treatment
impossible. Therefore one has to do some type of averaging or asymptotic
analysis, which immediately leads to the concept of homogenization.

This thesis is written in a bottom-up type of style. We start purely
mathematically by presenting the basic ideas in the area of homogenization
and give some theoretical results. It is now natural to introduce the concept
of bounds for the homogenized operator. Having this foundation, a good
way to get a feeling for the homogenization principles is then to consider the
computational aspects of homogenization. We finish by showing some cases
where the homogenization theory can be used in the science of composites
engineering.

The following pages are meant to give an elementary presentation of the
basic ideas in the homogenization theory. Moreover, they also serve as an
overview of the field and points out where the results contained in this thesis
fit in.

A Analytical and theoretical homogenization
results

In this section we present the basic ideas and some of the most important
theoretical concepts of the homogenization theory. The physical problems
that we have considered in this thesis (elasticity, stationary heat conductiv-
ity) are elliptic, so we concentrate on the homogenization of such problems.
One should however keep in mind that the theory of homogenization has



successfully been applied to a number of other equations such as the wave
equation, Helmholtz’ equation, Navier-Stoke’s equation, the porous medium
equation, the biharmonic equation, Maxwell’s equations, Hamilton-Jacobi’s
equation and the non-stationary diffusion (heat) equation, see e.g. [8], [16],
[26], [31], [32], [40], [42], [46], [51], [60], [66], [86], [90], [93], [94] and also
to other material structures, see e.g. [25]. We also mention the collection
of classical papers in [20], where the introduction gives a good selection of
references. Some of these applications have been treated in the following
theses by other members of our research group in homogenization, see [12],
[17], [18], [50], [69], [73], [96], [98], [107] and [108].

A.1 The basic ideas in the homogenization theory

Suppose that we would like to know the stationary temperature distribution
in a homogeneous body of shape  C R3? with an internal heat source f,
heat conductivity a and zero temperature on the boundary 9. Or maybe
we are interested in the deflection of a membrane of shape Q2 C R? made
of a homogeneous material with stiffness a, loaded by a vertical force f and
clamped on the boundary 0€2. These problems can be described by the
following boundary value problem: Find u € Wy* (Q), 1 < p < 0o, such that

—div (a(Du)) = f on Q, (1)

where 2 C R" is an open bounded subset, f a given function on {2 and
a : R" — R" satisfies suitable continuity and monotonicity conditions of
such type that we have existence and uniqueness of the solution of the above
problem. Here W, (€2) is the usual Sobolev space of functions u with bound-
ary values 0 such that u € LP (), Du € [L? (Q)]".

Now that suppose we would like to be able to model physical situations
where the underlying material is heterogeneous, that is, {2 consists of a ma-
terial with different properties in different positions of 2. Then we would
have to replace a in (1) with a map of the type a : Q@ x R” — R" and we get
the equation

—div (a (z, Du)) = f on Q,
(2)
ue W,?(Q).

Because of the dependence of z, equation (2) is much more difficult to handle
than equation (1). One interesting special case is a two-phase composite
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Figure 1: A periodic composite with two different Y-cells

where one material is periodically distributed in the other. In this case
the underlying periodic inclusions are often microscopic with respect to the
overall body 2. Because of the periodicity, we can now divide €2 into periodic
cells which we call Y, see Figure 1. Note that the microstructure of a given
periodic material can be described by several different periodic cells.
Mathematically this is usually described by maps of the form ay, (z,&) =
a(x/ep, &), where a (-, ) is assumed to be Y-periodic and ¢, is a small para-
meter. This means that ¢, is a parameter which varies the frequency of ay,
or in other words, the fineness of the periodic structure. Equation (2) then

takes the form
—div (ay (z, Duy)) = f on Q,

(3)
u, € WyP(Q).

Now let (¢,) be a sequence of positive real numbers such that ¢, — 0 as
h — oo. In this way we obtain a sequence of problems, one for each value of
h. The larger the value of h gets, the finer the microstructure becomes, see
Figure 2.

The natural question that now arises is if we have some type of conver-
gence of the solutions wu;. Assume that we can establish convergence in some
appropriate sense, that is,

Uup — U as h — oo.



Figure 2: The microstructure of ) as h tends to infinity.

The second step would then be to investigate whether u satisfies an equation
of a similar type, that is

—div (b(x, Du)) = f on Q,

ue WyP(Q).

If this is the situation, how do we then find b7 From Figure 2, we see that
the material macroscopically appears to behave like a homogeneous material
for large values of h, even though the material is strongly heterogeneous on
the microlevel. We say that b is the effective conductivity, stiffness, etc. This
makes it reasonable to assume that b is independent of x, which means that
u satisfies an homogenized equation of the type

—div (b(Du)) = f on £,

uwe Wy (Q).

The subject that deals with these types of questions is known as homoge-
nization. In particular, the convergence of partial differential operators of
the type above is an important case of G-convergence of monotone opera-
tors, see e.g. [4], [10], [24], [54] and [87]. Part A of this thesis deals with
G-convergence of monotone operators and degenerate monotone operators.

Remark 1 We will use the notion G-convergence for operators of the type
above. Some authors do however distinguish between G-convergence (intro-
duced by Spagnolo [97] in 1967) and H-convergence (introduced by Tartar
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in 1977, see [81], [101] and also [20]), where H -convergence initially was
introduced as an extension of G-convergence to a wider class of problems.

Another approach to study different physical phenomena in heterogeneous
materials is by using the fact that the state of the material u often can be
found as the solution of a minimization problem of the type

Ep= min {/g (ﬁ,Du(m)) dw—/fudm},
ueWy ?(Q) LJao Eh Q

where the local energy density function g (-,€) is periodic and is assumed
to satisfy the so called natural growth conditions. The convergence of this
type of integral functionals is called I'-convergence (introduced by De Giorgi,
see [34], [35], [36] and also [6], [14], [15], [29], [54]). From the theory of I'-
convergence it follows that Ej, — Fjo.m as h — oo, where

Ehom = min {/ Ghom (Du(m))dm—/fudm}.
ueW, ?() UJa Q

Here the homogenized energy density function gpom, is given by

Ghom (§) L min /Yg (z,& + Du) dz, (4)

Y wewir )

where W” (Y) is the set of all functions u € W? (V') which are Y-periodic
and have mean value zero. Again we note that the limit problem does not
depend on z, that is, ghom is the energy density function of a homogeneous
material.

Remark 2 The partial differential equations above should be interpreted in
the weak sense. The model problem (3), for instance, should be read as

[ @ Du) Doy ds = [ fods for cvery 6 € Wi (@),

up € W()Lp (Q) )

where (-,-) denotes the Euclidean inner product.



A.2 Some basic homogenization results

In order to demonstrate some of the techniques and difficulties encountered
in the homogenization procedure we consider homogenization of the one di-
mensional Poisson equation. The homogenization process is much simpler
in R! than in higher dimensions, however it reveals the main difficulty. We
will use C' to denote positive constants that may differ from place to place.
Moreover, let = (z1,13), f € L* () and a € L™ () be a measurable and
periodic function with period 1 satisfying

0<p <a(zr) <py,<ocoforae zeR. (6)

Moreover, we define a; (z) = a <1> Then equation (5) takes the form

€h

/ ap, () Dup D¢ dx = / fédx for every ¢ € Wy* (),
u, € Wy? ().

By a standard result in the existence theory of partial differential equations,

there exists a unique solution of these problems for each h. By choosing

¢ = uyp, in (7) and taking (6) into account, we obtain by Holder’s inequality
that

2 2
6y HDuhHL2(Q) < /Qah | Dun|” do = /quh de < HfHL2(Q) HuhHL2(Q)~

The Poincaré inequality for functions with zero boundary values states that
there is a constant K only depending on () such that

[unll 120 < K [ Dunll 120 -

This implies that
2
HuhHWOLQ(Q) <, (8)

where C' is a constant independent of h. Since W2 (Q) is reflexive, the
Eberlein-Smuljan theorem then states that there exists a subsequence, still
denoted by (uy), such that

up, — u, weakly in Wy (Q). 9)



Since W12 () is compactly embedded in L?(f2), we have by the Rellich
embedding theorem that u, — u, strongly in L?(Q). In general, however,
we only have that Du;, — Du, weakly in L?(Q). Moreover, since a is 1-
periodic, we have that (aj) weakly* converges to its arithmetic mean (a),
that is,

1
ap — (a) = / adx weakly™ in L™ (). (10)
0

From (7), (9) and (10), it is then reasonable to assume that we in the limit
have

/ (a) Du,D¢dx = / fédx for every ¢ € Wy* (),
Q Q

u, € Wy (Q).

Unfortunately this is not true in general, since (a,Duy,) is a product of se-
quences which only converge weakly. This is the prime obstacle in the limit
process of the homogenization theory. To obtain the correct solution we pro-
ceed in the following way: First we note that (a,Duy,) is bounded in L? ()
because of (6) and (8). We also have that D (apDuy,) = f € L?(Q) by (7).
Hence there exists a constant C', independent of A, such that

lan Dup |2y < C.

Since W2 (Q) is reflexive and compactly embedded in L? (Q2) , the Eberlein-
Smuljan theorem and the Rellich embedding theorem then state that there
exists a subsequence, still denoted by (apDuy), and an n € L? () such that

apDuy, — 1 strongly in L? (Q).

This combined with the fact that (a, ') converges to (a~') weakly* in L* ()
(hence weakly in L?(Q)) gives us

Duy, = a;,'ap,Duy, — (a™")yn weakly in L* (2). (11)
Thus in view of (9) and (11), we see that

n= <a_1>71 Du,.



Now, by passing to the limit in (7) we obtain that

/ bDu, D dx = / fodx for every ¢ € Wy (Q),
Q Q

u, € Wy* (Q),

where the homogenized operator is given by b = (a*1>71 , the harmonic mean
of a. Now since

we conclude that the homogenized equation has a unique solution and thus
that the whole sequence (uy,) converges. We want to remark that the main
difficulty was the passage to the limit in (ajDuy), which is the product of
only weakly convergent sequences. However, one shall refrain from drawing
the hasty conclusion that weak* convergence in (L (Q))"*" of the inverse
matrices A, of Ay, is the key to the understanding of the problem in higher
dimensions. In this case the problem of passing to the limit is rather delicate
and requires introduction of new techniques. One of the main tools to over-
come this difficulty is the compensated compactness method introduced by
Murat and Tartar (see [82] and [102]). This method shows that under some
additional assumptions, the product of two weakly convergent sequences in
L* () converges in the sense of distributions to the product of their limits.
Another related concept is that of H-measures (or microlocal defect mea-
sures), introduced independently by Gérard and Tartar around 1990, see e.g.
[43], [45] and [105].

Remark 3 The corresponding homogenization problem for the one-dimensional
p-Poisson equation

/ ay, () ]Duh]pf2 DupDodx = / fodx for every ¢ € Wol’p (Q),
Q Q

up € W()Lp (Q) )
1-p

gives the homogenized operator b = <a1/(1*p)>

We now turn to homogenization in R”. In Section A.1 we described the
basic ideas in different homogenization problems. Assume that a satisfies
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suitable structure conditions, see e.g. Remark 4. Let 1 < p < oo and
% + % = 1. The main result for the homogenization problem connected to
the Dirichlet problems

—div (ay, (z, Dup)) = f on Q,

un € Wy (),
is that

u, — wu weakly in Wy? (Q), (12)
ap (r, Dup) — b(Du) weakly in [L? ()]",

where u is the solution of the homogenized equation

—div (b(Du)) = f on £,

ue Wy (Q).

The homogenized operator b : R™ — R” is defined by
1
M@:——/a@£+Dﬁ@D@; (13)
Y1 Jy

where w¢ is the solution of the local problem on Y

/ <a (:E,f + Dwg) ,D¢> dx = 0 for every ¢ € Wé’p (Y),
v (14)

wé € WA (V).

For a proof of this result see e.g. [22] or [44]. A common technique
to prove this theorem is Tartar’s method of oscillating test functions [103]
related to the notion of compensated compactness mentioned above. Another
technique is the two-scale convergence method, see Remark 9 in section D.2.
This homogenization result is extended to cover aj, of the form a (x,x/ep, £)
in paper Al of this thesis. This type of equations can be used to model
nonlinear physical phenomena in composite materials, where the typical cell
of periodicity may vary with the position in the overall composite.



Remark 4 A common assumption is that a (x,§) satisfies the conditions

ja(2,&) —a(@,&)] < ad(@) (L+ &)+ &) - &I,
(a(@,€) —a(z,&),& — &) = eX(@) (1+&]+I6)71E - &7,

for ci, 0 > 0,0 < a < min(l,p—1) and max (p,2) < [ < oo. These
conditions are for instance satisfied by the p-Poisson operator

a(z,€) =A(@) ¢ "¢,

<
>

where the constants ¢; and ¢y can be chosen as ¢; = max (p -1, (2\/5) 27p> ,

Co = min (p -1, (2\/5)27p> .

A.3 Correctors

Returning to (12), we see that u, — u converges to 0 weakly in W, (Q). The
Rellich imbedding theorem then implies that u;, — u converges to 0 strongly
in L7 (). Unfortunately do we not have strong convergence of Duy, — Du to
0 in [LP (©2)]" in general. However, it is possible to express Duy, in terms of
Du up to a rest which strongly converges to 0 in [L? (€2)]". Results of this
type are called corrector results. Indeed, let P, : 2 x R” — R"™ be defined
by

Py (z,€) = £+ Duy (%) ,

where wg is the periodic extension of the solution to the local problem (14).
Now we define the step function M,¢ : R* — R” by

Mh¢ ZXY ’YZ’ Y1¢( )

i€l
for every ¢ € [LP (Q)]", where V) = ¢, (i +Y) and [, = {i € Z" : Y} C Q}.
Then
Duh - Ph (', MhDu) — 0 in [Lp (Q)]n .

This result was proved in [30] and is extended to cover a of the form a (z, /ey, £)
in paper Al of this thesis. In particular, both convergence results and cor-
rector results are obtained.
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Figure 3: A composite with two local scales.

A.4 Reiterated homogenization

One natural extension of the homogenization problem described above is to
include several microscopic scales, see Figure 3. Let us consider the limit
processes corresponding to the problems

—div (a (ﬁ,---,im,Duh)) = f on (),
E, = min {/g(ﬁ,---,im,Duh(mo dac—/fudx}.
ueWy P(Q) LJa Eh En Q

Homogenization problems with more than one microscopic scale are known
as reiterated homogenization problems.

Let us consider the reiterated homogenization problem with m different
local scales where we have the following sequence of linear problems

—div (a (1,...,%,Duh>) = f on (),
Ehn &y

u, € Wy ().
It was shown in [67] and [68] that

and

u, — wu weakly in W37 (Q),

a (ﬁ, e im, Duh> — b (Du) weakly in [L7(Q)]",
En Ep
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where u is the solution of the homogenized equation

—div (b(Du)) = f on £,

ue Wy (Q).
The homogenized operator b : R™ — R is defined by
b(§) = ¥ (€),

where 1), is computed according to the following iterative procedure:

¢0(y1,~--;ym;§) = a(yla"wymag)a
1
(P (yb---,ym—i;f) = m/¢i_1 (yl,--',ym_i+1,€+Dwf (ym—i—i—l)) AYm—it1-
Y

Here wf is the solution of the following local problem on Y: Find wg such
that

/Y <wi71 <y1, s Ymeir1, § Dwf (ym*ijtl)) ,Dq§> dym_is1 =0,

wf € W5* (V)

for every ¢ € WP (V).

The homogenization problems connected to monotone operators of the
type described above have been generalized in many directions. Extensions
have been made to for example vector valued problems, almost periodic prob-
lems and problems with stiff and soft inclusions. Paper A2 in this thesis deals
with the reiterated homogenization of nonlinear degenerated monotone oper-
ators. Reiterated homogenization techniques are also used in papers D1, D2
and E2 to compute the elastic properties of woven composites. Moreover, we

also consider computational aspects of reiterated homogenization in paper
C1.

A.5 Some special cases with closed form expressions
for the homogenized operator b

As we saw in section A.2, the homogenized operator (13) depends on the
solution of a cell problem (14). There are however some special cases when
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we can get closed form expressions for b. We give a few of them below. Some
of these special cases are intimately connected to the concept of bounds, see
Section B. For simplicity, we concentrate on linear heat conductivity in the
plane, that is, we consider (3) with p = 2 and a (y,£) = X (y) £ where £ € R2.

A.5.1 The Hashin structure

In the early sixties, Hashin and Shtrikman [49] investigated bounds for the
effective properties of isotropic three dimensional mixtures with arbitrary
phase geometry. Hashin and Rosen [48] later showed that these bounds
were optimal, meaning that one can find phase geometries such that they are
obtained. The so called Hashin structure, which consists of coated spheres, is
one such case. We study a three-phase composite consisting of three isotropic
materials, let us call them material 1, 2 and 3, with conductivity

A(z) I = [a1xq, (7) + azxq, (¥) + asxq, ()] 1

where X is the characteristic function for the set {2; and I the unit matrix.
Let the unit cell geometry be described by

0

1
{z:)z] <}, ng{x:rlglx\§r2<§},
1 )
Q3 = {:v:]xi\<§/\\x]2r2,z:1,2}.

In order to compute the homogenized coefficients (13), we need to solve the
cell problem (14)
—div (A (2) D¢* (z)) =0onY, (15)

where ¢° (z) = (€, ) +w¢ (x) and w® (z) is Y-periodic. In the case £ = ¢; =
[10]", we look for a solution of the type

Cizy, x €,
6 () ={ = (02 n ﬁ) L re, (16)
1, x € (3,

see Figure 4. It is easily seen that (16) satisfies (15) on Y. By physical reasons,

the solution ¢° () as well as the flux A (z) %—‘f must be continuous over the

boundaries 2; N 2y and Q5 N 3. This gives four equations to solve for the
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Solution we1 of cell problem
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Figure 4: The solution w* of the cell problem when a3 is chosen according
to (17).

three unknowns C, Cy and K. In order to get a consistent solution, we get
that as must be

Ky an (142 m (2-1))
3 = Qg (CQ - —22) = - : y (17)
B (2

2
where m; = :—%, the volume fraction of material 1 in material 2. Since we

now know the solution w® (y) = ¢ (y) — (e1,y) of the cell problem, we can
compute the homogenized coefficients

bley) = /YA(Q;) (e1 + Dw™) da = [y 0]
and similarly
bles) = /YA (z) (ea + Dw™) dz = [0 as]” .

This means that we can put the coated cylinder consisting of material 1
coated by material 2 into the homogeneous isotropic material 3 without
changing the effective properties, see Figure 4. By filling the whole cell
with such homothetically coated cylinders, we get an isotropic two-phase
composite with conductivity as, see Figure 5. We also mention the fact that
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Figure 5: The Hashin structure.

if a1 > as then ag above is the lower Hashin-Shtrikman bound. By letting
material 1 and 2 change places and solving a similar problem as above, we
get the upper Hashin-Shtrikman bound. We refer to Section B for more on
this topic.

A.5.2 The Mortola-Steffe structure

We define our unit cell Y = (0, 1)2 and divide it into four equal parts
071 X 171 7}/2: 171 X 171 )
2 2 2 2
1 1 1 1
Y, = (0,2 0,=), Va={=,1 0,= .
o= (03)(03) - ()< (03)

We study a four-phase composite consisting of four isotropic materials, let
us call them material 1, 2, 3 and 4, with conductivity

M) I = [axy, () + Bxy, (€) + 7YXy, (2) + Oxy, (2)] 1,

where Xy, is the characteristic function for the set Y; and I the unit matrix,
see Figure 6.

In 1985, Mortola and Steffe [79] conjectured that the homogenized con-
ductivity coefficients of this structure are

~v (21 O
()\z])—(o X22)7
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Y,

Figure 6: Unit cells for the Mortola-Steffe structure on the left and the
checkerboard structure on the right.

where
T — aBy + aBd + ayd + By6 (a+ ) (B +9)
1 a+B+vy+6 (a+B) (v +06)
. — aBy + aBd + ayd + By6 (a+ B) (v + 9)
2 = a+f+y+6 (a+7)(B+6)

This conjecture was proven to be true by Craster and Obnosov [28] and
independently by Milton [76] in 2000.

If we let 6 = o and v = 3, we get the so called checkerboard structure, see
Figure 6. We immediately see that the homogenized conductivity coefficients
for the checkerboard structure are

X11:X22=\/04 )

the geometric mean. This was proved already in 1970 by Dykhne [39].

A.5.3 The case when )\ is separable
Let Y = (0,1)" and consider the case when A (y) is of the form

A (iE) = )\1 (iEl) )\2 (iEQ) ce >\n ($n) ;
where A (x;) are (0, 1)-periodic and

0<a; < \(x;) <f,<o0, forae. y; eR,i=1,...,n. (18)
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We want to solve the corresponding cell problem
—div (A(z) (€ + Du')) =0 fory € Y.

By a standard result in the existence theory of partial differential equations,
there exists a unique solution of this problem. Hence if we can find one
solution then it must be the only solution. Let us look for a separable classic
solution of the form

w® (x) = wi (1) ws () -, ().
This implies that we must solve n one-dimensional problems

d ¢ 13 dwf 3 3
dr. Ai (i) | & +wi(z) - wisy (@i1) Az Vit (@it1) -+ - wy, (Tn) =0,

where £, = (£, ¢;) . By inserting the solution w® (z) in (13) we see that the
1:th component of the homogenized operator in this case is given by

b (5)@ =&, <)‘;1>71 (AL Aimi A1 )

Another way to obtain this result is by looking at some special bounds for
the p-Poisson equation that coincides for this case, see Section B.1.

One interesting special case is when A (z) only depends on one variable,
for instance when A (z1,z2) = Ay (z1) . Then

bler)y = (A T =H, blea), = (M) = A,

the harmonic and arithmetic means, respectively. It can be shown that this
case is the most extreme in that meaning that any other geometric structure
will have effective conductivities b (e;), that are bounded by H and A, i.e.

H < be), < A.

We refer to Section B for more on this topic.

A.6 Homogenization of degenerated equations

Assume that we have a material where the heat conductivity is allowed to go
to zero or infinity in a prescribed way. Will then the effective conductivity of
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the material be zero, infinity or something else? Questions like these occur
when dealing with homogenization of degenerated equations. In article [33]
the homogenization problem of degenerated elliptic equations was treated.
The authors consider the problems

—div (a (z/ep, Duy)) = f on €,

u, € Wy (Q,\.,),

where a (y, ) satisfies suitable structure conditions and the weight ., (z) =
A(z/ep) is a positive function belonging to the Muckenhoupt class A, in-
troduced by Muckenhoupt [80] in connection with the study of the maximal
function operator between weighted LP-spaces. The main result is that

up, — u weakly in VVOI’1 (Q),
a(z/en, Dup) — b(Dug) weakly in [L'(2)]",

where g is the solution of the homogenized equation
—div (b(Dug)) = f on Q,
uy € WP (Q).

The homogenized operator b: R" — R" is defined by

b(€) = ’—f/, /y“ (.6 + Duf () dy,

where w¢ is the solution of the local problem on Y

/Y (a(y,&+ Dut),D¢)dy =0 for every ¢ € Wé’p (Y, N,

wt € WP (Y, \).

This result is generalized to reiterated homogenization in paper A2 of this
thesis, where we study the limit behavior as the natural number h — oo for
the sequence of solutions (uy),. of the Dirichlet boundary value problems

—div (a (hx, h®x, Duy,)) = f on Q,
(19)
Up € Wol’p (Q, >\h) ,

where )\, () is a positive weight belonging to the Muckenhoupt class A,.
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B Bounds for the homogenized operator

In this section we will present the basic ideas and results in the field of
finding upper and lower bounds on the homogenized operator. The proofs of
the results we present are collected in the book [54], see also the articles [21],
[61], [75] and [83]. We will consider the linear problem, i.e., when a is of the

form ap, (z,&) = A% )&, Ais a Y-periodic matrix. Moreover, we assume
=

that A (z) = o, where a: R” — R satisfies that 0 < §; < a(z) < 8, < c0.
By a periodic two-phase composite we mean that a only takes two values,
i.e., a can be written as

ar) = a1Xq, (z) + Q2X 0, (), oq > ay,

where ); is the periodic extension of {z € Y :a(z) = o;} and xq, is the
characteristic function of the set €2;. Moreover, let v; be the volume fraction
of the material occupying €2;.

The Reuss-Voigt bounds (or Wiener bounds) then states that the homog-
enized matrix b satisfies the estimates

HI < b< A, (20)

where [ is the identity matrix, H is the harmonic mean of o over a cell of
periodicity and A is the arithmetic mean value of a over a cell of periodicity.
Note that if A and B are two matrices, the notation A < B means that
B — A has positive eigenvalues, which implies that (20) can be written as

where \; are the eigenvalues of the homogenized matrix b. Note that for the
special case of a two-phase composite, the Reuss-Voigt bounds implies that

1

ry r2
Qg Qg

S )\1 S Vi + Va0s. (21)

In Figure 7a we have plotted the Reuss-Voigt bounds for an example in R?.
An improvement of the Reuss-Voigt bounds are the trace bounds (or
Hashin-Shtrikman bounds, see [49]), which state that

LSMSU,

n

19



The Reuss —Voigt bounds
' == The Hashin —Shtrikman bounds
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Figure 7: a) The G-closure in R?. b) The G-closure in R?.

where
((a—A))
A— )
L ninfa+ ((a— A%)(A—infa) ]
((a@—A)?) |
nsup o — <(Oé — A)2> (supa — A)~1

Here (-) denotes the arithmetic mean. In the special case of a two-phase
material, . and U are given by

U = A-

18!
L = 042+1—+VQ, (22)
a;—ag nag
V2
U = aj+———>—,
1 + vy
ag—aq nay

respectively. In Figure 7a we have also plotted the Hashin-Shtrikman bounds
for an example in R?.

Remark 5 The Hashin-Shtrikman bounds are known in physics, mechanics
or chemistry under various other names such as Mazwell-Garnett, Clausius-
Mossoti or Lorentz-Lorenz bounds, see e.g. [95].

It is possible to obtain even better estimates, namely the so called gen-
eralized Hashin-Shtrikman bounds:

tr (b — inf a[)*l < a+(n—1)infa

)
-1 __ 3 1
n inf o <a+(n71)infa>
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a+(n—1)sup«a

e
tr (supad —b)™" < )
sSup & <a+(n—1l) supa> —n!

where tr (C) stands for the trace of the matrix C'. In particular, for the
special case of a two-phase composite we obtain that

_ - 1 n Vg
tr(b—onI)™' = < 23
r( al) ;Ai—az_vl(al—az)Jrazm’ ( )

“ 1
tr(apl —b) ' = Z < n S

1 Q41— Ai T vp(an—an)  agva
Figure 7a also contains a plot of the generalized Hashin-Shtrikman bounds
for an example in R?.

As seen in Figure 7 the classical and generalized Hashin-Shtrikman bounds
coincide in the isotropic case, i.e., when A\; = Ay. The bounds presented
above holds true for even more general situations, i.e., without any assump-
tion about periodicity. For example, the bounds are valid for reiterated
homogenization problems, see [54].

The research on finding methods for obtaining bounds has attracted the
attention of many authors and is an intense research area. Various general-
izations relative the situation described above has been and are still studied.
Some examples are problems with N phases and anisotropic behavior of
the constituents. Moreover, the methods has been extended in such a way
that it is possible to study other types of equations as well, for example the
equations describing linear elasticity. Another challenging and much less de-
veloped area is to find bounds corresponding to nonlinear problems, see e.g.
[69], [92], [99] and [100].

A natural question to ask is whether the bounds above are optimal or not,
that is, whether one can find a function « such that the bounds are attained.
Another related question is whether one can find a function « such that any
possible choice of (A1, ..., \,) can be obtained. Questions like these are called
G-closure problems. By G-closure we mean the set of all possible values of
the homogenized matrix b that correspond to arbitrary microstructures with
fixed volume fraction of materials. In R?, the G-closure is the set of points
bounded by (23) whereas in R? they must be completed by the Reuss-Voigt
bounds (21), see Figure 7.
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a)

Figure 8: a) A rank-3 laminate. b) The ellipsoidal Hashin structure.

It was shown by by Lurie and Cherkaev [21] and independently Tartar
[83], [104], around 1985 that G-closure problems are intimately connected to
structures made by successive lamination (so called rank-m laminates, see
Figure 8) for the linear conductivity problem with isotropic phases. In R?
for instance, it is possible to obtain all possible pairs of eigenvalues on the
lower and upper bounds in (23) by using rank-2 laminates. These bounds
can also be obtained by the ellipsoidal Hashin structure, consisting of space
filling coated ellipsoids, see Figure 8. Moreover, it is possible to obtain every
pair of eigenvalues (A1, A2) in the set of points bounded by (23) by a rank-3
laminate.

There are still several open G-closure problems, for example the case
when we have N > 2 isotropic phases and the case with two phases where
at least one of them is anisotropic. In this connection, we also mention that
results from the theory of homogenization and optimal bounds have proven
to be useful in the field of structural optimization, see e.g. [3], [9], [19], [20],
[55], [56], [58] and [77].

B.1 Bounds for the p-Poisson equation

The bounds above hold for any composites with given volume fractions and
conductivities. Needless to say, you can construct countless different compos-
ites with highly differing effective properties for a fixed set of conductivities
and volume fractions. It is not hard to imagine that we would get tighter
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bounds by taking the geometric properties of the phases into account. In
particular we mention the bounds obtained by Lukkassen et al. [71] for the
p-Poisson equation

—div (a <§> | DulP~* Du) =fonQCR"

where « (z) is 1-periodic. In the case when {e;},7 =1,...,n, is the canonical
basis in R", these bounds state that the effective energy (bnome;, €;) satisfies
the bounds

A7 < (bhomeis €5) < A,

where
1 1 /1 I=p
A, = / e / /a (x)l/(lfp) dz; dzy - dw;_1dxis - dy,
0 o \0
L1 1 1/(1-p) b
A= / e /a (x)dzy - - dr;_1dxiq - - - dxy, dx;
o \'0 0

Together with the Hashin-Shtrikman bounds they can provide enough infor-
mation to get a good approximation of the homogenized properties. These
bounds are generalized in paper Bl of this thesis to cover the degenerated
p-Poisson equation.

Remark 6 It is easy to see that these bounds coincide when o (x) is of the
type

a(z)=fi(xi)g (1, ..., Tic1, Tig1, ..., &), (x) is Y -periodic.

In this case the bounds are equal to the effective energy.

B.2 Equations of Halpin-Tsai type

Let us consider the expression
o (s gem(3-1)¢)
SENC

23

6(5,1/1) =



for 0 < ¢ < oo. This expression can be rewritten as a Halpin-Tsai type
equation, see e.g. [1], [47], by

5(5,1]1) _ 1+€77V1
o 1—nv’

where
|
a

s

’[7:

and £ > 0 is the fitting parameter. The function @ (£, ;) has the following
interesting properties:

1. @ (&, 1) is an increasing function in v; for every fixed £ and

{ae0 o

2. @ (&, v1) is an increasing function in £ for every fixed v;.

3. The Reuss-Voigt bounds are attained at the extreme points of £, that

is,

1
6(0, Vl) == H - —Vl )
ar " Tan
Elim a(&v) = A=viag+ (1 —v1)as.

4. The Hashin-Shtrikman bounds are attained at £ = n — 1 and £ =
(n—1) 2L, that is,

— 18!
A(n-Lw) = art
a]—o nog
— g 4!
a((n—l)—,z/l) = o1+ 1 T v )
Q2 ag—aq nay

compare with equation (17).

In paper E1 of this thesis, the function @ (&, v;) is further investigated as
a tool for determining the effective conductivity of some particular problems.
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C Computational aspects of homogenization

We will in this section present some of the ideas that are used in the computa-
tion of homogenized properties. A simple procedure to compute the homoge-
nized coefficients (13) is by making the substitution u® (z) = (e, ) +w® (x)
in (14) and instead solve the problem

/ (a (xz, Du*), D¢)dxr =0

Y

with periodic boundary conditions on all faces except for those having normal
vectors parallel to e, where the difference between the boundary values on
opposite faces should be equal to the length [, of the cell in the direction of
ex. It is now easy to see that the homogenized coefficients (13) is equal to
the mean flow (a (z, Du®)) over one cell.

In the case when the periodic cell is symmetric, the boundary conditions
are even simpler. We put Dirichlet boundary conditions u* = 0 and u®* = [,
on the faces having normal vectors parallel to e, and Neumann boundary
conditions with zero flow over the boundaries on the remaining faces.

The corresponding procedure when we study the problem of determining
the effective elastic properties of a composite is described in [72], where it
is shown that the effective conductivity tensor is given by the average stress
over one cell subjected to unit displacements on the boundaries.

Remark 7 Other possible techniques for computation of effective properties
include wavelet (or multiresolution) methods (see e.g [13], [37] and [41]) and
Fourier methods such as Bloch waves (see e.g. [5], [10], [27]) and series
solutions (see e.g. [38], [65] and [18]) as well as complex variable methods
(see e.g. [28], [176] and [85]).

C.1 Numerical bounds of the conductivity

Let us consider the linear stationary heat conductivity problem, that is, when
a is of the form ay, (z,£) = A (i) &, Ais a Y-periodic matrix. Moreover, we

assume that A (x) = al, where o : R” — R satisfies that 0 < §; < a(x) <
By < 00. Suppose that the matrix A () = a(x) I possesses the condition of
cubic symmetry, that is

A(x)=0'A(0ox)0
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where o is the rotation by 7/2 in the plane of the coordinates z;, x;, i # j,
1,7 =1,...,n. Furthermore, assume that n = 2. In this case the homogenized

matrix B is given by
(b 0
B = ( 0 b ) ’

where b; are found by either of the following minimization problems (cf. (4)):

1
b; = — min {/ a(z)le; + Dv|2dx} :
Y| vew2(v) Ly

1 1 9
— = — min a(z)l|e; + Dvu d:zc},
= Wty L 20l + 20

and e; is orthogonal to e;, see e.g. [54].

This implies that we can obtain upper and lower numerical estimates of
b;. Let V be any Finite-Element subspace of W (Y) and denote by b and
b; the values defined by

1
b;r:—min{/ax 61+D02dx},
v, e |

1 1
= = mrvrg‘r/l{/ya(:zc) le; +Dv\2dx} :
These values then trivially satisfies

that is, we get lower and upper numerical bounds of the homogenized coef-
ficients.

C.2 Iterated honeycombs

In paper C1 of this thesis, we consider iterated honeycombs. By honeycombs
one usually means two-dimensional two-component periodic structures where
the interior part consists of polygons (typically hexagons or rectangles). It-
erated honeycombs are, roughly speaking, “honeycombs in honeycombs”, see
Figure 9. Let us consider the iterated square honeycomb structure defined by
the characteristic function x,,, ; , on R?, where k, h, m are positive integers
and

X (2) = X (ha1) X™ (has) .
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Figure 9: Two iterated honeycombs with v = 0.36. a) m = 3, k = 3. b)
m=4, k=2.

Here x(™) is found iteratively by letting x“*!) be the [0, 1]-periodic extension
of the function

X () x® (k- o/ @m) — (1 = pt/Em) j2) O

where ¥ is the characteristic function of the interval [0, "/®™] and 0 < v < 1
is the volume fraction of the interior part. We then define the conductivity

Amke,n(T) by
)‘m,k,h (x) = /\inXm,k,h (:E) + Acon (1 — Xm,k,h (*T)) )

where \;, and )\, are the conductivities of the interior and the connected
part of the iterated square honeycomb-structure, respectively.

In order to be able to speak about effective conductivity for the above
structure we consider the following two limit-cases:

1. fix m and k and let h approach infinity. The corresponding effective
conductivity is in this case denoted A, .

2. fix m and let h = k approach infinity. The corresponding effective
conductivity is in this case denoted Ay, .

For iterated square honeycombs the approximation formula of Lukkassen
(see [69], [70]) reduces to

1 11 P 11—
-+ 1 )
)\m,oo - )\con )\in - )\con v ]_ —|— V2m )\conv
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Figure 10: To the left a cell with 16 randomly oriented ellipses and to the
right a unit square honeycomb containing 4096 disks.

where v1/(™) <y, < 1. Note that this yields the convergence Ay, 0o — Ao oo
as m — oo, where

1 1 1-wv)\"
)\oo oo — )\con - )
’ * ()\in - )\con v * 2)\conv)

which is precisely the Hashin-Shtrikman upper bound if A\, < A.on and the
Hashin-Shtrikman lower bound if A;, > Acon-

C.3 Random structures

In paper C2 of this thesis, we compare the effective conductivities of compos-
ites having random unit cells with composites having rectangular or hexag-
onal unit cells. The random cells are generated by a Monte Carlo procedure
of Metropolis type, see [74] and [106]. This is done by first placing every
inclusion in a rectangular or hexagonal array. Each disk is then given a
small tentative displacement in a random direction. The move is accepted
or rejected whether or not the move will cause the disk to overlap a neigh-
boring disk. One iteration step consists of trying to move each disk once.
The length of the displacement is chosen such that the ratio of acceptance is
30-50%. This process is repeated several times until an equilibrium state is
obtained, see Figure 10. In paper C1 we consider iterated square honeycombs
containing up to 4000 small disks randomly distributed inside each square.
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Figure 11: One representative volume element for a single layer woven com-
posite. The weave curves under loading yielding a nonlinear stiffening effect
because of tow straightening.

Remark 8 In this connection we remark that random homogenization is a
distinct and well developed discipline of homogenization. Since this discipline
15 out of the scope of this thesis, we refer the reader to e.g. the classical
articles [62], [63], [64] and [88], the more recent articles [59], [89] and [91]
as well as the books [10], [11], [54] and the references given therein.

D Determination of elastic properties by ho-
mogenization methods

This section demonstrates some applications of homogenization techniques
in engineering sciences. There are also other frequently used methods in
composite engineering for computing the effective properties of composites,
see e.g. [1], [23], [95] and the references given there.

D.1 Woven composites and reiterated homogenization

In papers D1, D2 and E2 of this thesis, reiterated homogenization is used to
compute the elastic properties of woven composites. In the first paper, D1,
we evaluate two common semianalytical models, see [52], [53] and [57], that
are used to compute the elastic properties of woven composites by homoge-
nization techniques. In the second paper, D2, we investigate the effect of the
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Figure 12: Boundary conditions and deformations of an unreinforced VOLVO
engine hood for one particular load case.

number of stacked fabric layers on the elastic properties of woven composites
by comparing reiterated homogenization with several micromechanical mod-
els based on classical beam theory, see Figure 11. Finally, the third paper,
E2, is a joint project with VOLVO Car Corporation where we used reiter-
ated homogenization to compute the elastic properties of reinforcements for
tailgates and engine hoods of VOLVO cars, see Figure 12.

D.2 Asymptotic expansion

The reiterated homogenization expressions in paper D1 are achieved by the
method of multiple scales asymptotic expansion. The idea of reiterated ho-
mogenization using multiple scales expansion can for instance be found in
[10]. In order to derive the governing equations, we consider a linear elastic
body which occupies a region © in R? and introduce a Cartesian coordi-
nate system x;. Moreover, let f; and u; be the internal force field and the
displacement field, respectively. The equilibrium equations for the body are

0 )
o, (Cijrier (v)) = fi in Q,

U; =0 on 89,
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where ey, is the strain tensor defined as
1 8uk i 8ul
epr==|—+—1,

M 2 aibl &vk
and C;;x; is the tensor of elastic moduli (or stiffness tensor) with the symmet-
ric properties Cijm = Cijik = Cjity = Chuiij. Let us now assume that the body
consists of two or more different linear elastic materials which are periodically
distributed in the sense that we can define unit cells which are periodically
repeated. In this case, we also assume that we have two different scales of
periodicity. Furthermore, assume that Cj;i (y, z) is Y-periodic in y and Z-
periodic in z. We introduce the local variables y = x/¢ and z = z/e? and
put C5;y = Cijri (x/e, x/e*) = Ciju (y, z) . We also assume that the functions
Crji satisty

a&;i€ii < Cijr&iiln < B8;;€,; a-e. in €,

for every symmetric real-valued tensors ¢;;, where 0 < a < 8 < cc.

Consider the following class of problems, one problem for each choice of
&,

0 .
% (ijklekl (uE)) = fz 1m Q,
’ (24)

g __
u; =0 on I';.

We want to approximate the solutions u® by means of a function uw which
solves the problem corresponding to a homogenized material,

9
.

6ijklekl (U)) = f; in €,
(25)

u; =0 on I
where C, is a constant tensor whose response is close (in some context) to

the response of the actual heterogeneous tensor Cjjy;. To find this tensor, we
assume a multiple scales expansion of u° (x) on the form

it (2) = ul” (z,y, 2) + eul (2,9, 2) + 2 (2,9, 2) + ..,

where ugn), n=0,1,2,..., are Y-periodic in the coordinate y and Z-periodic
in the coordinate z. Insertion of u° (x) into (24) and solution of the corre-
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sponding lowest order (in ¢) equations gives the homogenized tensor

— 1
Cz’jkl = |Y| |Z| // Cz'jmn [6mk6nl + emn(gkl + nkl) + €emn (gTS) Ers (nkl)] dy dZ,

YXxZ

where (""" = (™" (y, z) are the solutions of the Z-cell problems

G (Cijri (y, 2) e (C™")) = 8—] on Z,
7 E (26)
¢" is Z-periodic,
and n™" = n™" (y) are the solutions of the Y-cell problems
6 ~ 862 imn
Y (Cz'jkl (y) e (nm")> = 3—] onY,
Yj Y (27)

N is Y-periodic,

respectively. The Z-cell homogenized tensor @jkl (y) in (27) is given by
@-jkl (y) = % /z Cijki (Y, 2) + Cijrnn (Y, 2) €mn (Ckl) dz. (28)
By letting U?;kl denote the Y-cell homogenized tensor
621»3[ = ‘—}1/‘ /Y Cijrt () + Cigmn () €mn (1) dy = Cijua, (29)

we see that the overall homogenized tensor Uz-jkl is achieved by first solving
the Z-cell problem (26), then compute the Z-cell homogenized tensor (28),
followed by solving the Y-cell problem (27) and finally compute the overall
homogenized tensor by (29). The procedure is easily generalized to problems
with m scales of periodicity. In this case, the homogenized tensor is obtained
by iterating the homogenization procedure m times, starting with the lowest
scale. See also section A.4.
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Remark 9 Note that the asymptotic expansion method is mainly formal.
However, it can be mathematically justified by the so called two-scale conver-
gence method (not treated in this thesis), where a sequence (u.) of functions
in LP () is said to two-scale converge to a limit ug € LP (Q X Y) if

lim ng(:v)qﬁ(x,g)dx:%/ﬂ/yuo(x,y)qﬁ(:v,y)dy dx

e—0

for every ¢ € D (€ Coo (Y)) . This method was introduced by Nguetseng [84]
and developed by Allaire [2].
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