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Abstract

A two-population firing-rate model describing the dynamics of excitatory and in-
hibitory neural activity in one spatial dimension is investigated with respect to
formation of patterns, in particular stationary periodic patterns and spatiotempo-
ral oscillations. Conditions for existence of spatially homogeneous equilibrium states
are first determined, and the stability properties of these equilibria are investigated.
It is shown that the nonlocal synaptic interactions may promote a finite band-width
instability in a way analogous to diffusion effects in the classical Turing instabil-
ity for reaction-diffusion equations and modulational instability in the theory of
nonlinear waves in nonlocal defocusing Kerr media. Our analysis relies on the wave-
number dependent invariants of the 2 x 2-matrix representing the spatially Fourier-
transformed linearized evolution equations. The generic picture which emerges is an
instability consisting of a finite set of well-separated unstable bands in wave-number
space (gain bands). The case with symmetric, exponentially decaying connectivity
functions is investigated in detail, allowing for a more comprehensive analysis of the
gain-band structure, and, in particular, conditions for the excitation of a single gain
band through a Turing-Hopf bifurcation with the relative inhibition time constant
as control parameter. Two typical situations emerge depending on the thresholds
and inclinations of the sigmoidal firing-rate functions: (i) A single gain-band is
excited through a Turing-Hopf bifurcation, and the resulting state is a spatiotem-
porally oscillating pattern, or (ii) the instability develops into a stationary periodic
pattern, i.e., a set of equidistant bumps. The dependence of instability-type on the
inclinations of the firing-rate function and the time constant are comprehensively
investigated, demonstrating, for example, that only stationary patterns can be gen-
erated for sufficiently small inhibitory time constants. The nonlinear development
of the gain-band instabilities is further elucidated by direct numerical simulations.
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1 Introduction

While mathematical descriptions of the salient features of signal processing
in single neurons seem well established, the mathematical understanding of
the signal-processing properties of biological neural networks is still meager
[1]. Some successful network models connecting directly to experimental data
have been developed for stimulus-driven responses, particularly in the early
visual pathway (see, e.g., Ch. 2 in Ref. [1]). However, for the strongly intercon-
nected cortical networks there are few such success stories. There are several
reasons for this: the neurobiological properties of the circuit elements and
their connections are less well mapped out, the neural activity is to a larger
extent generated internally so that the noise-reducing procedure of stimulus-
averaging is less useful [2], and the large number of synaptic connections makes
the mathematical analysis of the models more difficult.

There is, however, a long tradition for studying simplified, firing-rate based
cortical network models to investigate generic features such as the genera-
tion and/or stability of coherent structures such as stationary bumps (pulses)
[3-13] or stationary periodic patterns [14-17], spatiotemporally oscillating
patterns [9,18-21], or travelling waves, pulses and fronts [7,9,16,19,20,22—-26].
Commonly, one (excitatory) [3] or two (excitatory+inhibitory) [27] neuronal
populations in a single spatial dimension have been studied and modelled as
a single or two coupled integro-differential equations describing the temporal
change in neural activity of a particular neural element as a function of the
sum of appropriately weighted synaptic inputs from neural activity in the en-
tire network. In the simplest case the synaptic interactions are assumed to be
instantaneous so that the dynamics essentially is determined by the time con-
stants of the neural elements [3,27], but recent models have also incorporated
finite action-potential propagation velocities [7,15,17,21]. For reviews of the
comprehensive literature, see [2,28,29].

In the present work we investigate how various spatiotemporal and stationary

spatial patterns are generated through Turing-type instabilities [14-21,30,31]
in the following generic two-population model,
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Here ue(x,t) and u;(x,t) can be viewed as the somatic ”activities” (e.g., mem-
brane potentials) of an excitatory and an inhibitory neural element, respec-
tively, at position z at time ¢ [28]. P, and P, are non-negative functions,
modelled as sigmoidal functions with parameterized maximum inclinations,
converting the activity of these neural elements to firing rates with the pa-
rameters 6, and 6; adjusting the firing thresholds. The synaptic connectivity
functions wy,, (m,n = e, i) describe the coupling between the neural elements,
and 7 is the inhibitory time constant (measured relative to the excitatory time
constant).

In a recent study we investigated the above model for the existence and sta-
bility of localized stationary solutions (‘bumps’) [13]. In the typical situation
we observed that the stability of the bump solutions was lost through a Hopf-
bifurcation when the inhibitory time constant increases beyond a critical value.
Here we study a complementary aspect of the same model, namely the genera-
tion and formation of stationary periodic spatial patterns and spatiotemporal
standing waves from a spatially homogeneous rest state through Turing-type
instabilities.

Ermentrout and Cowan [14,18,19] (see also [28]) considered such instabilities
in a more general setting for the analogous two-population Wilson-Cowan
model [27] where the source terms on the right hand side of the equations
in (1) are different; instead of a linear sum of sigmoidal-function inputs, sig-
moidal functions are applied to the net sum of inputs [28]. A similar two-
population model incorporating finite action-potential propagation times was
considered by Laing and Coombes [21] where the stability of stationary and
travelling waves were investigated under the assumption of Heaviside firing-
rate functions using the Evans-function technique. It was demonstrated that
the stability properties depend on the interplay between the time constants
and the action-potential propagation speeds. Atay and Hutt [17] considered
one-population models with finite propagation speeds for a large class of synap-
tic coupling functions, and found that the propagation speed had to be below
a certain threshold value to generate spatiotemporal oscillations; for larger
propagation speeds, i.e., smaller propagation delays, only stationary patterns
could be generated.

In the present investigation of equation set (1) we consider various synaptic
coupling functions wp,, (m,n = e,i), but focus particularly on symmetric, ex-
ponentially decaying functions which allow for a detailed algebraic analysis of
the pattern-forming features of the model. We further use sigmoidal firing-rate
functions P, (m = e,i) of varying inclinations. Our model implicitly assumes
zero propagation delay. However, in contrast to the zero-delay finding in [17]
for one-dimensional models, both stationary patterns and spatiotemporal os-
cillations can be generated by Turing-type instabilities by varying the thresh-
old values and inclinations of the firing-rate functions. Here we investigate



and find conditions for the generation of both types of instability patterns
and explore their parameter dependence.

The present methodology used to predict the so called gain-band structure
relies on the wave-number dependent invariants of the 2 x 2-matrix repre-
senting the linearized, nonlocal dynamic equations for wave perturbations in
spatial Fourier space. This procedure generalizes the stability techniques used
in [14,18,20,32]. A prominent feature in this methodology is the possibility
of detailing the instability structure, and in the present problem the generic
picture which emerges is a finite band-width instability which consists of a
set of well-separated gain bands. The number of such bands can be predicted
from the number of transversal crossings of a parameterized curve in the in-
variant plane with the squared modulation wave number playing the role as
parameter. Moreover, the technique can readily be used to predict processes of
splitting, vanishing, excitation and coalescence of gain bands. The nonlinear
development of the instability is detailed by means of numerical simulations,
based on the XPPAUT-program developed by Ermentrout [33], demonstrat-
ing spatially or spatiotemporally periodic patterns as final outcomes of the
instability mechanism.

The paper is organized as follows: In section 2 we formulate the model, and
point out the general feature of boundedness of the solutions. Section 3 is
devoted to the existence and uniqueness of spatial homogeneous equilibrium
points, while section 4 analyses the stability of these points within the frame-
work of the local limit of our model, i.e., the model that emerges when all the
connectivity functions are approximated with Dirac -functions. In section 5
we describe the general theory for addressing the linear stability issue of the
same equilibrium points for the full spatially nonlocal model. In section 6 the
conditions for formation of gain bands is studied in detail for exponentially
decaying synaptic connectivity functions. The Fourier spectrum for this type
of connectivity function is positive definite, and the formation of a single gain
band is the typical situation. We further consider an example with a rectan-
gular connectivity function whose Fourier spectra are oscillating and are both
positive and negative, and demonstrate how a multiple gain-band structure
arises in this case. In section 7 numerical simulations are presented to illus-
trate our analytical findings and to study the nonlinear development of the
detected instabilities. Further, we do a comprehensive study, for the case with
exponentially decaying synaptic connectivity functions, of how the generation
of the two types of instabilities vary with the properties of the firing-rate
functions, in particular their inclinations, and the (relative) inhibitory time
constant. Section 8 contains a brief summary and discussion. In Appendix A
we present the general stability methodology underlying sections 5 and 6.



2 Model

We investigate a two-population model of the Wilson-Cowan type [13],

8tue = —Ue + Wee * Pe(ue - He) — Wie * P](Ul - 91) (23)
TOU; = —Uj + Wei * Po(ue — 0e) — wis * B (u; — 6;) (2b)

for the time evolution of the activity level of the excitatory neural element
(ue = ue(x,t)) and the inhibitory neural element (u; = w;(x,t)). The spatial
domain is assumed to be infinite. Here w,,, * f denotes the convolution integral
defined by

(o * £)@) = [ oy = ) f )y, myn = e 3

—00

while Wy, (m,n = e, i) are synaptic connectivity functions, which are assumed
to possess the following properties:

1. W 1s real-valued, positive and bounded, i.e.,
0 < wmnl(x) <M

for all z € R and some constant M > 0.
2. Wy 18 symmetric, i.e.,
Winn () = W (— 1)

for all z € R.
3. Wmn is normalized, i.e.,

/Oo W (z)dz =1 .

— o0

4. The connectivity functions constitute a 1-parameter family of functions
which can be written on the form

Umn Umn

(4)

where the parameter o,,, plays role as synaptic footprint.

Moreover, the functions P, (m = e,i) are the firing-rate functions for the
excitatory (m = e) and the inhibitory (m = i) neural elements, respectively,
satisfying the following properties:

1. The firing-rate functions P,, constitute a 1-parameter family of smooth,
increasing functions for a finite parameter 3,, > 0 measuring the inclina-
tion of the firing-rate functions.



2. The firing-rate functions define mappings from the set of real numbers to
the unit interval, i.e.,
P,:R—[0,1].
3. The firing-rate functions approach the Heaviside function H in the dis-
tributional sense as 3, — oc.

The parameters 6, represent threshold values for firing, which by assumption
satisfy the requirement 0 < 6,, < 1 (m = e,i), while 7 denotes the ratio
between the inhibitory and excitatory time scales.

As examples of localized connectivity functions wp,(z) = = + @ (Emn),

Omn

Emn = T /0my satisfying our conditions we have the Gaussian

B () = %exm— 2y (5)

the exponentially decaying function

Do (€n) = 5 5D (~ ) )

and the rectangular function

1

q)mn(é-mn) - {5’ =< gmn <1 ; (7)

0 otherwise

while an example of a firing-rate function P,, is given by the sigmoidal function
1
P(u) = 5(1 + tanh(B,,u)) . (8)

In the sequel we will assume that the firing-rate functions are modelled by (8).

From the properties of the connectivity functions w,,, and the firing-rate func-
tions P, one deduces the bounds [13]

(Ve(z) + Ve " — 1 <z, 1)
(Vi(z) + 1)e V™ — 1 < wy(a, t)

et +1 (9a)
(x) — )eft/T +1 (9b)

for the solutions. Here (Vi(z), Vi(x)) denotes the pair of initial conditions for
the system (2). From this result we can draw the following conclusion: If the
initial data satisfies |V,,,(z)| < 1(m = e,i) for all z € R, then |u,,(z,t)| < 1 for
all £ > 0. From the above discussion we can conclude that the compact subset
A = {up; |un| < 1} of the state space plays the role as a global attractor set
for the dynamical evolution prescribed by the model (2). Moreover, it proves
that the nonlinear stage of the instabilities has to be saturated.



3 Existence and uniqueness of homogeneous equilibrium states

First we will consider the existence of a spatially homogeneous equilibrium of
the system (2). We proceed as follows: The constant solutions of this system
satisfy the coupled set of equations

Ue = Uj (10&)
Ue + P](Ul - 91) - Pe(ue - ae) . (1Ob)

The conditions imposed on the firing-rate functions P,,, i.e., that 0 < P, (u) <
1 for |u| < oo, imply that possible equilibrium points must lie on the straight
line ue = wu; subject to the constraint —1 < w,, < 1 (m = e,i), for all in-
clinations and threshold values used in the firing-rate functions. Thus the
equilibrium points belong to the global attractor set for the model (2).

We here investigate existence and uniqueness of these equilibrium points. First
let us address the existence issue. Notice that the system (10) can be translated
into the problem

F(ue) = ue + Pi(ue — 6;) — Po(ue — 6e) =0 (11)

where u, € (—1,1). Since 0 < P, (u) < 1 for all |u| < oo, we find that
0 < F(1) < 2and —2 < F(—1) < 0 for all sets of parameters, and hence
by appealing to the intermediate value theorem for continuous functions it is
concluded that (11) has at least one solution ue = tueq in the interval (—1,1).
Thus there always exists at least one homogeneous equilibrium (teq, teq) Of
the system (2). Notice that there is an odd number of transversal crossings
(F(teq) = 0, F'(ueq) # 0), corresponding to an odd number of equilibrium
points located on the line segment u; = ue, —1 < u,, < 1. The change in the
number of equilibrium points is connected to the breakdown of the transver-
sality condition, i.e., F'(teq) = F"(ueq) = 0, which imposes constraints on the
parameters representing specific surfaces in the parameter space.

The next result relates to the number of zeros of the function F. Simple
computation yields

F'(ue) =1+ P(ue — 6) — Pi(ue — 6e) . (12)

e

Based on this expression we arrive at the following conclusions: First, since
0 < P}, (u) < 1p, for all |u| < oo, we deduce the bounds

1 1
1—§ﬁe<F’(Ue) <1+§ﬁ1

on the derivative of F. This result together with the fact that F/(—1) < 0 <
F(1), show that we get one and only one equilibrium point determined by
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Fig. 1. Ilustration of relationship between extremal points and equilibrium points.
(a) For B, < (B + 2 the maximum number of extremal points and equilibrium points
are four and five, respectively. Parameters: . = 20, f; = 40 and 6, = 6; = 0.05.
(b) F(ue) corresponding to a) with a single equilibrium point. (¢) For S, > i + 2
the maximum number of extremal points and equilibrium points are two and three,
respectively. Parameters: B, = 40, 5; = 20 and 6, = 6; = 0.05. (d) F(u.) corre-
sponding to ¢) with three equilibrium points.

(10) if S, < 2. The expression for F'(u.) also shows that this result can be
extended to include the endpoint g, = 2.

Secondly, the properties of the derivative of F' enable us to estimate the maxi-
mum number of equilibrium points in different parameter regimes. We observe
that the functions 1+ P/ (ue—6;) and P!(u,—0,) are symmetric with respect to
the threshold values 6, and 6;, respectively. Moreover, the maximum amplitude
of these functions are 1+ %61 and % (e, respectively. Finally the typical widths
of these two functions are inversely proportional to 3; and .. The solution of
the equation 1+ P/(u, — 0;) = P.(u, — 0.) yields the extremal points of F. A
careful analysis now reveals that the maximum number of extremal points is
four provided . < f; + 2, while in the complementary regime (5. > f; + 2)
we always have exactly two extremal points. This result together with the
fact that F(—1) < 0 < F(1), imply that the maximum number of equilibrium
points is five (three) if 5, < i + 2 (6. > (i + 2). Notice that the situation
with five equilibrium points can only occur for 6, close to 6; and S, < (; + 2,
due to the fact that only this situation may produce four extremal points. The
graphs of the functions 1+ P/(u, —6;) and P.(u.—6.) as well as corresponding



Table 1

Properties of two parameter sets, labelled A and B, chosen in the present firing-rate
functions P, (m = e,i) in (8). The corresponding single equilibrium points (ueq, Ueq)
for the spatially homogeneous system, P! and P/ (15), g (17), and 74 (18) are also
listed.

Be | Bi | Be 0; teq | Do P! ™ | T T4

1

Parameter set A | 20 | 30 | 0.10 | 0.12 | 0.129 | 7.26 | 13.94 | 2.39 | 1.36 | 4.20

Parameter set B | 5 | 10 | 0.05 | 0.10 | 0.106 | 2.31 | 4.98 | 4.56 | 1.27 | 16.35

plots of the function F'(u.) are shown in Fig. 1 for the two example parameter
sets.

4 Linear stability theory in local limit

Let us assume that all the synaptic widths approach zero. This means that
our normalized connectivity functions approach the Dirac delta function, i.e.,
Wmn () = 6(x). Then (2) is reduced to a 2D autonomous dynamical system,

Optle = —Ue + Pe(ue - ge) - Pl(ul - 01) (13&)
T@tui = —u; + Pe(ue - He) — R(Ul — 91) (13b)

which means that the process is homogeneous with respect to space. One
notices that the local system (13) indeed possesses the same equilibrium points
as the full nonlocal model (10).

The stability of these equilibrium points is analyzed by means of standard
techniques for autonomous dynamical systems: The Jacobian J of the system
(13) evaluated at the equilibrium points is given as

—1+ P, —P/
J= (14)
TR = (1+ R)

where P! is defined as

= B, sech? (ﬁm(um,eq — Hm))/Q, m=e,i. (15)

V=Um,eq—Om

Due to the scaling property P! ~ [,,, we will refer to the positive parameters
P! (m = e, i) as the inclination parameters of the firing-rate functions P,,. In
Fig. 2 we show the firing-rate functions P, and P in situations with large and
small values of the inclination parameters /3, (cf. Table 1). We will focus on
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Fig. 2. Illustration of firing-rate functions P, and P, defined by (8) and the location
of the homogeneous equilibrium wueq (vertical lines) determined by (11) for (a) pa-
rameter set A and (b) parameter set B, cf. Table 1. The slope of the graphs of P,

and P at the equilibrium point yields the inclination parameters P, and P/ given
by (15).

these two sets of parameter values, denoted 'parameter set A’ and ’parameter
set B’, respectively, in the analysis and numerical examples below.

The stability of the equilibria can now be investigated in a standard way
solely by means of the invariants of the Jacobian J, i.e., the trace and the
determinant which are given as

det(J)=7""(P' = P.+1) =7 "F'(teq) (16a)

) =P 1= 1+ ) = (B -1 - ) (16b)

where F is given by (11), and 7 is defined by

_ B+l
TH_Pé_l.

(17)

Notice that 7y may assume both positive and negative values. For P! > 1 we
will refer to 74 as the Hopf time.

The linear stability properties of the local problem are determined by the
relative inhibition time 7 and the inclination parameters P, (m = e, i) of the
firing-rate functions. The result is outlined below.

4.1 Saddle-point situation

When F'(ueq) < 0, the two eigenvalues of (14) are real and have opposite signs
for all values of 7, which means that the equilibrium is a saddle point. From the
analysis presented in the previous section it is concluded that the saddle-point
situation only can occur in the multiple-equilibrium situation, i.e., when the

10



system (2) has more than one equilibrium point. Notice also that a necessary
(but not sufficient) condition for having a saddle-point situation is P, > 1.

4.2 Node-focus situation

If F'(ueq) > 0, we have either a node or a focus. Moreover, simple computation
reveals that the discriminant A, of the eigenvalue equation is given as

Ajpe = 772(232 —2pi7 + poTQ)

po=(P +1)?
pr=F'(ueq) + PP,
po=(P.— 1)

from which it follows that for all choices of (P, P/) there are distinct positive
values of 7 denoted by 71 for which the discriminant changes sign. The actual
values are given as

(yF'(ueq) £ \/PLP))?
T+ = .
(=)

Notice that 7 — (P/+1)?/2P/ and 7, — +oc as P, — 1. We conclude that for

0<7<7_or7>7y (P!#1), we have a node, while in the complementary
regime we get a focus.

(18)

Finally, if P! < 1, then ¢r(J) < 0 and det(J) > 0 for all 7, and hence we
have stability for all 7 values. In the complementary regime (P, > 1) the
stability depends on the relative inhibition time. From the sign of ¢r(J), one
finds stability (instability) for 7 < 7 (7 > ).

4.3  Hopf-bifurcation. Poincaré-Bendizsons theorem

Assume P! > 1 and F'(ueq) > 0 so that we are in a node-focus situation.
The critical value 4 corresponds to a Hopf bifurcation point. The outcome of
this bifurcation is according to standard theory the excitation of a limit cycle.
The limit cycle behavior can in fact be extended to the whole range 7 > 74
provided there is a unique equilibrium. This equilibrium must be an unstable
node or focus since we in this case must have F'(ueq) > 0. Let C' denote the
boundary of the square —1 < u,, < 1 in the phase plane and F the vector
field

E(Ue: Ui) - [_Ue +Pe(ue - He) — R(Ul - 01), Tﬁl(_ui +Pe(ue - ae) - P](Ul - Hi)]T

11
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Fig. 3. Limit cycle for values of 7 greater than the Hopf bifurcation point for param-
eter set A in Table 1 (7 =5 > 5 = 2.39). The dot corresponds to the equilibrium
point, while the circles represent two different initial conditions. Generated with
XPPAUT [33].

defining the local system (13). By exploiting the fact that 0 < P, (u) < 1(m =
e,i) for |u| < oo we find that £ -n < 0 on C. Here n denotes the outwards
unit normal to C. Then, by appealing to Poincaré-Bendixsons theorem (see
for example [34]), we conclude that there is at least one limit cycle in the
trapping set —1 < u,, < 1 for all 7 > 7y in the node-focus case (i.e., when
F'(ueq) > 0) enclosing this equilibrium point. Fig. 3 illustrates this property.

Finally, let us investigate a multiple-equilibrium situation consisting of three
equilibrium points corresponding to the solutions of the system (13), which by
previous results turns out to represent the most typical multiple-equilibrium
scenario. These points are identified with points wueq; of the function F(ue)
which we conveniently put in the order —1 < Ueq1 < Ueq2 < Ueq,z < 1. These
zero points alternate between having a positive and a negative derivative:
F'(teqi) > 0 (i = 1,3), F'(teq2) < 0. The zero point weqo correspond to a
saddle point, while the two other zero points ey (i = 1, 3) correspond to foci
or nodes. The set —1 < u,, < 1 is also in this case a trapping set. In Fig. 4
we illustrate the typical features of the phase plane when uey; (i = 1,3) are
unstable foci. Notice that the multiple equilibrium situation as described here
occurs if the three equilibrium points are located in the range for which the
firing-rate functions are steep (P, > 1).

In the next sections we will focus on the effect of spatial nonlocality on the
stability properties of the equilibrium points defined by (11).

12



0.1p

S- 0.05¢

Fig. 4. Stable manifolds (solid curves) and unstable manifolds (dashed curves) of
the saddle point (no. 2). The stable manifolds have the two other equilibrium points
(no. 1 and no. 3) as source. The model parameters are S, = 28.513, 5; = 20.333,
0, = 0.0489, 6; = 0.0633, 7 = 6.85. The Hopf bifurcation points for equilibrium
points no. 1 and no. 3 are 7,1 = 5.56 and 71,3 = 6.83, respectively. The points no. 1
and no. 3 are foci. Generated with XPPAUT [33].

5 Stability problem for full model: General theory
We start out by linearizing the coupled set of equations (2) about the spatial

homogeneous equilibrium of the model, i.e., the solutions (ue, ;) = (Ueqs Ueq) =
Ueqs —1 < Ueq < 1 of the equilibrium equations (10), by inserting the ansatz

Ue(X, 1) = Ueq + (2, 1),  wi(2,1) = Ueq + (2, 1) (19)
where ¢ and ) are small perturbations imposed on the constant background
described by (ueq, teq) (1P|, [1)] < |tieq]), and linearize the resulting equations.

Doing this we end up with the linearized system of nonlocal evolution equa-
tions

at¢:_¢+Péwee*d)_f)jlwie*77/) (20&)
TOW = =) + Plwe* ¢ — P wi x 9. (20b)

The next step consists of converting the system (20) to a set of ordinary
differential equations by using the Fourier technique. We deduce the system

atd; — _d; + Péa)equ - f)ildjied;
7O = —t) + Plieid — Pl

by means of

13



D (F) = 1 Z Wi (%) expl(ika)da (21a)
Sk, 1) = /_ °:O &(z, 1) exp(ikz)dz (21b)
1/3(k, t)= /O:o (z,t) exp(ikz)dx (21c¢)

and the convolution theorem for Fourier transforms. Notice that the Fourier
transforms are real-valued, even functions of k. This system can be conve-
niently rewritten on matrix form as

where A and X are defined as
Plee — 1 — P
A= : (23)
T PO —7 Y (Plas + 1)
X=[¢4" . (24)

The invariants of the coefficient matrix A can now be computed as

det(A) =771 ((1 + P/@y) (1 — Plide) + PLP/@iele;) (25a)
tr(A) = Plee — 1 — 77 (Pl + 1) . (25b)
(In passing we note that these invariants have the same structure as the ex-

pressions 8.12 and 8.13 in [28] for the Wilson-Cowan model [27], but the model
parameters and their interpretations are somewhat different.)

We always have two modes in the problem corresponding to the two eigenval-
ues A, and \_ given by

A = %(tr(A) +/(tr(A)? - 4det(A)> | (26)

The mode corresponding to A\, (A_) is referred to as the A (A_)-mode. Notice
also that since &y, (k) = Omn(—k), we have Ayi(k) = Ai(—k). Hence the
variation of the eigenvalues with the wave number k£ can be expressed in terms
of the squared wave number 7 = k%. Now, since the differential equations (22)-
(24) constitute a 2D linear autonomous system with constant coefficients,
we can exploit the invariants of the coefficient matrix A to determine the
stability properties: Each n = k? corresponds to a point in the tr(A), det(A)-
plane (which we refer to as the invariant plane). Thus, when letting n vary
continuously from 0 to 400, a parameterized curve  defined as

v(n) = (tr(A)(n), det(A)(n)), n=0 (27)

14



is traced out in the invariant plane. This means that we can study the stability
problem in a simple geometrical way: We have stability if the curve - remains
in the second quadrant for all n > 0, while an instability occurs if there is an
n-interval for which the curve is outside this quadrant. An n-interval producing
an instability is referred to as a gain band. The gain bands caused by the A,
(A_)-mode are consequently termed A (A_) gain bands. Moreover, the number
of transversal crossings of the ¢r(A)-axis and the positive det(A)-axis in the
invariant plane determines the number of gain bands excited.

A detailed account of this stability methodology is given in Appendix A for a
general 2 x 2 system.

5.1  Short-wavelength limit

Since the connectivity functions satisfy the normalization condition, Riemann-
Lebesque lemma implies that the Fourier transforms @y, (m,n = e,i) are
continuous functions of & and limx|_,cc Wmn (k) = 0. Hence we have

as k — +oo from which it follows that

det(A)=7"1>0
tr(A)=—1—-71<0
in this asymptotic limit. Hence the curve 7 will enter the second quadrant
in the invariant plane, regardless of the particular shape of the connectivity

functions. This means that any instability must if it exists be of the finite band-
width type regardless of the particular shape of the connectivity functions.

5.2 Smooth spectra of connectivity functions

Next, let us assume the functions zw,,,(x) to be absolute integrable. Then,
since by assumption wp,, () is positive and even, it follows that

o
/ TWpp (x)dx =0;  m,n =e,i
—00

for this class of connectivity functions. Riemann-Lebesque lemma now im-
plies that the derivatives @ (k) are the Fourier transforms of the functions
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TWp (). Moreover, &), (k) are continuous functions and satisfy lim| e @), (k) =
0. In that case the curve 7 is a smooth curve, and the general picture of the
linear stage of the instability that emerges is a finite set of well-separated gain
bands.

5.8 Long-wavelength limit

In the long-wavelength limit we have

det(A)(k=0)=7"1+ P = P) = 77" F'(ue) (28a)
tr(A)(k=0)=P —1— 74P/ +1) = (P - 1)(1 - 1) (28h)

-
since by the definition of the Fourier transform (21) and the normalization
condition imposed on the connectivity functions wy,,, we have w,,,(0) = 1.
Here F'(ueq) and 7 are defined by means of (11) and (17), respectively. Notice
also that (28) coincides with the local limit (16). Hence in the long-wavelength
limit the theory elaborated for the local limit is directly applicable, and, due
to continuity, the features described for £ = 0 must also hold true for some
k-interval symmetrically centered about & = 0. We conclude that a sufficient
condition for having instability is that either det(A) < 0 or ¢tr(A) > 0 for
k = 0. From the expressions (28) we see that these conditions are translated
into (i) F'(ueq) < 0 or (ii) P, > 1 and 7 > 7y, respectively. Note that this
type of long-wavelength instability (K — 0) is independent of the type of
connectivity functions chosen.

5.4  Gain-band formation

A necessary but not sufficient condition to have stability is that the trajectory
7 starts out in the second quadrant of the invariant plane. In this case the
stability properties depend sensitively on the type of connectivity functions
chosen. Further, possible instabilities are presented as a set of well-separated
gain bands for non-zero wave numbers.

Asymptotic stability requires that det(A) > 0 and tr(A) < 0 for all k. The
expression (25a) shows that det(A) is positive for all k& provided the conditions

’“U

w e(kmax) <1
i(k) >0
i(k)ie (k) > 0

1e
2. Gy
3. Qe

are satisfied. Here Wee(kmmar) denotes the maximum value of the spectrum ee.

16



Notice that the first condition is satisfied for P! < 1 and @e(k) < 1. The
requirement, we(k) < 1, is satisfied for we being exponentially decaying,
gaussian or rectangular. The two remaining conditions are satisfied for con-
nectivity functions wjj, we and wje possessing positive definite spectra, e.g.,
exponentially decaying or gaussian.

Let us now investigate the sign of ¢r(A). If the connectivity functions wee
and wy satisfy the conditions 1. and 2. above, we conclude from (25b) that
tr(A) < 0, and hence the trajectory v remains in the second quadrant in the
invariant plane. As an example, a set of positive definite spectra w,,, where
Wee(k) < 1, will produce stable situations for all 7 provided P, < 1.

This analysis clearly reveals that in order to look for scenarios which produce
finite band-width instabilities, a natural approach is to search in regimes where
at least one of the conditions listed above ceases to be valid. For example, if
the spectra of the connectivity functions are positive definite with the extra
constraint wee(k) < 1, one should search in the inclination regime P! > 1.
Another possibility consists of choosing connectivity functions for which at
least one of the spectra is not sign definite. We will pursue these problems
below.

As shown in Appendix A formation and coalescence of gain bands are con-
nected to nontransversal crossings of the ¢r(A)-axis and the positive det(A)-
axis in the invariant plane of the trajectory v defined by (25) and (27). These
types of crossings indicate that bifurcation phenomena take place. The spe-
cial case characterized by a wave number ky for which we locally have (i)
det(A)(ng = k%) > 0 and tr(A)(nm = k%) = 0, and (ii) tr(A) < 0 for n # g
(i.e. a non-transversal crossing at n = ny), is referred to as a Turing-Hopf
bifurcation [20]. In analogy with the procedure detailed in [20] a Hopf normal
form of the system (2) can be derived for the approximate behavior of the
dynamics in the vicinity of the Hopf point. Based on this normal form one can
show that a breather or a travelling wave is excited. Moreover, conditions for
having stable breathers and travelling waves can be expressed in terms of the
coefficients of the normal form. We do not pursue the derivation of the normal
form coefficients here, however.

6 Stability problem for full model: Case studies

In this section we demonstrate concrete examples on (i) existence and exci-
tation of a gain band for the case with (positive definite) exponentially de-
caying connectivity function, (ii) conditions for exciting a gain band through
a Turing-Hopf bifurcation for this system and (iii) the formation of multiple
gain bands in the case of rectangular connectivity functions possessing not
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sign definite spectra.
6.1 Gain-band formation for exponentially decaying connectivity functions

Let us model the connectivity functions (4) by means of exponentially decaying
functions (6). In this case the Fourier transform is given as the Lorentzian

o
C1+02,n

~

Omn (1) n==~k, m,n=ei (29)

and the determinant and trace of the coefficient matrix are given as

A =T (T s (L o o (302)
A= o (300)
Here @), is the quadratic polynomial defined by
Q2(n) = @2n* + @0 + qo (31)
with the coefficients ¢;,7 = 0,1, 2, given as
b=+ )%} (320)
0= (P~ 1)} — o — (B +1)o% + o) (32b)
w=Pl =1~ (14 F)= (-1 - ) (320
and H, is the quartic polynomial
Ha(n) = han* + hsn® + han® 4+ han + he . (33)

Here hy = F'(ueq) while the remaining coefficients (listed in Appendix B)
are given as cumbersome algebraic expressions with the notable feature that
hy > 0. We assume that the equilibrium state is node or focus within the
framework of the local model (F’(ueq) > 0), which implies that hg > 0. In
the following we also assume that P! > 1 and 7 < 73, so that ¢y < 0 which
according to previously obtained results means that stability is assured in the
long-wavelength limit, i.e., det(A)(n = 0) > 0, tr(A)(n=0) < 0.

We first notice that the maximum number of A1 gain bands is three. This result
follows from the fact that the maximum number of positive zeros of () and
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Fig. 5. Examples of single gain-band situations for exponentially decaying connec-
tivity functions (6). Synaptic footprints are oe = 0.35, 0¢; = 0.48, 0je = 0.60 and
gii = 0.69. In (a) the parameterized curve v in the invariant plane defined by means
of (25) and (27) is shown for 7 = 2 for the firing-rate function corresponding to
parameter set A with 7y = 2.39 (cf. Table 1). In (b) the corresponding growth
rates (Re in (26)) are shown as a function of wave number. In (c) a corresponding
curve v are shown for 7 = 4.4 with parameter set B (cf. Table 1) where 11 = 4.56,
for the same synaptic footprints. The corresponding growth rates are shown in (d);
the presence of only a single curve implies that the two eigenvalues are complex
conjugate in the entire interval of k-values. The black dots in (a) and (¢) denote the
starting points of the curves, n = k? = 0.

H, is two and four, respectively. The complexity of the quartic polynomial H,
prevents us from inferring simple analytical predictions regarding the crossings
of the tr(A)-axis. We generally thus have to rely on numerical computations
to explore the details of the gain-band structure.

In Fig. 5a a single unstable-band situation is demonstrated for the parameter
set A in the case of exponentially decaying synaptic connectivity functions.
These firing-function parameters as well as 7 are chosen to comply with the
condition P! > 1 and 7 < 7 to assure stability in the long-wavelength limit
(see Table 1). As seen in the panel, the trajectory v starts and ends in the
second quadrant but passes through the other three quadrants. The real part
of the corresponding eigenvalues (cf. (26)) is shown in Fig. 5b illustrating that
the real part of one or both eigenvalues is positive unless the trajectory v is
in the second quadrant.

19



6.2 Conditions for Turing-Hopf bifurcations

We now investigate conditions for generating a single gain band through a
Turing-Hopf bifurcation. We focus on the situation where the model param-
eters are chosen such that Hy(n) > 0, i.e., det(A) > 0, for all 5. In order to
detect a Turing-Hopf bifurcation we study the properties of tr(A), i.e., Q2(n).
From (31)-(32c) we immediately see that ¢r(A) is independent of the synap-
tic cross-coupling footprints o and oj.. Thus the single gain-band generation
is in this case governed only by oe, oy, P., P/, and 7. Elementary analysis
shows that @2 has two strictly positive zeros denoted by 7y and n_ (9, > n_)
if the discriminant Ag, = ¢f — 4qoqs is strictly positive and ¢; > 0. Both these

conditions can be translated into conditions for these parameters.

We here consider the relative inhibition time 7 to be a control parameter, and
a value of 7 producing coalescence of two positive zeros (i.e., 7, = 1_) repre-
sents a Turing-Hopf bifurcation. The latter situation occurs when Qy(ns) =
(Q)%(ne) = 0, which by elementary analysis means that Ag, = 0 for some
positive value of the relative inhibition time 7.

With this background we can now elaborate on the conditions for getting a
gain band through a Turing-Hopf bifurcation. We start out by observing that
(22 has a global maximum at

=N = ——. 34
n=n 2 (34)

In order to get crossings with the det(A)-axis we must restrict the study to
situations where @)y possesses a positive maximum point. The expression (34)
shows that 7, > 0 if and only if ¢g; > 0 (since ¢ < 0). From the expression for
q1 we find that the relative inhibition time 7 must satisfy

o2
Pl+1+23
(P -1)% -1

(35)

T > T, Te

Moreover, in order to have the initial point of the curve 7 in the second
quadrant we must have
Te < TH (36)

where 7y is given by means of (17). Notice that for 7. > 0 the condition (36)
is equivalent to the condition

o P, P +1 P!
O'_ge >THFi, = J2u . Pé—l (37)

1

on the ratio between the synaptic widths o; and .. Thus we immediately
see that only models with o;; > 0. may give a Turing-Hopf bifurcation.

20



We now explore conditions for obtaining Ag, = 0. Simple computation shows
that Ag, can be expressed as

Ag, =7 20a(7), 0a(7) = for’ + fiT + fo (38)

where the coefficients f;,;7 = 0,1,2, of the quadratic polynomial 15 in 7 are
given as

fr=oull= 3+ P (392)
hi=—20 (= )G - (B - ) (390)
fr=ot1— T4 R, (39
Here
Q, — —F'(tteq) = PP = 14 /(F/(tteq) + PLP! +1)2 + 4(P — 1)(P} + 1)

2(P/— 1)
(40)
and we find that Q_ < 0 < Q; in our regime where P, > 1.

We search for positive values of 7 for which Ag, = 0, and a first requirement
is that the discriminant Ay, = f2 —4f, fo of the polynomial 95 is nonnegative.
This discriminant is found to be

Ay, = 160502, P/ Pl(05 — 02) (0% (P + 1) + o5(P. — 1)) (41)

ii ee
and we thus see that Ay, automatically is positive when the constraint (37)
is fulfilled (since it implies oy > ).

Since fy, fo > 0 we must have f; < 0 to be in the position to have AQ2 =0 for
positive values of 7. From (39b) we thus have the new constraint o3 /o2, > Q,
which apparently comes in addition to the constraint (37) on the synaptic
widths. However, it can be shown that 2, < 7y P./P! so that the new con-
straint will be fulfilled if (37) is fulfilled.

The expression for ¥, (with f; < 0) shows that the discriminant Ag, may
change sign for two positive values of 7 which we denote by 7. With (37)
fulfilled, the ordering of 7., 7y and 74 gives the final conclusions with respect
to the possibility of having a Turing-Hopf bifurcation. We first exclude the
possibility that both zeros of 15 are located outside the range 7. < 7 < 1
since this eventually implies a strictly negative discriminant Ag,. Next, by
continuously deforming the graph of Qs (using 7 as deformation parameter)
from 7 = 7. to 7 = 7y we conclude that there is a single 7-value producing a
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Fig. 6. Generation of a single unstable gain band by varying the relative inhibition
time 7 in the case of exponentially decaying synaptic connectivity functions for
parameter set B (cf. Table 1). Synaptic footprints as in Fig. 5. The Turing-Hopf
relative inhibition time is found to be about 4.09 by the non-transversality condition
tr(A) = %tr(A) = 0. The black dots denote the starting point of the curves

n==k=0.

nontransversal crossing. Since 1), has two zeros, only one of them can belong
to the range 7. < 7 < 7. Thus only the orderings 7. < 7. < ™y < 7, and
T < T. < T4 < 7 represent situations where a gain band is excited at a
unique value for the relative inhibition time, 7 or 7, , through a Turing-Hopf
bifurcation. We will then have at least one gain band for a range of relative
inhibition times, 7, (7_) < 7 < q.

In Figs. 5c and 5d a gain band resulting from such a Turing-Hopf situation
is demonstrated for the parameter set B listed in Table 1. As seen in Fig. 5c,
det(A) > 0 for the entire trajectory, and a gain band is excited when the
trajectory passes into the first quadrant (¢r(A) > 0). For this parameter set
iy = 4.56 (cf. Table 1), and 7 is set to 4.4 in the example so that the constraint
7 < 7 is fulfilled. Further, 7qP!/P/ = 2.12, and since (0i;/0e)? = 3.89, the
constraint (37) is also fulfilled. We further find 7- = 0.03, 7, = 4.09, and
T. = 2.41. We are thus in the situation where 7 < 7. < 7, < 7 < 7 where,
according to the description above, a gain band is excited.

The eigenvalues (26) corresponding to the parameterized curve v in Figs. 5c
are complex conjugate for the part of the curve visiting the first quadrant in
the invariant plane, since for this range of wave numbers (tr(A))* < 4det(A).
The corresponding gain curve i.e., the real part of the eigenvalues as a function
of the wave number k is displayed in Fig. 5d. Hence each unstable mode in
the band exhibits temporal oscillations. The frequency of the oscillations is
given by the imaginary part of the eigenvalues. On the contrary, the gain-band
structure seen in Fig. 5 for parameter set A is somewhat more complicated
in the sense that only a portion of the gain band yields complex eigenvalues
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Fig. 7. Example of a multiple gain-band situation with synaptic connectivity func-
tions given as rectangular functions (7) in for the parameter set A (cf. Table 1) and
the same synaptic footprints as in Fig. 5. (a) Parameterized curve v in the invariant
plane defined by means of (25) and (27). (b) Corresponding growth rate (Re in

(26)).

and thus modes oscillating in time (Fig. 5b). This can be inferred from the
behavior of the parameterized curve 7 in the invariant plane in Fig. 5a. In this
case the quartic polynomial H, is not sign definite but has two zeros.

Further, in Fig. 6 we demonstrate how the gain band in Fig. 5¢ may be in-
terpreted as stemming from a Turing-Hopf bifurcation (using the same model
parameters as in Fig. 5b, except for 7 which is now a control parameter). In
the figure we see that the trajectory remains in the second quadrant of the
invariant plane for 7 < 7, = 4.09, passes into the first quadrant for a finite
value of the wave number for 7, = 4.09 < 7 < 7y = 4.56, while the homoge-
neous background state becomes unstable for 7 > 7y = 4.56. We thus have a
Turing-Hopf bifurcation point at 7 = 7, = 4.09, and a gain band is excited
for 7, <7 <71y, ie., 4.09 <71 < 4.56.

Note that the gain-band structure in Fig. 5a, corresponding to the param-
eter set A, cannot stem from a Turing-Hopf bifurcation with 7 as control
parameter. In Fig. 5a the trajectory 7 is seen to pass into the lower half plane
(det(A) < 0). Since the sign of det(A) is independent of 7 (cf. (25a)), there
will thus be a gain-band excited for all values of 7.

6.3 Multiple gain-band structure

In order to easily obtain an example of gain-band structure with multiple
unstable gain bands we choose a connectivity function whose Fourier spectra
oscillates in k-space. A typical example of such a connectivity function is given
by the rectangular connectivity function (7) whose Fourier transform is given
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sin(kopmy)

ajmn(k) = (42)

komn

In Fig. 7a the existence of three unstable gain bands is demonstrated in the
invariant plane. Fig. 7b shows the corresponding growth rates. An analysis of
the curve 7 reveals that the number of transversal crossings with the coordi-
nate axes in this plane can be used to predict the number of gain bands (cf.
Appendix A).

7 Numerical simulations

In this section we illustrate some of the results in the previous sections with
direct simulations of (2). In particular, we focus on (i) how the linear instabil-
ities described by the gain-band structure manifest themselves in numerical
simulations with the homogeneous background state plus an added distur-
bance as initial condition, (ii) how the instabilities develop beyond the linear
regime, and (iii) how the type of instability, i.e., generating either purely spa-
tial or spatiotemporal oscillations, depends on the properties of the firing-rate
functions.

In the numerical simulations we consider a finite spatial domain, —5 < z < 5,
with periodic boundary conditions. A spatial grid with a spacing of Az =
0.05 is used, and our models can thus be viewed as a network model with
201 excitatory and 201 inhibitory neurons on a ring. We used the program
XPPAUT, developed by Ermentrout [33], with Runge-Kutta R4 with dt = 0.01
as integration method.

We employed the same sets of firing-rate parameters and synaptic connec-
tivity functions as in the case studies in Sec. 6. The initial condition was a
low-amplitude narrow rectangular box of neural activity superimposed on the
homogeneous background given by the equilibrium points in Table 1. The nar-
row rectangular box contains a wide spectrum of spatial frequencies so that
the various gain bands can be excited.

We follow the exposition in the previous section and first focus on the two ex-
amples with exponentially decaying connectivity functions in Fig. 5 for which
a single gain band exist. Then we consider the multiple gain-band example
with rectangular connectivity functions in Fig. 7.
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Fig. 8. Dynamical evolution for parameter set A investigated in Figs. ba and 5b from
an initial state consisting of a homogeneous background state (ue = u;j = 0.129, cf.
Table 1) with a narrow centered rectangular box superimposed (—0.5 < z < 0.5,
ue = u; = 0.2). (a) Excitatory activity level, ue(x,t). (b) Inhibitory activity level,
ui(z,t). In (c) and (d) the Fourier spectra of (a) and (b), respectively, are shown.

7.1 Parameter set A: Demonstration of spatial oscillations

We first consider the example in Fig. 5a, corresponding to parameter set A.
In Figs. 8a and 8b the dynamical evolution of the neural activity u, and u; is
shown. For the chosen value of 7 (7 = 2) the theory in the previous section
predicts a gain-band instability, and we see that the instability develops into a
purely, spatial periodic pattern. In Fig. 5b we observe that the wave number &
of the fastest growing mode (maximum Re)) is approximately 2. The Fourier
spectra of the spatial patterns as a function of time depicted in Figs. 8c and 8d
show that after a short initial phase the resulting spatial pattern is dominated
by wave numbers of about 2 as well. Thus in the initial phase energy leaks
into the fastest growing mode (k ~ 2) which turns out to be stable.

A notable feature is that the stationary pattern consists of periodically dis-
tributed bumps. Each bump resembles the single stationary bumps studied by
us in [13] in a model with gaussian connectivity functions and infinitely steep
firing-rate functions (Heaviside unit step functions). In Fig. 9 we show a single
stationary bump obtained with the same exponentially decaying connectivity
functions as in Fig. 5 but with Heaviside firing-rate functions, using the same
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Fig. 9. Spatially oscillating structure found for exponentially decaying connectivity
functions with the same synaptic footprints and relative time constant as in Fig. 8.
Firing-rate functions are given as a Heaviside functions, i.e., P, (U,,) = H(Up, —61)
(m = e,i) where 6, = 0.1 and 6; = 0.12 (horizontal lines). (a) Excitatory activity
level Ue(z) (cf. Fig. 1 in [13]). (b) Corresponding inhibitory activity level Ui(z).

method as described in [13]. Comparison with Figs. 8a and 8b shows that this
bump, both in terms of shape and size, is similar to one of the bumps in the
spatially oscillating pattern found for parameter set A, for which the values
of the inclination parameters f, and f; are large (cf. Table 1). This suggests
that the dynamics predicted by the firing-rate functions for large values of the
inclination parameters effectively mimic the dynamics corresponding to the
Heaviside functions.

7.2 Parameter set B: Demonstration of spatiotemporal oscillations

The dynamical evolution corresponding to Figs. 5¢ and 5d (i.e., parameter set
B) is shown in Figs. 10a and 10b. Here we see that the instability develops into
spatiotemporal oscillations. This is consistent with the phase described by two
complex conjugate eigenvalues of the coefficient matrix A, where the frequency
of the oscillations is given by the imaginary part of the eigenvalues. In Fig. 5d
we observe that the wave number k& of the fastest growing mode (maximum
Re)\) is approximately 1. The Fourier spectra of the spatial patterns as a
function of time depicted in Fig. 10c and 10d show that after a short initial
phase the resulting spatial pattern is dominated by wave numbers of about

1 as well. Thus as for parameter set A energy leaks into the fastest growing
mode (k ~ 1).

7.3 Relationship between inclination parameters and pattern formation

The different instability patterns observed for the parameter sets A and B
describing firing-rate functions motivates an inquiry into what aspects of the
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Fig. 10. Dynamical evolution covered in Fig. 5¢ and 5d from an initial state con-
sisting of a homogeneous background state (ue = u; = 0.106, cf. Table 1) with a
narrow centered rectangular box superimposed (—0.5 < z < 0.5, ue = u; = 0.2) for
parameter set B. (a) Excitatory activity level, ue(z,t). (b) Inhibitory activity level,
ui(z,t). In (c) and (d) the Fourier spectra (a) and (b), respectively, are shown.

rate functions causes the qualitatively different behavior. Inspection of Table 1
shows that parameter set A has significantly larger values for the inclination
parameters [, and [;, compared to parameter set B. We thus investigate the
pattern formation as a function of 3,, (m = e,i) in more detail and pursue
this as follows: We first determine the number of equilibrium points of the
local system (13) for a dense array of inclination parameters (3,, (m = e, i) for
two sets of threshold values, 6, = 0.1,6; = 0.12 (from parameter set A) and
0. = 0.05,60; = 0.1 (from parameter set B). We then consider the same synaptic
footprints as in Fig. 5 and systematically evaluate the dynamical outcome of
the linear instability for each point in the array covering the (5., 5;)-plane,
for both sets of threshold values. We further consider two choices for the
inhibitory time constant: (i) 7 slightly smaller than the local Hopf time 7y
(for the particular values of ., (3, 6., 6;) given by (17), i.e., 7 = 4 — 0.07,
and (ii) a low 7-regime (7 = 0.001) corresponding to nearly instantaneously
reacting inhibitory neurons.

The results from this analysis are given by the color plots in Fig. 11, and

several features become evident: For 6, = 0.1,6; = 0.12 in Fig. 1la re-
gions corresponding both to the generation of stationary spatial patterns
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and to generation of spatiotemporal oscillations are prevalent. For example,
while . = 20, 5; = 30, corresponding to parameter set A, generates a sta-
tionary pattern, . = 5, 5; = 30 generates spatiotemporal oscillations. For
f. = 0.05,6; = 0.1 in Fig. 11b the generation of stationary spatial oscilla-
tions appears to be very rare (in the situation with a single local equilibrium).
Only a tiny region in the inclination-parameter plane around g, = 4, 5; = 2
generates such stationary patterns.

For 7 — 0 (7 = 0.001, Fig. 11lc-d) we see that the regions corresponding
to generation of spatiotemporal oscillations in Fig. 11c-d have vanished, i.e.,
no spatiotemporal oscillations can be formed, at least from a situation with
a single local equilibrium. This can be understood by direct inspection of
(25): for sufficiently small 7, ¢tr(A) will always be strictly negative, and a
Turing-Hopf instability generating spatiotemporal oscillations cannot occur.
The region corresponding to generation of stationary spatial patterns is the
same as for the larger values of 7 (cf. Fig. 11a-b). This can also be understood
by inspection of (25) since the sign of det(A), determining the generation
of such patterns, is seen to be independent of 7. For 6, = 0.05,6; = 0.1 in
Fig. 11d we thus find that patterns can be only be formed in a tiny region in
the inclination-parameter plane around S, = 4, 5; = 2.

Notice that the finding of a lack of generation of spatiotemporal oscillations for
very small 7 appears to be consistent with the results from Atay and Hutt [17].
They considered a general one-population model and found that only station-
ary spatial patterns could be generated for models with no action-potential
propagation delay. For 7 = 0, our model (2) can essentially be reduced to a
one-population model (with no action-potential propagation delay) [4], and
the same observation as in [17] is made (cf. Fig. 11c-d).

7.4 Multiple gain bands

In Fig. 12 we show the dynamical development of the model with rectangular
connectivity functions exhibiting multiple gain-band instability (cf. Fig. 7).
The initial condition is as before a narrow rectangular box of activity sym-
metrically positioned around the midpoint. Even though the linear analysis in
Fig. 7 demonstrates three well-separated gain bands, the numerical example
in Fig. 12 shows that the gain-band centered around k=5 rapidly dominates
the other gain bands. This can be accounted for by the much larger positive
eigenvalue (and thus growth rate) of this gain band (A ~ 2-3) compared to
the other gain bands where the eigenvalues are less than 0.4. Thus the linearly
most unstable gain band around k=5 extracts energy from the other modes,
and the outcome is a stationary and roughly periodic pattern with a typical
wavelength of about 27/5 ~ 1.25. A detailed analysis of the dynamical devel-
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Fig. 11. Color plots illustrating pattern formation as a function of inclination param-
eters (Be, 5i). Exponentially decaying connectivity functions and synaptic footprints
as in Fig. 5. Unique equilibrium situations for the local problem corresponds to the
white, red and green regions. White regions correspond to parameters providing sta-
tionary spatial oscillatory patterns, red regions to spatiotemporal oscillations, while
no patterns are formed in green regions. The blue regions corresponds to situations
with three equilibrium points in the local problem, and the patterns formed in this
situation are not explored here. (a) 6, = 0.1,6; = 0.12,7 = 7y — 0.07. Each point
(Be, Bi) corresponds to a particular value of the Hopf time 7 (for this particular
set of parameters) determined by (8),(15) and (17). Solid dot corresponds to the
values for 3, and f; in parameter set A. (b) . = 0.05,6; = 0.1,7 = 4 — 0.07.
Solid dot corresponds to the values for (. and [ in parameter set B. (c)
0, = 0.1,0; = 0.12,7 = 0.001. Solid dot corresponds to the values for 3, and f;
in parameter set A. (d) 6. = 0.05,60; = 0.1, 7 = 0.001. Solid dot corresponds to the
values for 3. and f3; in parameter set B.

opment at very short times reveals signs of the other two gain bands, but we
do not explore this in detail here.

8 Summary and discussion

In the present paper we have studied the Turing instability and pattern for-
mation in a two-population neural network model. The present analysis has
revealed the following general features: For all choices of the input parameters
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Fig. 12. Dynamical evolution of a model with rectangular-box connectivity functions
(7) using the parameter set A from an initial state consisting of a homogeneous
background state (ue = u; = 0.129, cf. Table 1) with a narrow centered rectangular
box of neural activity superimposed (—0.5 < z < 0.5, ue = u; = 0.2). (a) Excitatory
activity level, ue(z,t). (b) Inhibitory activity level, u;(z,t). In (c¢) and (d) the Fourier
spectra (a) and (b), respectively, are shown.

there is at least one spatially homogeneous equilibrium point. The maximum
number of equilibria for our particular sigmoidal firing-rate functions is five,
while the most common multi-equilibrium scenario involves three equilibria.
For positive and normalized synaptic connectivity functions which are contin-
uous almost everywhere, the generic picture of the linear Turing instability
consists of finite set of well-separated gain bands.

Two characteristic situations have been investigated in detail for models with
exponentially decaying synaptic connectivity functions: (i) a single gain band
found for all values of the inhibitory time constant 7, and (ii) a single gain
band generated through a Turing-Hopf bifurcation as the control parameter 7
increases beyond a critical value. In the first situation stationary spatial oscil-
lations are generated; in the latter the outcome is spatiotemporal oscillations.

For our model with exponentially decaying connectivity functions, we have
found that a prerequisite for having a Turing-Hopf bifurcation with the gener-

ation of spatiotemporal oscillations is that y;/gee > \/(Pi’ +1)P!/(P/(P.—1))
for P, > 1 (cf. (37)). Since \/(Pi’+ 1)P!/(P/(P! —1)) > 1 this requirement
thus encompasses the requirement o;; > 0 found in [18] for the Wilson-Cowan
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model. For the particular firing-rate function parameters used to exemplify
this situation (parameter set B, cf. Table 1) we thus find that the synaptic
width of the self-inhibition of the inhibitory neurons must be at least a factor
\/(Pi’ +1)P!/(P/(P! —1)) = 1.45 larger than the width of the self-excitation
of the excitatory neurons.

Due to the cumbersome expression for det(A) in (30a) involving the fourth
order polynomial Hy(n) listed in Appendix B, it is difficult to derive a similarly
simple condition for the generation of stationary periodic patterns. However, if
we assume a simpler model where the projections from the inhibitory neurons
are local, i.e., 0y, 0 — 0, Hy(n) is reduced to a second order polynomial in 7.
Simple analysis then shows that a gain band can only exist if oy > 0ee. Thus
the synaptic projections from excitatory neurons to the inhibitory neurons
must be spatially more extended than to the excitatory neurons. This concurs
with the standard qualitative view of the requirements for localizing a solitary
bump: local recurrent excitation is needed to keep the center excited while
longer-range lateral inhibition is needed to prevent it from spreading out.

To further elucidate the relationship between pattern generation and the
thresholds and inclinations of the firing-rate functions, we have investigated
the type of instability generated (if any) for a large range of inclination pa-
rameters [, and f; for two sets of firing-rate threshold values 6, and 6;. We
observe large differences in the instability 'phase-diagram’ for these two sit-
uations, demonstrating that the type of instability depends on an interplay
between the parameters determining the synaptic coupling and the inclina-
tions and thresholds of the firing-rate function. The role of the inhibitory
constant 7 is more transparent: it plays no role in the generation of stationary
spatial oscillations, while its value is crucial in determining the possibility for
spatiotemporal oscillations. For very small 7, where the model essentially is
reduced to a one-population model, it was demonstrated that spatiotemporal
oscillations cannot be generated; in agreement with results from [17].

To summarize, we have found that generation of spatial or, alternatively, spa-
tiotemporal oscillations is strongly dependent on the inclinations and thresh-
old values of the firing-rate functions and the inhibitory time constant, i.e.,
a particular choice of synaptic coupling function may yield both situations.
The requirements on the synaptic footprints o,,, (m,n = e,i), i.e., (37) for
spatiotemporal oscillations, and o > 0 (for the special case o = 0 = 0)
for spatial oscillations, are additional prerequisites.

The nonlinear development of the gain bands derived in the linear stabil-
ity analysis has also been investigated, demonstrating the feature of energy
leakage of the modes into the linearly most unstable mode. Moreover, after
a transient phase the nonlinear stage of the development is found to consist
of various coherent structures, such as stationary spatial and spatiotemporal
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oscillations. Further, our numerical examples implies a direct connection be-
tween the form of the linear instability and the final stationary pattern. An
additional feature demonstrated in the simulations is that the stationary pat-
tern produced for our example with the steepest firing-rate functions looks
remarkably similar to the bumps derived in the Heaviside limit of the same
model.

Even though our analysis of a model with rectangular synaptic connectivity
functions demonstrated that a multiple gain-band structure can be obtained,
the numerical computation of the non-linear development revealed that for
our model example the gain-band with the largest linear growth rate rapidly
dominated the other bands. Thus prominent signatures of the multiple gain
bands were not seen.
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A Mathematical foundation of stability investigation

The starting point is a 2D autonomous dynamical system

defined by a 2 x 2-matrix A where the real-valued elements are smooth func-
tions of a positive continuous variable denoted by 7. This situation occurs
when Fourier-transforming a system of two coupled linear partial differential
equations or two coupled linear integro-differential equations. The latter equa-
tions may model wave perturbations imposed on an equilibrium state. In that
context the variable 7 is the squared modulational wave number k2.
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The eigenvalues Ay of the coefficient matrix of the system (A.1) are given as

Ay = %(tr(A) = /(r(A) - 4det(A))> | (A.2)

We introduce the following concept of stability: If both eigenvalues have nega-
tive real part for all values of n > 0, the equilibrium state X = Q is said to be
asymptotically stable. If at least one eigenvalue 1s strictly positive or the real
part of both eigenvalues is strictly positive for some interval of n-values, the
equilibrium state X = 0 is said to be unstable. Notice that we always have two
modes in the problem corresponding to the two eigenvalues ;. The mode cor-
responding to Ay (A_) is referred to as the A, (A_)-mode, respectively. Now,
by means of standard 2D theory for autonomous systems the stability problem
can conveniently be rephrased in terms of the properties of the parameterized
curve

v(n) = (tr(A)(n), det(A)(n)), 1=0 (A.3)

in the 2D plane. This plane is referred to as the invariant plane of the matrix
A or simply the invariant plane. From the stability definition we now get
that the equilibrium state X = 0 is asymptotically stable provided tr(A) <
0,det(A) > 0 for all values of n > 0, which means that the parameterized curve
7 remains in the second quadrant of the invariant plane. Moreover, we will
have instability if there is some 7-interval for which the trajectory 7 is located
outside the second quadrant in the same plane. Assume det(A)(n=0) < 0 or
tr(A)(n =0) > 0. Then by continuity the same properties hold true for some
n-interval about 77 = 0. Hence, we can conclude that a sufficient condition for
instability is either det(A)(n =0) < 0 or tr(A)(n = 0) > 0. On the contrary,
in order to have stability we must have ¢r(A)(n = 0) < 0,det(A)(n = 0) > 0.
For example, we will get an instability if the trajectory v starts out in the
second quadrant, but leaves this quadrant by crossing the coordinate axes in
the invariant plane. The generic crossing conditions are in this case expressed
as either the transversal crossing condition

det(A) (1 =m) =0, = det(A)(n=1m)#0, tr(A)m=m)<0 (Ad)

or

In general, the instability can be classified into two categories depending on
the properties of the trajectory +:

1. Finite bandwidth instabilities. We assume that we can prove that the point
(tr(A), det(A)) belongs to the second quadrant of the invariant plane as
17 — +o0. Due to the continuous dependence of the coefficient matrix
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on 7, it is concluded that the same property holds true for n exceeding
a certain threshold, say 7,,. Hence in that case the instability must be
of the finite bandwidth type. The generic picture consists of a union
of bounded, open n-intervals for which the y-curve is outside the second
quadrant in the invariant plane, corresponding to a numerable set of finite
bands producing instabilities. The number of transversal crossings with
the trace axis and the positive determinant axis determines the number
of such bands. The model (2) falls into this category.

2. Short-wavelength instabilities. If the trajectory 7 remains outside the sec-
ond quadrant for all 77 exceeding a certain threshold value, we have an infi-
nite band of 7-values responsible for the instabilities. This case is referred
to as a short-wavelength instability. The production of short-wavelength
instabilities signals that the validity of the model under consideration
breaks down, and that the model is mathematically ill-posed.

We denote the unstable bands as gain bands. We now investigate how the
number of gain bands formed vary as a function of the number of transversal
crossings with the ¢r(A)-axis and the positive det(A)-axis in the invariant
plane. We also investigate the consequences of breakdown of nontransversal
crossings of the coordinate axis. It turns out that the general stability discus-
sion is conveniently divided into the following subcases:

A.1  Generalized Turing situation

Assume that there are strictly positive 1y, 7 with 0 < 1; < 79 such that

det(A)(n = n:) =0,

d
d—ndet(A)(ﬁ = i) #0,

for i = 1,2. Moreover, it is assumed that the curve 7 neither crosses the
negative tr(A) - axis nor the positive det(A)-axis transversally for 7; < n < ns.
However, it may cross the positive ¢tr(A)-axis. In this case we have exactly one
unstable A\ band for 9, <n <ny and N (N =0,1,2,...) unstable A_ bands
if there are 2N transversal crossings of the positive ¢r(A) axis in the same
parameter interval. Notice that this situation generalizes the classical Turing
instability theory for reaction - diffusion equations.
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A.2  Finite bandwidth instability with oscillations

Assume that there are strictly positive 1y, 7 with 0 < 1; < 79 such that

%WManm#Q

det(A)(n =n;) >0

for i = 1,2. Moreover, it is assumed that the curve 7 neither crosses the
negative tr(A) - axis nor the positive det(A)-axis transversally for 7; < n < ns.
However, it may cross the positive ¢tr(A)-axis. In this case we have exactly one
unstable Ay band for 1y < n < 7, and at least one unstable A_ band. If there
are 2NN transversal crossings of the positive ¢r(A)-axis in the same parameter
interval, the number of unstable A bands is N +1 (N =0,1,2,...). Due to
the fact that the eigenvalues A appear in a complex conjugate pair for n in
some neighborhood of each of the values n = 7;;7 = 1, 2, the typical feature of
this situation is a finite bandwidth instability with temporal oscillations.

A.8  Mized Turing - finite bandwidth instability with oscillations

Assume that there are strictly positive 7, 7o with 0 < 1y < 72 such that

det(A)(n =m) =0, d%det(A)(n =m)#0, tr(A)(n=m)<0

(A=) =0, “Ctr(A)(n=rp) £0, det(A)n=1)>0.

dn

It is assumed that the curve y neither crosses the negative ¢r(A)-axis nor the
positive det(A)-axis transversally for 7; < 1 < no. However, it may cross the
positive tr(A)-axis. In this case we have exactly one unstable A\, band for
M < 1n < ny and at least one unstable A band. If there are 2N — 1 transversal
crossings of the positive ¢r(A)-axis in the same parameter interval, the number
of unstable A bandsis N (V. =1,2,...). Notice that the same argument holds
true when reversing the orientation of the -curve.

In general, the gain band structure may consist of the three categories elabo-
rated in the previous subsections.
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A.4  Splitting, coalescence, vanishing and formation of gain bands. Turing-
Hopf bifurcation

The breakdown of the transversality conditions

det(A)(y = ;) = d%detm)(n — ) =0 (A.6)
tr(A)(n = m) = d%tr(A)(n — ) =0 (A7)

for i = 1 or 7+ = 2 signals that a splitting, coalescence, vanishing and formation
of gain bands takes place. This property is to be considered as a bifurcational
phenomena, i.e., the conditions can only be fulfilled for a discrete set of values
of some parameter playing the role as the control parameter. In general, the
non-transversal crossings are signalling the onset of instabilities, and hence
interesting dynamical features. The case

tr(A)(n = nu) =0, d%tT(A)(n =) =0, det(A)(n=rnm) >0

represents the Turing-Hopf situation [20] where the result is a pair of purely
imaginary eigenvalues at the bifurcation point, while the case

det(A)(n = nr) = d%det(A)(n =nr) =0, tr(A)(nr) <0

corresponds to the excitation of again band through a Turing-type of in-
stability. The consequences of the Turing-Hopf bifurcation have been elab-
orated in detail in [20] by means of normal form theory in the context of
neuronal network models. It is shown that breathers or travelling waves are
excited when passing this bifurcation point. Moreover, conditions ensuring
stable breathers/travelling waves are given.

Finally, notice that the stability methodology elaborated here has also been
used in the study of modulational instability (MI) of plane waves in nonlocal
Kerr media [32] and in quadratic x(?-materials [35]. In both these cases the
wave number dependent coefficient matrix A is characterized by tr(A) = 0.

B Coefficients for polynomial

The coefficients of the quartic polynomial Hy defined by (33) are given as
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