OLA BRATTELI

Derivations, Dissipations and Group Actions
on C*-algebras

Published in Springer Lecture Notes in Mathematics 1229
Published in 1986

ISBN 3-540-17199-1 Springer Verlag Berlin Heidelberg New York
ISBN 0-387 17199-1 Springer Verlag New York Berlin Heidelberg

Mathematics subject classification (1980): 46L.55, 22D25, 20M20, 34C35,
43A45, 47B47, 47D05, 54H20



PREFACE

These lecture notes are based on a series of lectures given in a
seminar at the Research Institute of Mathematical Sciences, Kyoto
University, in 1984-85. I am greatly indebted to Huzihiro Araki for
arranging the visit to Kyoto University, and thanks are due to the

participants of the seminar for their interest.

The following colleagues gave valuable critical remarks to, and
‘pointed out mistakes in, parts of previous versions of these notes:
Huzihiro Avaki, Charles J.K. Batty, George A. Elliott, David E. Evans,
Akio Tkunishi, Akitaka Kishimoto and Derek W. Robinson. It is also a
pleasure to thank Toshie Ito and the other "international secretaries
at RIMS, as well as Monica Grund in Trondheim, for their typing of

various parts of the manuscript.

Trondheim, May 1986
Ola Bratteli

e




- CONTENTS

_Introduction with historical remarks 1
1. General theory of derivations T i
1.1. Basic notions N
1.2. Bounded *-derivations 5
1.3. Unbounded *-derivations 7
1.4. Closed and pre-closed derivations g
1.5. Generators and pre-generators 15
1.6. Classification of all closed derivations on

a given C*-algebra 21
1.6.1., Functional analysis of the domains of derivations 27
1.6.2. Classification of the closed derivations on the

compact operators 24
1.6.3. Classification of the closed derivations of an

AF-algebra 25
1.6.4, Classification of closed derivations on abelian

C*-algebras 26
1.6.4.1. The O0-dimensional case 27
1.6.4.2. The 1-dimensional case 29
1.6.4.3. The 2-dimensional case 32
2. Non-commutative vectorfields 34
2.1. General introduction and motivation 34
2.2. Classes of smooth elements and spectral theory

for group actions 39
2.2.17. Differentiable elements 39
2.2.2. Spectral theory for abelian groups 41
2.2.3. Spectral theory for compact groups Ly
2.2.4. The algebra of G-finite elements 46
2.3. Closability and automatic continuity of non-

commutative vector fields 48
2.3.1. Automatic continuity of derivations of

An,n:1,2,...,m 48
2.3.2. Closability of derivations on A1 53
2.3.3. Continuity on spectral-subspaces of
) derivations on AF 56
2.4. Abelian C*-algebras 65
2.4.1. Classification of derivations 67
2.4.2. Generators of flows 86
2.4.3. Invariant deri?étions 99




2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2.
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
n

Some technical lemmas
.1. Approximate identities
.2. Boundedness of partially positive ﬁaps
.3. A generalized derivation theorem
.4. Bounded perturbations of generator derivations
4.1, Automatic smoothness of 71-cocycles
4.2, Analytic elements for perturbed groups
. Invariant non-commutative vectorfields
.1. Compact groups
.2. Abelian locally compact groups
.3. Lie groups
Cocycles and derivations
.1. Abelian compact groups
.2. An example: The circle group and condition T
.3. Abelian compact groups and invariant derivations
.4. General compact groups
Invariant derivations
.1. G compact, abelian; A% < D(8)
.2. G compact, abelian; 8|, a generator
.3. G compact, A type I, 6|Au =0
Noncommutative vector-fields
Algebraic theory
1. Ergodic actions of compact abelian groups
.2. Analytic elements and condition T
Spatial theory

Weakly inner representations and abelian groups

1
1
1
2
2.1
.2.2. Compact abelian Lie groups and [A“(y)H] = H
2.3. Compact groups and (A% nAr = ¢1

3. Applications and examples

3.1. The circle group

3.2. Free actions

9.3.3. Compact abelian Lie groups

.9.3.4. Some special examples

.10. Almost invariant non-commutative vector fields

Dissipations
. Bounded dissipations

. Bounded complete dissipations

1
2
.3. Invariant complete dissipations
"

. Dissipations vanishing on a fixed point algebra

Additional remarks

References

103
103
105
115
123
124
126
127
128
129
135
137
137
153
158
160
165
165
175
183
184
185
185
194
204
204
212
218
221
221
225
233
234
238
241
242
245
250
257
261
265




