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The Economics of the Thermohaline Circulation — A Problem

with Multiple Thresholds Of Unknown Location

Abstract

A potentially serious environmental threat facing humanity is the
possibility of a collapsing thermohaline circulation. The collapse of
the thermohaline circulation may be triggered by temperature
and/or rate of temperature change exceeding certain thresholds.
The locations of these thresholds are unknown. Economic
regulation of this problem requires solution methods for a class of
dynamic optimisation problems with multiple thresholds located in
n-dimensional space. This class of problems has hitherto not been

discussed in the literature. We present a model for the economic
regulation of CO, emissions in the presence of threshold-triggered

risk of a collapsing thermohaline circulation.
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Introduction

One of the many risks associated with global warming is the possibility of a
collapse in the Thermohaline Circulation, (THC), which is one component of the
Meriodonal Overturning Circulation (MOC). The consequences of such a collapse
are at present hard to estimate. However, dramatic effects may occur on a global
scale, although with considerable regional variations, [1] and [21] . Rapid (decadal
scale) changes in Greenland temperatures on the order of several degrees are
associated with shutdown of the THC, as indicated in ice core records.
Association of THC shutdown with global scale climate changes is less clear in
other paleo-climate records. The effect of THC changes on temperature arises
from changes in the hydrological cycle at high latitudes, particularly higher
precipitation and melting of land and sea ice, which reduce surface water density.

Warming of surface waters also plays a role [7] .

The effect that future increases in CO, will have on the THC is uncertain.
Whether the past provides a useful analogous is questionable due to the current
absence of the large ice sheets of the past glacial epoch. Experiments with
simplified forcing, such as arbitrary increases in freshwater flux (“hosing”), can
induce complete shutdown [11] . In simplified ocean models, increases in radiative
forcing corresponding to levels anticipated for late in this century or early in the
next can also cause shutdown of the circulation [16] . More realistic general
circulation models forced by gradually increasing radiative forcing generally lead
to a slowdown of the circulation within this century, although one respected
model produces no such effect [8] . GCM simulations beyond the 21% century
with one model show either slowdown or recovery on a multi-century timescale or
total, permanent shutdown of the THC beyond forcing equivalent to a doubling
of pre-industrial carbon dioxide [10] . In any event, impacts of THC shutdown
could include a dramatic but absolute cooling (versus today) in a restricted area
of the North Atlantic basin and northwest Europe and hydrological changes

elsewhere but little effect on global mean temperature [22] .



In summary, for the purposes of this paper we hypothesize that either the THC
will “flicker,” and recover fully or partially in the course of centuries if for
sufficient forcing, or the THC will shut down and remains shut down for
millennia, [10] , [16] , [24] and [15] . Here we will focus on the latter prospect.
Simple models indicate that the THC collapse depends not only on the level of
temperature caused by greenhouse gases, but also on how fast temperatures rise.
If temperatures increases on average by, say 5° C over 500 years, the THC may
be sustained. However if the same increase occurred over a century this could
trigger a complete collapse. The reason is that both the temperature level and the
rate of temperature change affect the budget of freshwater discharge in the North
Atlantic, which is a critical component in how global warming affects the THC.
The analysis in the cited papers strongly suggests that there are multiple
threshold effects present in the dynamics of the THC. If temperature,

temperature change or both become too high, a THC shutdown may result.

The term ‘threshold’ as used in resource economic analysis has at least three
interpretations. The first is related to the existence of Skiba points (or surfaces)
in the Hamiltonian system that defines optimality conditions, [17] . A second
type is concerned with regulatory thresholds where regulatory action is triggered
by certain variables such as return on some environmental asset, [3] . The present
paper examines a third type of threshold problem, which is concerned with
physical shocks that occur when surfaces in state space are crossed. Such shocks
have been analysed in both deterministic and stochastic settings. Deterministic
analysis of one-dimensional thresholds with known location may be found in [6] ,
[12] and [13] . Here we consider the case where we do not know the location of
the thresholds. Thresholds with unknown locations have been analysed by,

among others, [4] , [18] , [19] and [13] . To our knowledge, this literature on

! Tt is unlikely that temperature growth rates above the threshold for a short duration will trigger
a THC collapse. The underlying rationale for rather sharp formulation in the present paper is
that there is inertia to the way emissions translate into temperature change. If temperature

change crosses the threshold, the threshold is likely to be crossed for a significant amount of time.



threshold effects is only concerned with the case where the threshold is a single
point, distributed along some subset of the real line.> The only exception, as far
as we know, is [14] which discuss a problem with a single multidimensional
threshold. However, problems of the type studied in the present paper where
there are more than one threshold distributed in several dimensions has as yet
not been studied. The present paper adds to the economic toolkit by studying a
problem where there are two thresholds distributed in two dimensions. The steps
needed to generalise to a problem with k thresholds distributed in n dimensions

are straightforward.

The type of risk management problem examined in this article may be
categorized as catastrophic risk. There are two classes of catastrophic risk. Most
of the literature analysing this type of risk is concerned with catastrophic events
distributed over time, see e.g. [3] and [5] . In the present paper, as well as in the
other articles that discuss the present type of thresholds, the events are
distributed in state space. The distinction between the two types is discussed in
[20] where the two types are referred to as endogenous and exogenous risk and in
[13] where the thresholds are referred to as distributed in state-space as opposed
to distributed in time. The key to solving the threshold problems is to recognize
that state variables are functions of time. The distributions of the thresholds can
then be translated into a single distribution over time. However, this
transformation is not trivial when thresholds are multi-dimensional and there is
more than one threshold. After transforming the risk structure, the threshold risk

can be analysed with the same tools as catastrophic events distributed over time.

2 The cited references are concerned with natural resource economics. In other strands of the
economic literature, other applications are discussed, in particular in R&D. This literature is also

concerned with single, one-dimensional thresholds. See e.g. [9] and [23] .



There is a technical detail that must be mentioned. With the exception of [13]
and [14] , the literature concerned with catastrophic risk examines shocks to
utility. The alternative approach used here is to examine shocks to a subset of
state variables. The method, developed by Atle Seierstad, University of Oslo, is
described in the appendix. The present set-up has three advantages to more
common methods. First, it is slightly more general. Second, the method often
leads to autonomous differential equation, which simplifies the calculations.
Third, the economic interpretation of co-state variables is similar to co-state

variables in non-stochastic models.

A Climate Model with risk of THC collapse

The problem is explored within the following simple climate model. Let u be CO,
emissions. Let ¢ be the stock of atmospheric CO, measured by increase above
pre-industrial levels. Let F be the global average increase in temperature
measured by increase above pre-industrial levels. ¢ and F are assumed to be

driven by the following differential equations:

¢c=u—"oc (1)

F =ac—~F (2)

In Equation (1) atmospheric CO, increases with emissions. A fraction of
atmospheric CO, is sequestered in carbon sinks. In Equation (2) the stock of
carbon 1is translated into radiative forcing which is the flux that drives
temperature increases. In accordance with thermodynamic laws, a fraction of the
energy stored as heat in the atmosphere dissipates. Based on the above
discussion, the existence of two thresholds is postulated. If F' ever becomes larger
than or equal to y, then the THC is assumed to collapse. However, if F ever
becomes larger than or equal to z, then the THC will also collapse. The numbers

x and y are assumed to be realisations of random variables X and Y respectively



with known distributions f(X) and ¢(Y). The domain of f{X) is assumed to be
given by [z, z;] € Rand the domain of g(Y) is assumed to be given by [y, v,] <
R . To illustrate how this system may trigger a THC breakdown, a path starting
at ¢(0) = F(0) = 0 is illustrated in Figure 1. In Figure 1, it is assumed that wu is
constant. The steady state values for F' and ¢ are %4 and ¢ respectively are
shown and the path will converge towards the steady state as indicated by the
curve starting at the origin and ending at (¢,%). The line F =0 is drawn to
show the slope of the threshold defined by F =z as well as indicate a lower
bound for that threshold. There are three possible values indicated for each
threshold. If the true values of the thresholds are F = y, and F' = z,, then the
THC is safe as the path does not cross any thresholds.

F

Figure 1, Possible threshold locations in (¢, F) space.



If the true values of the thresholds are F' = gy, and F = 7,, then only the
temperature threshold will be crossed. If the F' = y, and F = x;, then only the
temperature growth rate threshold will be crossed. In both of these cases, the

result will be the same. The THC collapses.

One important aspect of facing multiple thresholds is that they may not all be
“active” in the sense that they may not all contribute to the “riskiness” of any
particular path. In the path illustrated, one can see that as the state variables
approach the point A, F and F are both increasing. There is therefore a risk that
both thresholds may be crossed. However, after the point A has been reached F
is decreasing. In a sense one is therefore going through possible values of F that
are already known to be safe. The only threshold that is active along the path is

the F threshold as F'is everywhere increasing.

The question is now how to optimise a system that contains such a risk
structure. Before we present conditions for optimality, this risk structure must be
suitably transformed. The events ac — vF = z and F = y are distributed in state
space. However, because ¢ and F are functions of time, these events must also be
distributed over time. Let T, be the point in time such that ac(t)) — VF(7)) = =
and let T, be the point in time defined by F(t,) = y. It is assumed that these
variables are statistically independent. Using standard properties of the integral,

one can prove that:®
7~ f(ac(t) —~F (1) v, (t) (3)
T, ~ g(F)u, () (4)

The functions v, and v, are defined by:

* This transformation is discussed in detail in Neevdal (2003).



a¢ — ~F for a¢ —~F >0 and F(t) > sup F(s)
v (e (), F (1) = 0 eleent 0 (5)
elsewhere

Ffor F >0 and F(t) > sup F (s)
U,y (C (t);F(t)) = . | . s€[0,t) (6)
elsewhere

These definitions are required to ensure that no probability is assigned to the
event t = T, or t = 7, if F and F takes values that have already occurred. Note
that v, and v, are both forward differentiable as long as they satisfy the upper
part of their definitions. To simplify the discussion the following nomenclature is

employed.

Definition

A threshold ¢ is stochastically active if and only if v, > 0.

Whether a threshold is stochastically active or not will obviously impact on
optimal policies. Indeed, as we shall see below, whether a threshold is active is in
part endogenous. However, from some starting points, in (¢, F) space one or both
thresholds will be stochastically active regardless of the choice of wu. This is
because F depends on state variables that move only slowly. Thus certain values
of ¢ and F imply a commitment to accepting risk for some period of time. Strictly
speaking, the distributions in Equations (3) and (4) are only proper probability
functions if v,(t) spans the domain of f{-) and v,(?) spans the domain of g(-).
Otherwise, probability mass must be assigned to the events that 7, ¢ [0,00) and
T, € [0,00). Regardless of this possibility, the hazard rates associated with the

two distributions are given by:



flac(t) =~F' (@) v, ()
ac(t)—F(t)
1-— L fdx

w, (), F (1) =limPr(r, €[t,t+dt]| 7, > t)dt ~ (7)

dt—0

J(F®)v, (1)
1— fF<t)g(:1;)dx

b, (F(t)) = lim Pr <’T2 elt,t+dt]| T, > t)dt ~ (8)

dt—0

In the process of transforming an event distributed in state-space to an event
distributed over time, we have transformed the stochastic process to two Poisson
processes with intensity /hazard rate p, and p, respectively. One important aspect
of (3) and (4) is that p, differentiable with respect to ¢ and F' as long as
a¢ —~F >0 and I, is differentiable as long as F > 0. Because it is sufficient if
only one of these events to occur for the THC to break down, we are interested
in the distribution of the event T = Min[r,, T,]. Or to be precise, we are
interested in the hazard rate associated with the distribution of t. This hazard

rate is given by:’
e (t),F(t) = }l}%Pr(T elt,t+dt]|v>t)dt =p, (c(t),F (1) +p, (F() (9)

In order to simplify the exposition, it is assumed that f{X) = X\exp(-x\X) and
g(Y) = Xexp(-\,Y) both defined over [0, o0). One can then write X\(c(t), F(t))

as:

N(u ¢, F) =X, (aé = 8F) + X, F

(10)
= aX\, (u—dc)+ (>\2 — 6>\1>(ac —~F)

For this expression to be correct, it must hold that a¢ —8F > 0 and F > 0 in

accordance with the definition of the hazard rates in Equations (7) and (8). For

* This follows from the fact that for statistically independent variables Pr(t €[t, t + df]| ©>t) =
Pr(ty €ft, t + df]| Ty >t, 79 > t + dt) + Pr(ty €[t, t + dt] | Ty >t, 7y > t + dt) + Pr(t; €[t, t +
dt], Ty €[t, t + di]) .

10



future reference note that ¥ = a¢ —~NF <0 = v, = 0. If v, > 0 and v, = 0, then
X(u,c, F) = >\2F . vy, = 0 and v; > 0, is not economically interesting, so this case
will not be further discussed.” Having described a simple probabilistic model of
THC breakdown, a model of the economic costs of CO, emission reduction is
required. In order to focus on the problem with multiple thresholds, this is done

quite simply. The instantaneous cost of emission reduction is assumed given by:
0 2
—(u - u) (11)

Here K is a positive parameter and u° is the unregulated level of carbon
emissions. Further, it is assumed that the only negative impact from climate
change is the possibility of THC breakdown. This negative impact incorporated
into the model as a state variable, 1, that takes the value 0 before the thresholds
is crossed. If the event ¢ = T occurs, then 1) = G. For all ¢ > T, 1 = 0. We can

then write the objective function as

J(c(0),F(0)) = m?XE

z[—mlj — g(uo — u)Z] e”dt] (12)

The maximisation is performed subject to the differential equations in Equations
(1) and (2), the stochastic process generating T given in Equation (9) and the

jump in ¢ which may formally be written:

b(r7) = () = —v() -6 (13)

® In this case, the growth in temperature is negative but increasing. This will not occur in the

present model except when initial values of ¢ and F are unrealistic.

11



Optimal regulation after a THC breakdown.

In order to derive optimal policies we must specify optimal policies after a THC
breakdown. Formally, this is done by solving the problem:
T K 0 2 —r(t—T)

J(C(T),F(T)|T>:maxf _¢_3<u —u) |e dt (14)
The maximisation is performed subject to the differential equations in Equations
(1) and (2). This is a deterministic problem. Because the only climate problem in
the model is the breakdown of the THC and this has already happened, Equation
(14) has the trivial solution u = w and J(c(T),F (T)|T)= —G/r. The problem
also yields co-state variables, associated with both F' and c. These are both zero

for all ¢t > T.

Optimal regulation prior to a THC breakdown.

With the results from the previous section, one can formulate necessary
conditions for optimality. The necessary conditions are derived using a suitable
version of the Maximum Principle presented and briefly discussed in the
Appendix. The solution is framed in terms of a risk-augmented Hamiltonian. We
shall start by discussing the case where F(0) = ¢(0) = 0. This assumption is
obviously not realistic, as it now seems certain that both atmospheric CO, and
temperature are above pre-industrial levels. However, this simple condition
enables us to start by examining the case where both thresholds will be
stochastically active if F is to move at all. The appendix gives the general
maximum principle that is applicable. In the present case this Hamiltonian is

given by:

H(U,C,F,X,d}) = —ﬂ)—g(UO —U)2 +X(U—6C>+¢(&C—“{F> (15)

—|—>\(u,c,F)(J(c(t),F(t) | T)—Z)

12



N (u, ¢, F) is given by (10). The term J(¢(t), F(t) | T) — z requires an explanation.
J(c(t), F(t) | 7) is defined above. The variable z has an interesting interpretation.
Along the optimal path z(¢) is the value of the objective function net of the part

that will is consumed in [0, ¢). Formally, z is given by:

z(t) = max K

T[—w ($)— %(uo —u (s))Q]e"“”ds] (16)

The expression J(c(t), F(t) | T) — z is thus the economic value gained if the
threshold should happen to be crossed at time t¢. If J(c(t), F(t) | ) — 2 > 0, then
crossing the threshold is desirable. If J(c¢(t), F(t) | T) — 2z < 0, it is not. In the
present model, it is straightforward to see that z < 0. The easiest way to see this
is to note that the objective function in (12) consists solely of terms less than or
equal to zero. Somewhat harder to prove, but intuitively obvious is that z(¢) > —
G/r= J(c(t), F(t) | 7). This follows from the fact that along the optimum path,
one is in the present model always better off if the THC has not yet collapsed.

The analysis below is built on the assumption that optimal paths converge
towards a steady state. This is an assumption rather than a result because even
showing local stability in the saddle path sense would require the finding the
eigenvalues of a 5-dimensional matrix, which implies finding roots for a
polynomial of degree 5. It was proven by Niels Henrik Abel that no general
formulas exist that enables an analytical solution for such polynomials and
therefore a formal stability analysis of the analytical model is awkward. However,
by examining the structure of the model one may be reasonably certain that
stability holds. CO, emissions are bounded between zero and 0. This implies
that all paths of state variables are bounded and therefore also the economically
optimal paths. This precludes the possibility of solutions where state variables
approach feo. Further, paths that do not converge to steady state would imply
that (u(t), F(t)) would exhibit cyclic behaviour, which seems improbable as this
would imply that the system would switch indefinitely between deterministic and

stochastic deterministic segments. The stability properties of this type of model

13



have been discussed in a model with a single two-dimensional threshold by [14]

where state variables are shown to converge to the steady state.

Now assume that both thresholds are stochastically active. Applying the

Maximum principle to (15) gives the following necessary conditions:*®

u = argmax, H (u,c, F,x,0)

. X a>\1[ G] (17)
TR R} P
K K r
erx—a—H
oc . (18)
:rx+6x—d>a+>\x+a(>\2—>\1(6+’y)>[z+7]
. OH G
b =16~ 90 1o 16420+ (W, )2+ 2] (19)
z':rz—l—ﬂ)ﬁ—%(uo—u)?—i—)\[z—i—g] (20)
r

These conditions, coupled with Equations (1) and (2), initial conditions and

appropriate transversality conditions determine optimal paths.

Unfortunately, it is hard to find explicit solutions to this system. Steady state
solutions are however easy to compute. Inserting « from (17) into the relevant
differential equations, setting all time derivatives equal to zero and solving yields
the following solution.

K —\K* +2K0°G G

* 21
‘ ro? r (21)

ut = + L(K —JK* 1 2K62G) (22)

0K

% Interior solutions are assumed.

14



=" L(K —JK* 1 2K9?G) (23)

o K

0

et 4 (K — K+ 2K0°G (24)

N 0K

Here 0 is given by:

r>\1 —|—>\2
= ) ) (25)

This steady state solution has some nice properties. It is easy to check that —-G/r
< 2z < 0. Thus in steady state, the current value of future expected utility lies
somewhere between expected utility after a THC breakdown and expected utility
without risk of THC breakdown. Further, setting G = 0 implies that all variables
revert to their unregulated levels u = w9, ¢ = «/6 and F = au’/~d.
Unfortunately, this solution is of limited value as it is only valid for parameter

values such that F* < 0.

Proposition 1.

Assume that F(0) < F*. Then an optimal path cannot be driven by the
differential equations in Equations (18) — (20) for all ¢. It follows that F' will not

converge to F*

Proof: Note that F depends only on state variables, so that F must be
continuous. If an optimal path converges to F' = F*, then by the vary nature of a
steady state F must decrease. But this implies that the threshold F = z cannot
be stochastically active. Therefore the differential equations in Equations (17) —
(20) are invalid over the period of time where F is decreasing while F is

increasing.

15



The situation is the same as in Figure 1. There is a point in state space such as
A. Over the segment between A and SS, the probability of F = y over this
segment is zero because F in this segment F only takes values that has been
experienced earlier in the segment between the origin and A. Therefore, along an
optimal path, the threshold F = z cannot be stochastically active for all t. The
threshold F = y remains stochastically active for all ¢ as F  decreases and
converges towards F = 0. The proposition 2 does not cover the case where F* <
0. If this is the case and F(0) = 0, then F™ is a valid steady state as it never
optimal to allow F' to increase. The steady state values in Equation (21) — (24)
may be thought of as conditions for when the precautionary principle should

apply and no risk is accepted.

If F(0) < F*, the above discussion indicates that there is some ¢* such that v, =
0 for all ¢ > #*. One can then try to examine under what conditions it is optimal
that both constraints are active in the interval [0, *) and only the temperature
level constraint is active in (#*, oo). Having established this one can examine

optimality conditions over the interval [¢*, co). The problem to be solved is

J(c(t *),F(t *)) = m?XE

Z[—w — g(uo — u)Q] ertdt] (26)

The maximisation is performed subject to the differential equations in Equations
(1) and (2), the stochastic process generating T given in Equation (7) and the

jump in (13). The Hamiltonian is now given by:

H(u,c,F,x,0) = —w—g(uo —u)2 + X (u—d¢)+ d(ac —~F)

+X, (ac—wF)(J(c(t),F(t) | T)—z>

(27)

Using the Maximum principle in the appendix now gives the following conditions.
u=u' +2 (28)
K

16



. G
X:rX—|—6X—d>a+>\2(ac—~(F)X—i—a>\2[z+—] (29)
r

dSzrd)—a—H:rd)+’Yd>+>\2(ac—’yF)d>+w>\2[z+£] (30)
oF r
z'::rz—i—mlj—l—g(uo—u)?—i—>\2(ac—~{F)[z—|—§] (31)

These conditions, coupled with Equations (1) and (2), are necessary for
optimality, conditional on the stochastic process in (7) not being active. Again,
the full solution is hard to derive analytically. However, the steady state values

are easy to calculate.

o —K+VJK® +20°KG

U=1u 32
e (32)
0o 2 2
R K +\K +20°KG (33)
d adK
0 . W
poa K ++VK +20°KG (34)
~O ao K
. 2 2
L K++VK +20°KG G (35)
r
Here a is given by:
A
=a - 36
(r+8)(r +~) (36)

The discussion so far suggests that along the optimal path, the system is driven
by Equations (17) — (20) until #* is reached. At t*, F' reaches a maximum. At
this point along the optimal path F may decrease or it may remain constant for

some period of time. Proposition 2 shows that it is the latter that is the case.

17



Proposition 2.

Assume that along an optimal path there is a time interval [0, s,) such that both
thresholds are stochastically active and an interval (s,, o) such that only the

threshold F' = y is active. Then s; # s,.

Proof: Assume s, = s, = t*. At time #*, it must hold that F is maximised as a
function of time and that this maximum is unique. The optimal choice of u need
not be continuous at ¢*, so the necessary condition I = 0 evaluated at * can
not be used. However, with piecewise continuity it must hold that:
lim >0 and lim F <0 (37)
t—t*_ tﬂt*Jr
Equation (37) is merely a formal way of stating that the second derivative of F
with respect to time must change sign from non-negative positive to non-positive

if #* is to maximise F'. By using the fact that F = a¢ —~F one can show that

Equations (17), (28) and (37) imply that:

N
g 1[z+€]20 (38)
K T

But z > —G/r, so (38) implies a contradiction.
|

From Proposition 1 it follows that there is an upper bound on F that is reached
in finite time. Therefore v, must be zero at some point. Also, from Proposition 2
it follows that F  will not increase up to some point in time and then
immediately start to decrease. The only possible optimal path is then some path
such that F reaches some maximum value and remains at this value for some
period of time. Formally, this implies that there is an interval (¥, ') < (t*, o)
such that F =0 for all ¢t € (¢*, #). Therefore, the regulation problem may be

written:

18



t*

[ a)eraaeunren)

0

max F
u,t*

subject to the differential equations in Equations (1), (2) and the additional
constraint that F =a(u—0c)—~(ac—~F)<0 for all ¢t > t* Here
J(c(t *),F(t *)) is defined by the problem in Equation (26). It is obvious that ¢’
must be less than co. Otherwise, if =0 for all t € (#*, o), temperature would
increase linearly to infinity. This could only be achieved by letting u go to

infinity, which is obviously not optimal or even feasible.

(1) c(t) ¢

Figure 2. Optimal state variable paths in (¢, F) space.
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Using this, the optimal solution has been sketched in (¢, F) space in Figure 2 and
in (¢, F) space in Figure 3. Initially, both thresholds are stochastically active as
there is a positive probability that both T, and T, may occur. At the point (c(t*),
F(t¥)), F takes the value zero. The state-variables then proceeds along the line
F= z, until the point (c(#'), F(#)) is reached. Over this interval, the threshold
F =z is not active. Rather, it may be thought of as binding in the sense that
the regulator is not willing to accept positions in state-space associated with

higher values of F .

F A

\4

pr Nt | [

F grows linearly

Figure 3, Optimal temperature path in (¢, F) space.

At the point (¢(t'), F(t)), the threshold associated with F' ceases to be binding.
In fact it ceases to be relevant at all because the regulator would not want to
increase F' even if this was risk free. In fact for all ¢ > # such a small increase in
F would in fact be partially risk free, since all along this part of the path F will

only take values that has previously been experienced and are known to be safe.”

" Obviously an increase in F would imply that one would reach higher values of F' sooner and

this would imply increased risk.
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Optimal Regulation with Alternative Initial Conditions

So far it has been assumed that ¢(0) and F(0) has been zero. Unfortunately there
is every reason to believe that this state of affairs has passed and will not return
in the foreseeable future. As it turns out, the qualitative nature of optimal paths
is quite sensitive to initial conditions. The discussion will therefore start by
identifying a set of feasible/interesting initial conditions. This set will depend on
possible of CO, emission histories. Figure 4 divides the state space into different
regions. The lines dividing the different regions are F =0, the path through
state space given that u(f) = w0 and the optimal path given ¢(0) = F(0) =0. The
]x[0,F This set is defined by the

regions are contained within the set [0, ¢, el

points that are feasible for paths where u(¢) < 40 so discussion of these starting
points are omitted. For the same reason is discussion of starting points in the
region labelled B omitted. The set C contains starting points where emissions
have been regulated, but sub-optimally and less stringently than optimal. The set
B contains starting points where regulation of u has been too stringent compared
to the optimal solution.” Although this does not seem very probable today, one
cannot completely disregard this possibility. Finally, the set E contains starting
points where the growth rate of F'is negative, which implies by definition that
none of the thresholds are stochastically active at the outset. Since starting
points with the property that F < 0 seems to be highly unlikely in the
foreseeable future, starting points in this region is not further discussed. Thus the
discussion will assume that starting points are contained in the closure of the set
CUD. The point SS is the steady state point when the threshold F' = y is active
while the threshold I = y is not. Finally there is a shaded area. In this area are

starting points such that F(0) is larger than the F value associated with SS. This

® There is in principle nothing that precludes the possibility that for a given emission history, (e,

F) may have switched from one set to another.
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area raises a set of issues that are peculiar and will be discussed in more detail

below.

It will be shown that any optimal policy starting in CUD, will terminate in SS.
This may seem surprising. First, it is straightforward to see that within the
current set of differential equations there is an inherent inertia in the
development of F. Because F only depends on state variables, it is not possible
to abruptly change the sign F . Thus, for a given starting point such that F >
0, there are clear restrictions on which values that F and F can take in the
immediate future. In the longer run it turns out that these restrictions are not
important. Proposition 3 gives a relevant result for the feasibility of solutions in

the long run.

F

max

Optimal Path given
S5 ¢(0) = F(0) = 0

(c(),F@t);u=u")

Cmnr c

Figure 4. Possible Starting Points in (¢, F) space.

22



Proposition 3.

For any (¢(0), F(0)) e Cu D, lim,__(c(t), F(t)) = SS is feasible through a path
such that (c(t), F(t)) € Cu D for all t < eo.

Proof (sketch)

If it can be proven that there exists a constant u €[0, /] such that lim __ (c(?),
F(t)) = S8, the proposition is proven. If v = 0, then lim,__ (c(?), F(t)) = (0, 0).
If = % then lim, _(c(?), F(t)) = (0, 0). Now note that SS can be written as a
F

) The existence of u then follows from

linear combination of (0, 0) and (¢

mazx’

the completeness of solutions to linear differential equations.

It follows from Proposition 3 that for any path originating in C U D, §S is a
possible steady state. In fact, if the F' = y is the only stochastically active
threshold; it is the only steady state. Given the assumption of convergence
towards a steady state, this implies that all paths originating in C U D will

converge towards SS if there is a time interval [f,oo) such that only the

threshold F' = x is stochastically active in that interval. This does not imply that
optimal paths will necessarily look like the optimal path when ¢(0) = F(0) = 0.
In fact, one can prove that for some starting points in C' U D the threshold F =
x, and only this threshold, is stochastically active over the interval. This can be
proven in a number of ways. The easiest is to take the path that is optimal when
¢(0) = F(0) = 0. On this path one can pick a point where only F' = z is active
and then refer to the principle of optimality. An alternative way of proving this
point is to pick a point on the curve (c(t),F(t);u = uo) for a value of s such that

Fl(s) < supF'(t|u:u°). With such a starting point, it will never pay to
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choose u such that F' > sup F '(t |u = uo) and therefore the threshold F' =y will
never be stochastically active. The main point of this discussion is that for paths
starting in C U D there will be qualitatively different paths with some paths,
satisfying necessary conditions, exhibiting a constant value of F over some
period of time. There will be other paths, also satisfying necessary conditions but

with different starting points where F' is decreasing for all t.

F

max

Optimal paths from different

initial conditions

(c@),F@t);u=1u")

maz

Figure 5. Possible optimal paths from different starting conditions

Regulation from Starting Points in the Shaded Triangle

Optimal paths originating in this triangle will only be briefly discussed. First,
paths originating in this area are technically tricky. Second, it is hoped that
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proper regulation of CO, emissions is implemented so that starting points in this
area never become relevant. Third, if these points ever become relevant without

the THC actually collapsing first, this will occur a long time into the future.

The first observation to make is that F(0) > F,. This means that one starts out
with a larger value of F' than the maximum value one would allow if the path
was optimally regulated from a F(0) < F,. This implies that one does not want
F to increase above F(0). Unfortunately, in the interior of the triangle it is not
possible to immediately freeze F, so the threshold F' = z is stochastically active.
In fact, depending on the history leading up to the realisation of an initial
condition in this triangle, the threshold F =y may also be active. This may lead
to complicated optimisation programs. If the optimal solution converges towards
some steady state, one can have that both, either one or none of the thresholds
are stochastically at various points in time. The only thing that will always hold

is that the threshold F'= x will, at least initially, be stochastically active.

Conclusions

The present paper has analysed optimal regulation of CO, emissions if there is a
risk that the thermohaline circulation could collapse if one of two possible
thresholds are crossed. The problem is analysed using a novel extension of the
theory of optimal control in the presence of catastrophic risk. Results indicate
that as time goes by, the probability that one of the thresholds is crossed
becomes zero and this threshold becomes irrelevant. Results also indicate that
there are upper bounds on the temperatures and the rate of temperature growth
that a regulator is willing to accept. The upper bound for the rate of temperature
growth is reached in finite time whereas the upper bound on temperature is

reached only as time goes to infinity.
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Appendix - Piecewise Deterministic Optimal Control of Poisson

Processes.

This appendix presents necessary conditions for Piecewise Deterministic Optimal
Control problems. The conditions presented here are due to Seierstad (2003).
Although alternative, but equivalent, formulations exist in the literature this
method is to my knowledge the most general. In addition, this formulation has

two advantages that other formulations do not have.

1. The Hamiltonian and co-state variables have interpretations that are
equivalent to the interpretation of these quantities in deterministic control

theory.

2. The necessary conditions often take the form of autonomous differential

equations. This facilitates steady state analysis.

The general problem to be studied is:

J(0,2(0)) = III}SJXE(J;Tf(x,U) e”dt) (A1)
st:uCR" z(0) CR", 2 =g(z,u) (A.2)
TX(z(t))e P P sver [0, 00) (A.3)
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All functions are assumed to be twice differentiable. The interpretation of this
problem is that of controlling a process that yields instantaneous utility f(-) over
some time span. The state variable, z, is controlled by choosing a control u.
There is a Poisson process going on in the background distributed over time. This
process has a hazard rate given by A(z(t)). If or when, the random event driven
by the Poisson process occurs at a time T there is a shock to the state variable
given by x(’r*) —z(t7) = q(x(’rf)). Naevdal (2000) has shown that the
conditions derived by Seierstad can be stated in terms of a Risk-Augmented

Hamiltonian, defined by:’

H = f(z,u)+pg(zu) + X (J (Lz+q@ |1 =1t)—J(t,z)) (A.5)

This Hamiltonian differs from the Hamiltonian from deterministic control theory
only by the term \(z)(J(t,z+q@ |T=1t)—J(t,z)). J(t, z) is defined by the

solution to problem:

J(t,z) = maxE(fo( u)e " ds (A.6)

’ uel t Y )

st:uCR" yt)=2CR",g=g(y,u) (A.7)
o~>\(x(s))eif° MO ver [t,00) (A.8)

Seierstad (2003) and Neevdal (2000) both work with present value formulations. The conditions
presented here have a current value interpretation. Transforming the present value necessary

conditions to current value conditions is a trivial and well-known process.
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This problem is exactly the same as the problem posed in Equations (A.1) - (A.4)
except that the problem starts from an arbitrary point (¢, x). J(t, x) is thus the
value to the objective function when the problem starts from some arbitrary

point in (¢, ) space. The termJ (¢,y | T =t) is defined by:

T
J(tz|t=1t)= maxf f(y,u)e " ds (A.10)
t

uel

st:uCR" zCR" y=g(yu) (A.11)

This problem differs from the one posed in Equations (A.1) - (A.4) in two
respects. The problem is a deterministic problem and the starting point is an
arbitrary point in (¢, x) space after the shock has happened. In order to solve the
problem in equation (A.1) one must find a solution to (A.10). The solution to
(A.10) will be a function y(s|¢,z), a control u(s|tz) and a co-state p(s|t,z).
It is clear that J(t, x |[T=1) = j;ocf<y(s | t,z),u(s| t,x))ef”’ds is the value of
criterion after a shock has driven the system to some arbitrary state z at time t.
J(t, x |T =t) is thus the criterion conditional on the event T occurring at time t.
The interpretation of <J(t,$+q(m) | T)—J(t,x)) should now be clear. It is the
net loss (or gain) to the objective system if the shock occurs at an arbitrary point
in time ¢t and results in a the state variable taking the value x. Now apply the
maximum principle to the Hamiltonian in (A.5). Doing so yields the following
conditions:

u = argmax (H) (A.12)

Y
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) oOH
p= TM—E: ru—ﬁ'(x,u)—MQ; (wau)—i_

5 5 (A.13)
(@) 8—J(t,x)—8—J(t,x+q(x) |T) |+ N @ (] (tz) =T (tz+q@ | 7))
X X

Coupled with the appropriate transversality condition, the solution is determined
by the equation for 7, (A.17) and (A.18). It follows from standard results in

deterministic control theory that:
8 n !/
x

Here I" is the n-dimensional identity matrix. The final piece of information
required to solve the problem in (A.1) is an expression for J(t, x), as this

expression and an expression for -2 (.J (t,x)) are needed in order to solve (A.13).
To find an expression for J(¢, z), define the following differential equation:
z':rz—f(:z:,u)—i—k(x)(z—J(t,x+q(t,:1c))) (A.15)

The solution to (A.15) is a function z(¢) that is equal to J(¢, 2(t)) along the
optimal path. Seierstad (2003) has proven that:
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—J(t,z) = p(t) (A.16)
ox

Rewriting (A.17) and (A.18), using (A.14), (A.16) and exchanging J(t, z) with 2z

gives:

U= argmax(f(x,u)-l— g (z,u)+ X@ (I (Lo +q(t,z)| T)— z)) (A.17)

Y

. oOH / /
p=rp———=rp— f(z,u)—pg,(z,u)—
52 (z,u) (2, u) (A18)

Mx)(u(t |t + q@)(I" +q;)—u)—x’<x)(J(t,x+q(:c> |T= t)—z)

The differential equations in (A.15), (A.17), (A.18) and the differential equation
& = flx, u) gives the necessary conditions required to solve the problem at hand
when coupled to the appropriate transversality conditions. For the case where T

< 00, the transversality conditions are given by:

W(T)=0 (A.19)

2(T)=0 (A.20)

Equation (A.19) is the transversality condition on the co-state. Paralleling the
interpretation of the co-state variable in the deterministic problem, the
interpretation is that at the end of the planning horizon, the marginal value of z
is zero in the absence of any scrap value. The condition that 2(7) = 0, is best
understood by noting from the definition of 2(¢) that 2(7T) = J(T, 2(7T)). Thus,
2(T) is the “remaining” utility to be consumed at the end of the planning horizon

and equal to zero. If T'= oo, then as long as instantaneous utility is bounded, the
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following conditions will usually work and be consistent with Catching Up
Optimality. If x is the optimal path, then for all admissible paths y satisfying u €
Uand = g(y, u).

lim e (y(t) — z()) 2 0 (A.21)
lim z (¢) e =0 (A.22)

These conditions are required to take care of some special cases that turn up in
infinite horizon models. These conditions may often be replaced by p(oo) = 2(o0)
= 0. In particular, this is the case if the steady state is unique." If the limit in
equation (A.21) does not exist, which will only be the case in very rare problems,

the lim operator must be replaced by lim inf.

“The issues involved here are parallel to the problems encountered in deterministic control

theory. See Seierstad and Sydsaeter (1987), pp 229-250.
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