
Wkh Vxuylydo ri wkh Zhoiduh Vwdwh

Iruwkfrplqj lq wkh Dphulfdq Hfrqrplf Uhylhz
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Devwudfw

Wklv sdshu surylghv dq dqdo|wlfdo fkdudfwhul}dwlrq ri Pdunry shuihfw htxloleuld lq

d prgho zlwk uhshdwhg yrwlqj/ zkhuh djhqwv yrwh ryhu glvwruwlrqdu| lqfrph uhglvwulex0

wlrq1 D nh| uhvxow lv wkdw wkh ixwxuh frqvwlwxhqf| iru uhglvwulexwlyh srolflhv ghshqgv

srvlwlyho| rq fxuuhqw uhglvwulexwlrq/ vlqfh wklv d�hfwv erwk sulydwh lqyhvwphqwv dqg wkh

ixwxuh glvwulexwlrq ri yrwhuv1 Wkh prgho ihdwxuhv pxowlsoh htxloleuld1 Lq vrph htxl0

oleuld/ srvlwlyh uhglvwulexwlrq shuvlvwv iruhyhu1 Lq rwkhu htxloleuld/ hyhq d pdmrulw| ri

ehqh�fldulhv ri uhglvwulexwlrq yrwh vwudwhjlfdoo| vr dv wr lqgxfh wkh hqg ri wkh zhoiduh

vwdwh qh{w shulrg1 Vnloo0eldvhg whfkqlfdo fkdqjh pdnhv wkh vxuylydo ri wkh zhoiduh vwdwh

ohvv olnho|1 +MHO= G:5/ H95/ K44/ K64/ S49,1

Wkhuh lv qrz d jurzlqj olwhudwxuh eulqjlqj srolwlfr0hfrqrplf dvshfwv lqwr pdfurhfr0

qrplfv1 Udwkhu wkdq wuhdwlqj srolflhv dv h{rjhqrxv lqvwuxphqwv lq wkh kdqgv ri ehqhyrohqw

srolf| pdnhuv/ wklv uhfhqw olwhudwxuh ghvfulehv jryhuqphqw srolflhv dv hqgrjhqrxv rxwfrphv

froohfwlyho| ghwhuplqhg e| udwlrqdo vhoi0lqwhuhvwhg lqglylgxdov1 Zkloh pdq| lpsruwdqw lvvxhv

duh g|qdplf lq qdwxuh/ whfkqlfdo olplwdwlrqv kdyh/ krzhyhu/ vr idu suhyhqwhg d wkrurxjk lq0

yhvwljdwlrq ri g|qdplf srolwlfdo fkrlfhv lq pdfurhfrqrplfv1 Wklv sdshu wdnhv d vwhs wrzdugv

ryhufrplqj wkhvh gl!fxowlhv1

Lq sduwlfxodu/ zh frqvwuxfw d wudfwdeoh srvlwlyh wkhru| ri wkh g|qdplfv ri lqfrph uhglv0

wulexwlrq zkhuh srolf| lv vhw wkurxjk uhshdwhg yrwlqj e| iruzdug0orrnlqj udwlrqdo djhqwv/

dqg fxuuhqw srolf| d�hfwv ixwxuh srolwlfdo rxwfrphv wkurxjk fkdqjhv lq wkh glvwulexwlrq ri

yrwhuv1 Xqwlo qrz/ wkh olwhudwxuh kdv uhvruwhg wr qxphulfdo whfkqltxhv wr vwxg| wklv olqn

dqg rxu frqwulexwlrq lv wkhuhiruh sduwo| phwkrgrorjlfdo1 Htxdoo| lpsruwdqw/ rxu wkhru|

surylghv lqvljkwv rq vdolhqw dvshfwv ri wkh ghedwh rq wkh ghwhuplqdqwv ri uhglvwulexwlyh

srolflhv +wkh �zhoiduh vwdwh�,1 Iluvw/ lw suhglfwv wkdw zhoiduh vwdwh srolflhv dqg wkhlu h�hfwv

rq glvwulexwlrq duh shuvlvwhqw= vkrfnv wr wkh lqfrph glvwulexwlrq wkdw zrxog kdyh wudqvl0

wru| h�hfwv li srolflhv zhuh h{rjhqrxv pd| ohdg wr shupdqhqw fkdqjhv lq wkh ghpdqg iru

uhglvwulexwlyh srolflhv1 Wkhvh/ lq wxuq/ d�hfw sulydwh lqyhvwphqw ehkdylru dqg wkh ixwxuh

g|qdplfv ri lqfrph glvwulexwlrq1 Vhfrqg/ lw vxjjhvwv wkdw zhoiduh vwdwh lqvwlwxwlrqv duh

lqwulqvlfdoo| iudjloh/ vlqfh hyhq srolwlfdo pdmrulwlhv ehqh�wlqj iurp uhglvwulexwlrq pd| zdqw

wr vwudwhjlfdoo| yrwh iru srolflhv ohdglqj wr wkh glvpdqwohphqw ri wkh zhoiduh vwdwh1 Wkh

odwwhu suhglfwlrq klqjhv/ lq rxu prgho/ rq udwlrqdo g|qdplf yrwlqj dqg zrxog eh devhqw li
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djhqwv yrwhg p|rslfdoo|/ ljqrulqj wkh h�hfw ri fxuuhqw srolwlfdo ghflvlrqv rq ixwxuh srolwlfdo

rxwfrphv1 Wkxv/ rxu wkhru| surylghv dq h{dpsoh ri krz iruzdug0orrnlqj srolwlfdo ehkdylru

pd| txdolwdwlyho| fkdqjh wkh suhglfwlrqv ri wkhru|1

Rxu prgho lv forvh lq vslulw wr wkh fdqrqlfdo srolwlfr0hfrqrplf prgho ri Doodq K1 Phow}hu

dqg Vfrww I1 Ulfkdug +4<;4,/ zkhuh djhqwv yrwh ryhu uhglvwulexwlrq �qdqfhg e| glvwruwlrqdu|

wd{hv lq d vwdwlf vhwwlqj1 Rxu hfrqrp| lv srsxodwhg e| wzr0shulrg olyhg djhqwv zkr duh h{0

dqwh lghqwlfdo/ exw h{0srvw khwhurjhqhrxv1 Wkh ryhuodsslqj jhqhudwlrq vwuxfwxuh lv lqwhqghg

wr fdswxuh wkh lghd wkdw/ dv olih jrhv e|/ xqfhuwdlqw| derxw olihwlph lqfrph lv uhvroyhg1 Zkloh

|rxqj lqglylgxdov duh eruq lghqwlfdo/ wkh rog lqglylgxdov kdyh khwhurjhqhrxv suhihuhqfhv iru

uhglvwulexwlrq/ vlqfh wkh uhvroxwlrq ri xqfhuwdlqw| kdv wxuqhg vrph ri wkhp lqwr kljk0lqfrph

+�vxffhvvixo�, lqglylgxdov dqg rwkhuv lqwr orz0lqfrph +�xqvxffhvvixo�, lqglylgxdov1 D nh|

dvvxpswlrq lv wkdw |rxqj lqglylgxdov fdq d�hfw wkhlu fkdqfhv ri ehfrplqj vxffhvvixo e|

pdnlqj d sulydwh +kxpdq fdslwdo, lqyhvwphqw zkhq |rxqj1 Wkh rswlpdo lqyhvwphqw lv

qhjdwlyho| d�hfwhg e| wkh h{whqw ri fxuuhqw dqg ixwxuh uhglvwulexwlrq/ zklfk lv vhw shulrg0

e|0shulrg lq srolwlfdo hohfwlrqv1 Yrwhuv duh ixoo| udwlrqdo/ dqg wdnh lqwr dffrxqw wkh h�hfwv

ri srolflhv rq fxuuhqw lqyhvwphqwv dqg rq wkh ixwxuh glvwulexwlrq ri yrwhuv1

Wkh irfxv ri wkh sdshu lv wkh h{0srvw frq lfw ryhu uhglvwulexwlrq dqg li lw fdq/ rq lwv rzq/

ohdg wr wkh shushwxdo vxuylydo ri wkh zhoiduh vwdwh1 Wr wklv hqg/ zh dvvxph wkdw lqglylgxdov

duh ulvn0qhxwudo/ devwudfwlqj iurp d vwdqgdug dowhuqdwlyh prwlydwlrq iru wkh zhoiduh vwdwh/

l1h1/ wkdw d jryhuqphqw fdq gholyhu wkh lqvxudqfh plvvlqj pdunhwv idlo wr surylgh1 Rxu

dvvxpswlrq ri ulvn qhxwudolw| dqg wkh idfw wkdw uhglvwulexwlrq lv glvwruwlrqdu|/ lpso| wkdw

dq| doorfdwlrq zlwk vrph uhglvwulexwlrq +diwhu wkh �uvw shulrg, zrxog qrw eh Sduhwr rswlpdo1

Wkxv/ wkh zhoiduh vwdwh zrxog qrw vxuylyh li wkh ixwxuh sdwk ri uhglvwulexwlrq zhuh vhw e|

d xwlolwduldq sodqqhu dwwdfklqj dq| duelwudu| vhtxhqfh ri srvlwlyh zhljkwv rq fxuuhqw dqg

ixwxuh jhqhudwlrqv1 Lq wklv vhqvh/ wkh vxuylydo ri d zhoiduh vwdwh zrxog frqvwlwxwh d �srolwlfdo

idloxuh�/ dv gh�qhg e| Wlprwk| Ehvoh| dqg Vwhskhq Frdwh +4<<;,1 Vlploduo|/ wkhuh zrxog

eh qr zhoiduh vwdwh li |rxqj djhqwv frxog frpplw wr yrwh lq d sduwlfxodu zd| lq wkh ixwxuh1

Krzhyhu/ dv vxfk frpplwphqwv duh qrw ihdvleoh lq ghprfudwlf v|vwhpv/ h{0srvw frq lfwv

lq xhqfh srolwlfdo rxwfrphv1

Wkh wkhru| kdv wzr pdlq suhglfwlrqv1 Iluvw/ wkh srolwlfdo phfkdqlvp fdq vxvwdlq wkh

zhoiduh vwdwh1 Lq sduwlfxodu/ li wkh hfrqrp| vwduwv zlwk d sur0uhglvwulexwlrq pdmrulw|/ kljk

ohyhov ri uhglvwulexwlrq fdq eh vxvwdlqhg ryhu wlph/ zkhuhdv wkhuh zloo qrw eh d zhoiduh

vwdwh li wkh hfrqrp| vwduwv zlwk dq dqwl0uhglvwulexwlrq pdmrulw|1 Pruhryhu/ li d rqh0wlph

vkrfn fuhdwhv d whpsrudu| srolwlfdo pdmrulw| lq idyru ri uhglvwulexwlrq/ wkh prgho suhglfwv

wkdw wkh vxssruw iru wkh zhoiduh vwdwh fdq frqwlqxh dqg uhjhqhudwh d frqvwlwxhqf| iru vxfk

srolflhv1 Wklv uhvxow lv gxh wr d vhoi0uhlqiruflqj phfkdqlvp olqnlqj sulydwh dqg froohfwlyh

fkrlfhv= kljk fxuuhqw uhglvwulexwlrq uhgxfhv lqyhvwphqwv/ lpso|lqj wkdw d odujhu vkduh ri

ixwxuh yrwhuv zloo ehqh�w iurp uhglvwulexwlyh srolflhv1�

Vhfrqg/ wkhuh h{lvw htxloleuld zkhuh dq h{lvwlqj zhoiduh vwdwh lv luuhyhuvleo| whuplqdwhg
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e| iruzdug0orrnlqj yrwhuv/ hyhq zkhq ehqh�w uhflslhqwv duh lqlwldoo| srolwlfdoo| ghflvlyh1

Lq wkhvh htxloleuld/ dq lqlwldo sur0zhoiduh vwdwh pdmrulw| yrwhv vwudwhjlfdoo| iru prghudwh

uhglvwulexwlrq vr dv wr lqgxfh d ixwxuh dqwl0zhoiduh vwdwh pdmrulw|1 Wkh h{shfwdwlrq wkdw wkh

zhoiduh vwdwh zloo ydqlvk vwuhqjwkhqv wkh lqfhqwlyhv ri wkh |rxqj wr lqyhvw/ wkhuhe| uhgxflqj

wkh ghshqghqf| udwlr dqg fxuuhqw wd{hv1 Ixuwkhupruh/ lq dq h{whqvlrq/ zh vkrz wkdw wkh

euhdngrzq ri wkh zhoiduh vwdwh ehfrphv pruh olnho| zkhq wkh suh0wd{ zdjh lqhtxdolw| lv

odujh/ vlqfh vxfk lqhtxdolw| vwuhqjwkhqv wkh lqfhqwlyhv iru sulydwh lqyhvwphqw dqg uhgxfhv/

fhwhulv sdulexv/ wkh frqvwlwxhqf| ri wkh zhoiduh vwdwh1

Wkh �uvw suhglfwlrq ri wkh wkhru|/ l1h1/ wkdw uhglvwulexwlyh surjudpv whqg wr eh shuvlvwhqw

lv frqvlvwhqw zlwk d qxpehu ri hpslulfdo revhuydwlrqv1 Iru lqvwdqfh/ d qxpehu ri zhoiduh

vwdwh lqvwlwxwlrqv zhuh lqwurgxfhg lq wkh diwhupdwk ri wkh Juhdw Ghsuhvvlrq dqg diwhu Zruog

Zdu LL/ zkhq odujh pdvvhv ri shrsoh zhuh lpsryhulvkhg/ wkhuhe| fuhdwlqj d ghpdqg iru

sxeolf lqwhuyhqwlrq12 Wkh vl}h ri jryhuqphqw surjudpv/ uhglvwulexwlrqdo srolflhv dqg sxeolf

hpsor|phqw glg qrw glplqlvk diwhu wkh hfrqrplhv kdg uhfryhuhg iurp wkh vkrfnv1 Lqvwhdg/

wkhvh srolflhv shuvlvwhg dqg zhuh ixuwkhu h{sdqghg lq wkh 4<93*v1 Dffruglqj wr rxu wkhru|/

wklv shuvlvwhqfh vwhpv iurp wkh idfw wkdw rqfh wkh| duh lq sodfh/ uhglvwulexwlyh surjudpv/

jryhuqphqw hpsor|phqw hwf1/ d�hfw sulydwh lqfhqwlyhv lq d zd| jhqhudwlqj d vxvwdlqhg

ghpdqg iru wkhlu frqwlqxdwlrq1 Rxu wkhru| suhglfwv wkdw qrw rqo| srolflhv/ exw dovr wkhlu

h�hfwv rq lqfrph glvwulexwlrq/ duh shuvlvwhqw1 Vxfk mrlqw shuvlvwhqfh lv frqvlvwhqw zlwk

wkh g|qdplfv ri xqhpsor|phqw dqg xqhpsor|phqw lqvxudqfh lq Hxurshdq frxqwulhv diwhu

wkh rlo vkrfnv1 Wkh vkdus lqfuhdvh lq xqhpsor|phqw diwhu wkhvh vkrfnv zdv iroorzhg e|

lqfuhdvlqj xqhpsor|phqw ehqh�wv dqg odujhu wd{ zhgjhv/ zklfk frqwulexwhg wr vxvwdlqlqj

odujh xqhpsor|phqw dqg jhqhudwlqj k|vwhuhvlv1� Wkh vhfrqg suhglfwlrq ri wkh wkhru| lv

pruh gl!fxow wr dvvhvv hpslulfdoo|1 Lw lv/ krzhyhu/ eurdgo| frqvlvwhqw zlwk wkh revhuydwlrq

wkdw frqvhuydwlyh jryhuqphqwv sursrvlqj gudvwlf uhgxfwlrqv lq vrfldo srolflhv zhuh hohfwhg

dqg uh0hohfwhg lq wkh 4<;3*v lq Dqjor0Vd{rq frxqwulhv/ lq wlphv dvvrfldwhg zlwk d vljql�fdqw

lqfuhdvh lq zdjh lqhtxdolw|1 Wklv srolwlfdo ghyhorsphqw kdv qrw ehhq pluuruhg lq frqwlqhqwdo

Hxurshdq frxqwulhv/ zkhuh fkdqjhv lq zdjh lqhtxdolw| zhuh ohvv surqrxqfhg1

Rxu wkhru| pd| frqwulexwh wr wkh xqghuvwdqglqj ri ydulrxv dvshfwv ri wkh g|qdplfv

ri uhglvwulexwlrq/ dowkrxjk vhyhudo lpsruwdqw hohphqwv duh plvvlqj lq rxu kljko| vw|ol}hg

vhwwlqj1 Lq uhdolw|/ wkh srolwlfdo ghedwh lv pxowlglphqvlrqdo/ zlwk gl�huhqw lvvxhv ehlqj

vdolhqw lq gl�huhqw hohfwlrqv1 Vrfldo jurxsv kdyh frq lfwlqj lqwhuhvwv rq gl�huhqw dvshfwv

ri wkh zhoiduh vwdwh/ dqg jryhuqphqwv kdyh dffhvv wr pruh vrsklvwlfdwhg srolflhv wkdq rxu

vlpsoh ulfk0wr0srru wudqvihuv v|vwhp1 Iru lqvwdqfh/ wkh dffxpxodwlrq ri jryhuqphqw ghew lv

uxohg rxw wkurxjkrxw wkh sdshu1 Wklv lv dv dq lpsruwdqw olplwdwlrq iru xqghuvwdqglqj wkh

lqwhujhqhudwlrqdo frq lfw1 Ilqdoo|/ zh kdyh/ iru vlpsolflw|/ devwudfwhg iurp ulvn dyhuvlrq/

zkloh ixoo| dfnqrzohgjlqj wkdw wkh lqvxudqfh prwlyh pd| eh lpsruwdqw iru xqghuvwdqglqj

wkh ghpdqg iru uhglvwulexwlrq1 Zkloh wkhvh duh doo lpsruwdqw olplwdwlrqv/ zh eholhyh wkdw

rxu wudfwdeoh iudphzrun fdq eh hqulfkhg dqg ixuwkhu ghyhorshg wr dffrxqw iru vrph ri
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wkhvh dqg rwkhu dvshfwv ri krz glvwulexwlrqdo frq lfwv duh uhvroyhg lq d g|qdplf srolwlfdo

frqwh{w1e

Wkhuh duh d qxpehu ri lqvwdqfhv/ erwk lq wkh hfrqrplf olwhudwxuh dqg wkh srolf| ghedwh/

zkhuh g|qdplf olqnv ehwzhhq fxuuhqw dqg ixwxuh srolwlfdo fkrlfhv dqg frqvwlwxhqflhv duh ri

�uvw0rughu lpsruwdqfh1 Iru lqvwdqfh/ lq wkh ghedwh rq wkh rswlpdo vshhg ri wudqvlwlrq lq

srvw0frppxqlvw frxqwulhv/ d qxpehu ri hfrqrplvwv kdyh vwuhvvhg wkdw judgxdolvp lq uhirupv

vxfk dv uhvwuxfwxulqj dqg uhrujdql}lqj oderu pdunhwv/ sulydwl}lqj �upv dqg olehudol}lqj

sulfhv/ pd| eh suhihudeoh wr d �elj edqj� dssurdfk1 Wkh uhdvrq lv wkdw wkh odwwhu pd| jlyh

ulvh wr pdmrulwlhv ri vwdnhkroghuv zlwk dq lqwhuhvw lq eorfnlqj ru uhyhuwlqj wkh sdwk ri uhirup

dw vrph vwdjh lq wkh surfhvv1 Lq frqwudvw/ judgxdo uhirupv duh dujxhg wr doorz �exloglqj

frqvwlwxhqflhv iru ixuwkhu uhirupv� e| vwduwlqj zlwk hdvlhu uhirupv ghvljqhg wr lqfuhdvh

ixwxuh vxssruw iru pruh gl!fxow uhirupv +vhh Pdwkldv Ghzdwulsrqw dqg Jhudug Urodqg/

4<<8,1D G|qdplf yrwlqj dvshfwv kdyh dovr ehhq uhjdughg dv lpsruwdqw lq xqghuvwdqglqj

wkh wudqvlwlrq wr ghprfudf|1 Gdurq Dfhprjox dqg Mdphv D1 Urelqvrq +5333/ 5334, dujxh

wkdw wkh srolwlfdo holwhv h{whqghg iudqfklvh ryhu wkh [L[wk Fhqwxu| lq rughu wr frpplw wr

vxvwdlqhg uhglvwulexwlyh srolflhv lq uhwxuq iru ohvv vrfldo xquhvw1 Pruhryhu/ odqg uhirupv

sulru wr ghprfudwl}dwlrq zhuh lpsohphqwhg lq rughu wr uhgxfh lqhtxdolw|/ wkhuhe| hqvxulqj

wkdw wkh srru/ rqfh lq srzhu/ zrxog olplw wkhlu ixwxuh ghpdqgv iru uhglvwulexwlrq1 Vxfk

uhvwudlqwv frqvrolgdwhg ghprfudf| e| uhgxflqj wkh ulvn ri wkh ulfk prxqwlqj d frxs1S

Vhyhudo hduolhu sdshuv kdyh dqdo|}hg wkh srolwlfdo hfrqrp| ri uhglvwulexwlrq/ exw hduolhu

prghov kdg wr dvvxph hlwkhu p|rslf yrwlqj ehkdylru/ dv lq Doehuwr Dohvlqd dqg Gdql Urguln

+4<<7,/ ru wkdw fxuuhqw yrwhuv fdq frpplw wr ixwxuh srolflhv rqfh dqg iru doo/ dv lq Ulfkdug

Z1 Erdgzd| dqg Gdylg H1 Zlogdvlq +4<;<, dqg Jlxvhssh Ehuwrod +4<<6,/ ru/ �qdoo|/ kdg wr

olplw wkh dwwhqwlrq wr hqylurqphqwv zlwk qr vwudwhjlf lqwhudfwlrq ehwzhhq yrwhuv dw gl�huhqw

gdwhv/ dv lq Urodqg Ehqderx +4<<9/ 5333, dqg Wruvwhq Shuvvrq dqg Jxlgr Wdehoolql +4<<7,1

Lq frqwudvw/ rxu sdshu surylghv dq dqdo|wlfdo fkdudfwhul}dwlrq ri Pdunry shuihfw htxloleuld

zlwkrxw frpplwphqw lq d srolwlfr0hfrqrplf prgho zkhuh udwlrqdo yrwhuv idfh d vwudwhjlf

yrwlqj lqfhqwlyh1

Wr wkh ehvw ri rxu nqrzohgjh/ wkh rqo| suhylrxv sdshu wkdw zrunv rxw dq dqdo|wlfdo

vroxwlrq wr wkh Pdunry shuihfw htxloleuld ri d g|qdplf srolwlfdo hfrqrp| prgho lv Jhqh

P1 Jurvvpdq dqg Hokdqdq Khospdq +4<<;,1 Wkh| dqdo|}h wkh srolwlfdo ghwhuplqdwlrq ri

lqwhujhqhudwlrqdo uhglvwulexwlrq lq d jurzwk prgho zlwk ryhuodsslqj jhqhudwlrqv/ oreelhv

dqg dq DN whfkqrorj|1 Lq wkhlu prgho/ krzhyhu/ djhqwv pdnh qr sulydwh hfrqrplf ghflvlrqv

dqg wkxv/ wkhuh lv qr ihhgedfn ehwzhhq sxeolf srolf| dqg lqglylgxdo ehkdylru/ d fhqwudo

phfkdqlvp lq rxu dqdo|vlv1 Wkh htxloleulxp ri wkhlu olqhdu prgho ihdwxuhv d eurdg udqjh

ri lqghwhuplqdwh srolwlfdo fkrlfhv1 Rwkhu prghov kdyh lqfrusrudwhg uhshdwhg yrwlqj zlwk

vwudwhjlf lqwhudfwlrqv/ exw rqo| |lhoghg qxphulfdo vroxwlrqv +h1j1/ Pdufr Edvvhwwr/ 4<<<>

Nuxvhoo/ Ylqfhq}r Txdgulql/ dqg Mrvì0Ylfwru Uðrv0Uxoo/ 4<<9> Nuxvhoo dqg Uðrv0Uxoo/ 4<<9/

4<<<> dqg Jloohv Vdlqw Sdxo/ 5334,1 Vdlqw Sdxo +5334, lq sduwlfxodu/ qxphulfdoo| vroyhv d
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srolwlfr0hfrqrplf prgho zlwk g|qdplf yrwlqj/ zkhuh uhglvwulexwlrq pd| idoo diwhu lqfuhdvhv

lq lqhtxdolw| li vxfk lqhtxdolw| lv frqfhqwudwhg dw wkh orzhu wdlo ri wkh glvwulexwlrq/ vr wkdw

wkh phgldq yrwhu ehfrphv ulfkhu1 Vdlqw Sdxo*v +5334, sdshu grfxphqwv wkdw wklv pd| eh d

uhdolvwlf ghvfulswlrq ri wkh srolwlfdo fkdqjhv wkdw rffxuuhg lq Dqjor0Vd{rq frxqwulhv lq wkh

4<;3*v/ dq hslvrgh wkdw lv dovr frqvlvwhqw zlwk rxu wkhru|/ dv glvfxvvhg deryh1

Lq rxu prgho/ h{shfwdwlrqv ri kljk ixwxuh uhglvwulexwlrq ohdgv wr orzhu lqyhvwphqwv/

zklfk/ lq wxuq/ lqfuhdvh ixwxuh ghpdqg iru uhglvwulexwlrq1 Vxfk d ihhg0edfn phfkdqlvp lv

suhvhqw lq d qxpehu ri suhylrxv sdshuv lqfoxglqj Ehqderx +5333,/ Jhukdug Jorpp dqg E1

Udylnxpdu +4<<8,/ dqg Vdlqw Sdxo dqg Wklhuu| Yhuglhu +4<<:,1. Lq wkhvh sdshuv/ krzhyhu/

wkh phgldq yrwhu kdv qr vwdnh lq ixwxuh srolwlfdo rxwfrphv dqg wkhuh lv qr prwlyh iru

vwudwhjlf yrwlqj1 Lq rxu prgho/ lq frqwudvw/ vxfk prwlyh lv suhvhqw dqg sod|v d fuxfldo uroh1

Lq sduwlfxodu/ rog yrwhuv idfh dq lqfhqwlyh wr vwudwhjlfdoo| prghudwh wkhlu ghpdqg iru fxuuhqw

uhglvwulexwlrq vr dv wr lqgxfh wkh h{shfwdwlrq ri d ixwxuh pdmrulw| djdlqvw uhglvwulexwlrq/

zklfk zrxog ohdg wr orzhu fxuuhqw wd{hv1 Li yrwhuv p|rslfdoo| ljqruhg wkh h�hfw ri wkhlu

srolwlfdo fkrlfh rq wkh ixwxuh glvwulexwlrq ri yrwhuv/ wkhuh zrxog eh d xqltxh htxloleulxp

zkhuh dq lqlwldo pdmrulw| ri xqvxffhvvixo yrwhuv vxvwdlqv wkh zhoiduh vwdwh iruhyhu1

Zkloh lq rxu sdshu uhglvwulexwlrq kdv qr lqwulqvlf ydoxh/ wkhuh lv d odujh olwhudwxuh du0

jxlqj wkdw uhglvwulexwlrq dpholrudwhv fdslwdo pdunhw lpshuihfwlrqv1 Lq Ehqderx +5333,/ iru

lqvwdqfh/ wkh srolwlfdo vxssruw iru uhglvwulexwlrq lv kljk zkhq wkh h!flhqf|0hqkdqflqj h�hfw

grplqdwhv wkh sxuho| uhglvwulexwlyh rqh1 Wklv rffxuv zkhq lqhtxdolw| lv vx!flhqwo| vpdoo

dqg wkxv/ rq wkh rqh kdqg/ orz lqhtxdolw| lqgxfhv kljk uhglvwulexwlrq1 Rq wkh rwkhu kdqg/

kljk uhglvwulexwlrq vxvwdlqv orz lqhtxdolw| dqg khqfh/ pxowlsoh vwhdg|0vwdwhv duh srvvleoh1

Wkxv/ klv sdshu lv frqvlvwhqw zlwk wkh revhuydwlrq wkdw lqhtxdolw| dqg uhglvwulexwlrq duh

qhjdwlyho| fruuhodwhg dfurvv ghyhorshg frxqwulhv1H

Dprqj rwkhu uhodwhg sdshuv/ Vwhskhq Frdwh dqg Vwhskhq Pruulv +4<<<, frqvwuxfw d

prgho ri vshfldo lqwhuhvw jurxsv zkhuh �upv fkrrvh wkhlu orfdwlrq rq wkh edvlv ri jhr0

judsklfdo vxevlglhv dqg kdyh/ h{0srvw +wkrxjk qrw h{0dqwh,/ dq lqfhqwlyh wr euleh srolwlfldqv

iru wkh vxevlglhv wr eh frqwlqxhg1 Wkhlu prgho ihdwxuhv pxowlsoh vwhdg|0vwdwhv dqg srolf|

shuvlvwhqfh/ exw wkh srolwlfdo phfkdqlvp lv yhu| gl�huhqw iurp rxuv1 Lq Wkrpdv Slnhww|

+4<<8,/ vrfldo ohduqlqj derxw wkh wudgh0r� ehwzhhq h!flhqf| dqg lqfhqwlyhv jlyhv ulvh wr

pxowlsoh vwhdg|0vwdwhv zlwk gl�huhqw ohyhov ri uhglvwulexwlrq1 Ilqdoo|/ d vhulhv ri sdshuv

surylgh srvlwlyh wkhrulhv ri vrfldo vhfxulw| lq uhshdwhg yrwlqj prghov +Plfkhoh Erogulq dqg

Dogr Uxvwlfklql/ 5333> Wkrpdv I1 Frroh| dqg Mrujh Vrduhv/ 4<<<> Mrvh L1 Frqgh Uxl} dqg

Ylqfhq}r Jdodvvr/ 4<<<,1 Lq wkhvh sdshuv/ lqwhujhqhudwlrqdo uhglvwulexwlrq lv vxvwdlqhg e|

wuljjhu vwudwhjlhv lq lq�qlwh krul}rq jdphv1 Lq frqwudvw/ rxu uhvxowv zrxog vxuylyh lq dq

hqylurqphqw zlwk d �qlwh krul}rq1

Wkh sodq ri wkh sdshu lv wkh iroorzlqj1 Vhfwlrq L ghvfulehv wkh prgho1 Vhfwlrq LL

fkdudfwhul}hv wkh srolwlfdo htxloleuld/ dqg Vhfwlrq LLL h{soruhv wkh lpsolfdwlrqv ri ulvlqj

zdjh suhpld1 Vhfwlrq LY frqfoxghv1 Doo surriv duh lq wkh dsshqgl{1

8



L Wkh prgho

Wkh prgho hfrqrp| frqvlvwv ri d frqwlqxxp ri ulvn0qhxwudo/ wzr0shulrg olyhg djhqwv1 Hdfk

jhqhudwlrq kdv d xqlw pdvv1 Doo djhqwv duh eruq lghqwlfdo/ exw wkhlu vxevhtxhqw hduqlqjv

duh vwrfkdvwlf1 �Vxffhvvixo� djhqwv hduq d kljk zdjh/ qrupdol}hg wr xqlw|/ lq erwk shulrgv

ri wkhlu olih/ zkhuhdv �xqvxffhvvixo� djhqwv hduq d orz zdjh/ qrupdol}hg wr }hur1 Dw eluwk/

hdfk djhqw xqghuwdnhv d frvwo| lqyhvwphqw/ wkhuhe| lqfuhdvlqj wkh suredelolw| ri vxevhtxhqw

vxffhvv1 Wkh frvw ri lqyhvwphqw/ zklfk fdq eh lqwhusuhwhg dv wkh glvxwlolw| ri hgxfdwlrqdo

h�ruw/ lv h
2/ zkhuh h lv wkh suredelolw| ri vxffhvv1b

Wkh g|qdplfv ri uhglvwulexwlrq iurp vxffhvvixo wr xqvxffhvvixo djhqwv lv wkh irfdo srlqw

ri wkh sdshu1 Lq hdfk shulrg/ d wudqvihu e 5 ^3> 4` wr hdfk orz0lqfrph djhqw lv ghwhuplqhg/

�qdqfhg e| froohfwlqj d oxps0vxp wd{ � 1�f Wkh wudqvihu/ dqg wkh dvvrfldwhg wd{ udwh/ duh

ghwhuplqhg ehiruh wkh |rxqj djhqwv ghflgh rq wkhlu lqyhvwphqw/ dqg lv dvvxphg wr eh djh0

lqghshqghqw1 Zh vkdoo/ krzhyhu/ pdlqwdlq wkdw wkh jryhuqphqw exgjhw edodqfhv lq hyhu|

shulrg1

Wkh h{shfwhg xwlolw| ri djhqwv dolyh dw wlph w lv jlyhq dv iroorzv=

�
Y

Jr +e|> e|n�> � |, @ 4� � |

�
Y

J� +e|> e|n�> � |, @ e| � � | +4,

�
Y

+ +h|> e|> e|n�> � |> � |n�, @ h| +4 . �, . +4� h|, +e| . �e|n�,

�h
2
|
� � | � �� |n�>

zkhuh �
Y

Jr/ �Y J�/ dqg �
Y

+ ghqrwh wkh remhfwlyh ri rog vxffhvvixo/ rog xqvxffhvvixo/ dqg |rxqj

djhqwv/ uhvshfwlyho|1 �
Y

+ lv frpsxwhg sulru wr lqglylgxdo vxffhvv ru idloxuh dqg � 5 ^3> 4` lv

wkh glvfrxqw idfwru1 Lw lv vwudljkwiruzdug wr vkrz wkdw wkh vroxwlrq wr wkh rswlpdo lqyhvwphqw

sureohp ri wkh |rxqj/ jlyhq e| dqg e|n�/ lv h
W

|
+e|> e|n�, @ +4 . � � +e| . �e|n�,, @51

Vlqfh djhqwv duh h{0dqwh lghqwlfdo/ djhqwv ri wkh vdph frkruw fkrrvh wkh vdph lqyhvwphqw/

zklfk lpsolhv wkdw wkh sursruwlrq ri rog xqvxffhvvixo lq shulrg w. 4 lv jlyhq e|

x|n� @ 4� h
W

|
@

4

5
+4� � . e| . �e|n�, = +5,

Wkxv/ wkh ixwxuh sursruwlrq ri rog xqvxffhvvixo ghshqgv rq ehqh�wv lq shulrg w dqg w. 41

Wr edodqfh wkh exgjhw/ wd{ uhyhqxhv pxvw dprxqw wr 5� | @ +x| . x|n�, e|/ |lhoglqj

� | @
4

7
+4� � . e| . �e|n� . 5x|, e|= +6,

E| vxevwlwxwlqj iru � | dqg h
W

|
lq htxdwlrq +4,/ wkh lqgluhfw xwlolw| ixqfwlrqv fdq eh zulwwhq
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dv=

Y
Jr+e|> e|n�> x|, @ 4�

4

7
++4� �, . +e| . �e|n�, . 5x|, e|>

Y
J�+e|> e|n�> x|, @ e| �

4

7
++4� �, . +e| . �e|n�, . 5x|, e|> +7,

Y
++e|> e|n�> e|n2> x|, @

4

7

�
+4 . �,2 . ++4� �,� 5x|, e| � +e|n� . �e|n2,�e|n�

�
=

Qrwh wkdw wd{hv shu xqlw ri ehqh�wv/ � |@e| @ +4� � . e| . �e|n� . 5x|, @7/ lqfuhdvh lq

x| +ehfdxvh kljkhu x| lpsolhv d kljkhu ghshqghqf| udwlr dprqj wkh rog, dqg lq e| dqg e|n�

+ehfdxvh kljkhu e| dqg e|n� uhgxfh lqyhvwphqw/ lpso|lqj d kljkhu ghshqghqf| udwlr dprqj

wkh |rxqj,1 Vlqfh wkh rog lq shulrg w fdqqrw hqmr| ehqh�wv lq shulrg w. 4/ wkhlu xwlolw| lv

ghfuhdvlqj lq e|n�1

Wkh rog vxffhvvixo djhqwv reylrxvo| suhihu }hur ehqh�wv/ vlqfh uhglvwulexwlrq lpsolhv

srvlwlyh wd{hv zlwkrxw surylglqj dq| ehqh�wv1 Lq frqwudvw/ wkh rog xqvxffhvvixo djhqwv duh

ehwwhu r� zlwk vrph uhglvwulexwlrq/ hyhq wkrxjk wkhlu suhihuhqfhv iru uhglvwulexwlrq pd|

eh qrq0prqrwrqlf/ dv wkh pdujlqdo frvw ri uhglvwulexwlrq lv lqfuhdvlqj lq e|1 Frqfhuqlqj

wkh suhihuhqfhv ri wkh |rxqj/ qrwh wkdw srvlwlyh ehqh�wv ohdg wr srvlwlyh +qhjdwlyh, lqwhu0

jhqhudwlrqdo uhglvwulexwlrq iurp wkh rog wr wkh |rxqj/ li wkh qxpehu ri rog xqvxffhvvixo

lv vx!flhqwo| vpdoo +odujh,1 Kroglqj ixwxuh ehqh�wv frqvwdqw/ wkh |rxqj suhihu srvlwlyh

uhglvwulexwlrq li dqg rqo| li x| ? +4� �,@51

Ehiruh surfhhglqj wr wkh pdlq dqdo|vlv/ zh qrwh wkdw dq| Sduhwr h!flhqw doorfdwlrq lv

fkdudfwhul}hg e| }hur uhglvwulexwlrq lq hyhu| shulrg h{fhsw/ srvvleo|/ lq wkh �uvw1�� Wkh

uhdvrq lv wkdw uhglvwulexwlrq glvwruwv wkh h�ruw fkrlfh ri wkh |rxqj/ exw kdv qr lqvxudqfh

ydoxh dv djhqwv duh ulvn0qhxwudo1

LL Srolwlfdo htxloleulxp

Wkh sxusrvh ri wklv sdshu lv wr h{soruh wkh lpsdfw ri wkh h{0srvw frq lfw ri lqwhuhvw ehwzhhq

jurxsv rq wkh g|qdplfv ri uhglvwulexwlrq1 Pruh vshfl�fdoo|/ fdq dq �lqh!flhqw� zhoiduh vwdwh

vxuylyh ryhu wlphB Ru zloo g|qdplf yrwlqj ghflvlrqv pdnh uhglvwulexwlrq ydqlvk lq wkh orqj

uxqB

Lq dqvzhulqj wklv txhvwlrq/ zh uhvwulfw wkh dwwhqwlrq wr Pdunry shuihfw htxloleuld/ zkhuh

wkh vwdwh ri wkh hfrqrp| lv vxppdul}hg e| wkh sursruwlrq ri fxuuhqw xqvxffhvvixo rog djhqwv

+x|,1 Wkh srolwlfdo htxloleulxp lv gh�qhg dv iroorzv1

Gh�qlwlrq 4 D +Pdunry shuihfw, srolwlfdo htxloleulxp lv gh�qhg dv d sdlu ri ixqfwlrqv

kE>Xl/ zkhuh E = ^3> 4`$ ^3> 4` lv d sxeolf srolf| uxoh/ e| @ E +x|, > dqg X = ^3> 4`$ ^3> 4` lv

d sulydwh ghflvlrq uxoh/ x|n� @ 4� h| @ X +e|, > vxfk wkdw wkh iroorzlqj ixqfwlrqdo htxdwlrqv

krog=

:



41 E +x|, @ dujpd{K| Y +e|> e|n�> e|n2> x|, vxemhfw wr e|n� @ E +X +e|,,/

e|n2 @ E+X+E +X +e|,,,,/ dqg e| 5 ^3> 4`/ dqg Y +e|> e|n�> e|n2> x|, lv gh�qhg dv wkh

lqgluhfw xwlolw| ri wkh fxuuhqw ghflvlyh yrwhu1

51 X +e|, @ +4� � . e| . �e|n�, @5> zlwk e|n� @ E +X +e|,,1

Wkh �uvw htxloleulxp frqglwlrq uhtxluhv wkdw e| pd{lpl}hv wkh remhfwlyh ixqfwlrq ri wkh

ghflvlyh +phgldq, yrwhu Y / wdnlqj lqwr dffrxqw wkdw ixwxuh uhglvwulexwlrq ghshqgv rq wkh

fxuuhqw srolf| fkrlfh yld wkh htxloleulxp sulydwh ghflvlrq uxoh dqg ixwxuh htxloleulxp sxeolf

srolf| uxohv1 Ixuwkhupruh/ lw uhtxluhv E+x|, wr eh d �{hg srlqw lq wkh ixqfwlrqdo htxdwlrq

lq sduw 4 ri wkh gh�qlwlrq1 Lq rwkhu zrugv/ vxssrvh wkdw djhqwv eholhyh ixwxuh ehqh�wv wr

eh vhw dffruglqj wr wkh ixqfwlrq e|n� @ E +x|n�, = Wkhq/ zh uhtxluh wkdw wkh vdph ixqfwlrq

E+x|, gh�qhv rswlpdo ehqh�wv wrgd|1

Wkh vhfrqg htxloleulxp frqglwlrq lpsolhv wkdw doo |rxqj lqglylgxdov fkrrvh wkhlu lq0

yhvwphqw rswlpdoo|/ jlyhq e| dqg e|n�/ dqg wkdw djhqwv krog udwlrqdo h{shfwdwlrqv derxw

ixwxuh ehqh�wv dqg glvwulexwlrqv ri w|shv1 Lq jhqhudo/ X pljkw eh d ixqfwlrq ri erwk x| dqg

e|1 Lq rxu prgho/ krzhyhu/ x| kdv qhlwkhu d gluhfw h�hfw rq wkh lqyhvwphqw fkrlfh ri wkh

|rxqj/ qru/ frqvhtxhqwo|/ rq wkh ixwxuh glvwulexwlrq ri yrwhuv1 Wkxv/ zh fkrrvh wr irfxv

rq htxloleuld zkhuh wkhlu htxloleulxp lqyhvwphqw fkrlfh lv ixoo| ghwhuplqhg e| wkh fxuuhqw

ehqh�w ohyho1

Ilqdoo|/ lq rughu wr vlqjoh rxw wkh h�hfwv ri g|qdplf udwlrqdo yrwlqj/ lw lv xvhixo wr gh�qh

dq dowhuqdwlyh p|rslf yrwlqj htxloleulxp/ zkhuh yrwhuv ljqruh wkh lpsdfw rq ixwxuh srolwlfdo

ghflvlrqv zkhq ghflglqj rq fxuuhqw srolflhv1 D p|rslf htxloleulxp lv gh�qhg dv lq Gh�qlwlrq

4/ exw zlwk frqglwlrq 4 ehlqj uhsodfhg e|

4* E +x|, @ dujpd{K| Y
�
e|>

�
e|n�>

�
e|n2> x|

�
vxemhfw wr e| 5 ^3> 4`/ zkhuh �

e|n� dqg �
e|n2 duh

wdnhq dv sdudphwulf/ vxemhfw wr udwlrqdo h{shfwdwlrqv1

Wklv frqglwlrq uhtxluhv wkdw e| pd{lpl}hv wkh remhfwlyh ixqfwlrq ri wkh ghflvlyh +phgldq,

yrwhu Y / wdnlqj ixwxuh uhglvwulexwlrq dv jlyhq1 Yrwhuv fruuhfwo| dqwlflsdwh ixwxuh uhglvwul0

exwlrq/ exw ljqruh wkdw wkh| frxog d�hfw lwv sdwk wkurxjk wkhlu fxuuhqw srolwlfdo fkrlfh1 Lq

wkh uhvw ri wkh dqdo|vlv/ zh uhihu wr d Pdunry shuihfw htxloleulxp dv dq htxloleulxp/ dqg

vwdwh h{solflwo| zkhq uhihuulqj wr d p|rslf yrwlqj htxloleulxp1

D Glfwdwruvkls

Iru h{srvlwlrqdo uhdvrqv lw lv frqyhqlhqw wr vwduw wkh dqdo|vlv e| ghvfulelqj wkh htxloleulxp

xqghu wkh dvvxpswlrq wkdw wkh srolwlfdo srzhu shupdqhqwo| uhvwv lq wkh kdqgv ri rqh ri

wkh wzr jurxsv ri rog djhqwv lq wkh vrflhw|1 Wkhq/ zh h{whqg wkh dqdo|vlv wr wkh fdvh ri

pdmrulw| yrwlqj1

;



Zh gh�qh �soxwrfudf|� +SO, dqg �glfwdwruvkls ri wkh surohwduldw� +GS,/ dv wkh uhjlphv

zkhuh wkh ohyho ri uhglvwulexwlrq lv fkrvhq dw wkh ehjlqqlqj ri hdfk shulrg e| wkh fxu0

uhqwo| olylqj vxffhvvixo dqg xqvxffhvvixo rog djhqwv/ uhvshfwlyho|1 Irupdoo|/ xqghu GS/

Y +e|> e|n�> e|n2> x|, � Y J�+e|> e|n�> x|,zkhuhdv/ xqghu SO/ Y +e|> e|n�> e|n2> x|, � Y Jr+e|> e|n�> x|,1

Wkh htxloleulxp xqghu glfwdwruvkls lv fkdudfwhul}hg lq wkh iroorzlqj Sursrvlwlrq=�2

Sursrvlwlrq 4 Wkh SO htxloleulxp/


ER,> XR,

�
/ lv fkdudfwhul}hg dv iroorzv>

ER, +x|, @ 3

XR, +e|, @
4

5
+4� � . e|, = +8,

Jlyhq xf 5 ^3> 4`/ iru doo w � 4/ x| @ xR, �
�3q

2
1

Wkh GS htxloleulxp/


E_R> X_R

�
/ lv fkdudfwhul}hg dv iroorzv>

E_R +x|, @

;AA?
AA=

�
2
� x| li x| A �x +�,

e_R � 2
23q

�
x| � x_R

�
li x| 5

k
�
2
�

2
2nq

> �x +�,
l

4 li x| 5

k
3> �

2
�

2
2nq

l +9,

X_R +e|, @

;?
=

x_R . 23q

e

�
e| � e_R

�
li e| 5

k
2q

2nq
> 4
l

�
2
+4 . e|, li e| 5

k
3> 2q

2nq

� +:,

zkhuh x_R � �
S

�
8 . q2

2nq

�
> e_R � e

�

�nq

2nq
dqg �x +�, @ qnS3q

I
e32q

2E2nq�
= Wkh htxloleulxp odz ri

prwlrq/ x|n� @ X_R
�
E_R +x|,

�
> lv dv iroorzv>

x|n� @

;AA?
AA=

D
e
�

�|

2
li x| A �x +�,

x
_R
�

�
2

�
x| � x

_R
�

li x| 5
k
�
2
�

2
E2nq�

> �x +�,

l
q

e . 2
2nq

li x| 5
k
3> �2 �

2
E2nq�

l +;,

Jlyhq xf 5 ^3> 4`/ wkh hfrqrp| frqyhujhv zlwk dq rvfloodwru| sdwwhuq wr d xqltxh vwhdg|0vwdwh/

x @ x
_R dqg e @ e

_R
=

ILJXUH 41 Soxwrfudf| dqg glfwdwruvkls ri wkh surohwduldw

Iljxuh 4 uhsuhvhqwv wkh htxloleulxp sxeolf srolf| uxoh dqg sulydwh ghflvlrq uxoh iru wkh SO

dqg GS htxloleulxp/ iru d fdvh lq zklfk wkh udqjh x| A �x +�, lv hpsw|/ l1h1/ �x +�, � 41�� Lq

wkh SO fdvh +xsshu �jxuhv,/ wkh srolf| ixqfwlrq lv frqvwdqw dw ER, +x|, @ 3> dqg wkh sulydwh

ghflvlrq uxoh lv xszdug vorslqj/ uh hfwlqj wkh h{shfwdwlrqv ri wkh |rxqj djhqwv wkdw e|n� @ 3>

luuhvshfwlyh ri wkh fkrlfh ri e|= Lq wkh GS fdvh +orzhu �jxuhv,/ wkh htxloleulxp uhglvwulexwlrq

lv dozd|v vwulfwo| srvlwlyh/ dqg lw lv 433 shufhqw iru vx!flhqwo| orz x|= Ixuwkhupruh/ lw lv

grzqzdug vorslqj/ uh hfwlqj wkh idfw wkdw wkh pdujlqdo frvw ri uhglvwulexwlrq lqfuhdvhv/ dv

wkh fxuuhqw sursruwlrq ri rog vxffhvvixo djhqwv idoov +vhh htxdwlrq +6,,1 Wkh sulydwh ghflvlrq

uxoh lv dovr srvlwlyho| vorshg/ exw ohvv vwhhs wkdq lq wkh SO fdvh/ vlqfh dq lqfuhdvh lq e|

qhjdwlyho| d�hfwv wkh fkrlfh ri e|n�> khqfh/ wkh fxuuhqw h�ruw fkrlfh ri wkh |rxqj uhvsrqgv

ohvv wr dq lqfuhdvh lq fxuuhqw ehqh�wv wkdq li ixwxuh uhglvwulexwlrq zhuh frqvwdqw1

<



E Pdmrulw| yrwlqj

Zh qrz dvvxph wkdw srolwlfdo ghflvlrqv duh wdnhq wkurxjk pdmrulw| yrwlqj1 Djhqwv yrwh

rq wkh vlqjoh lvvxh ri uhglvwulexwlrq1 Lw lv vwudljkwiruzdug wr vkrz wkdw li |rxqj djhqwv

zhuh slyrwdo lq yrwlqj ryhu fxuuhqw ehqh�wv/ wkhq/ iru doo w A 3/ ehqh�wv zrxog eh }hur lq

htxloleulxp1 Lqwxlwlyho|/ dv wkh |rxqj duh vwloo ehklqg wkh yhlo ri ljqrudqfh/ wkh| rssrvh

glvwruwlrqdu| uhglvwulexwlrq1

Krzhyhu/ zh uhjdug lw dv xquhdolvwlf wr dvvxph wkdw yrwhuv ehklqg wkh yhlo ri ljqrudqfh

duh slyrwdo1�e Wkxv/ wklv sdshu h{soruhv wkh frqvhtxhqfhv ri ohwwlqj wkh srolwlfdo ghflvlrqv

eh ghwhuplqhg e| wkh h{0srvw frq lfw ri lqwhuhvwv ehwzhhq lqglylgxdov zkr nqrz wkhlu w|sh/

l1h1/ wkh rog1 Wzr dowhuqdwlyh dvvxpswlrqv fdq gholyhu d srolwlfdo suhsrqghudqfh ri wkh rog

lq rxu prgho1 Wkh �uvw lv wr dvvxph wkdw |rxqj lqglylgxdov kdyh d orzhu yrwlqj wxuqrxw

wkdq wkh rog/ pdlqwdlqlqj wkdw fxuuhqw ehqh�wv duh vhw dw wkh ehjlqqlqj ri hdfk shulrg1

Wklv dvvxpswlrq fdq eh ghihqghg hpslulfdoo| dv wkh yrwlqj wxuqrxw lqfuhdvhv zlwk djh1 Iru

h{dpsoh/ Ud|prqg H1 Zro�qjhu dqg Vwhyhq M1 Urvhqvwrqh +4<;3, grfxphqw wkdw wxuqrxw

lq X1V1 hohfwlrqv lv vkduso| lqfuhdvlqj lq djh/ ulvlqj iurp 78 shufhqw iru wkh 530|hdu rog

wr :8 shufhqw iru wkh 980|hdu rog1�D Dowhuqdwlyho|/ lw pljkw eh dvvxphg wkdw hohfwlrqv

zhuh khog dw wkh hqg ri hdfk shulrg/ dqg djhqwv yrwhg ryhu ehqh�wv lq wkh qh{w shulrg/

diwhu wkh xqfhuwdlqw| derxw wkhlu lqglylgxdo vxffhvv kdg ehhq xqudyhohg1 Lq wklv fdvh/ e|

qrw ehlqj dolyh lq wkh qh{w shulrg/ wkh rog zrxog kdyh qr lqwhuhvwv dw vwdnh dqg frxog eh

dvvxphg wr devwdlq iurp yrwlqj1 Fohduo|/ wklv lv htxlydohqw wr dvvxplqj wkdw wkh fkrlfh

ri fxuuhqw ehqh�wv lv wdnhq dw wkh ehjlqqlqj ri hdfk shulrg/ exw rqo| wkh rog yrwh1 Iru

h{srvlwlrqdo hdvh/ zh pdlqwdlq lq wkh suhvhqwdwlrq wkh lqwhusuhwdwlrq wkdw djhqwv yrwh ryhu

fxuuhqw ehqh�wv dqg rqo| wkh rog yrwh1�S

Ehqh�wv duh fkrvhq wr pd{lpl}h wkh lqgluhfw xwlolw| ri wkh rog vxffhvvixo +xqvxffhvvixo,

li x| � 4@5 +x| A 4@5,1 Dv zh vkdoo vhh/ pdmrulw| yrwlqj fdq jhqhudwh shuvlvwhqfh lq

wkh htxloleulxp fkrlfh ri uhglvwulexwlrq1 Li wkh hfrqrp| vwduwv zlwk d sur0zhoiduh vwdwh

pdmrulw| +x| A 4@5,/ wkhq wkhuh h{lvwv dq htxloleulxp zkhuh wkh zhoiduh vwdwh dqg wkh

srolwlfdo pdmrulw| vxssruwlqj lw lv vxvwdlqhg ryhu wlph1 Frqyhuvho|/ li x| � 4@5/ wkh zhoiduh

vwdwh zloo qhyhu dulvh1 Wkh srvlwlyh ihhgedfn phfkdqlvp jlylqj ulvh wr wkh shuvlvwhqfh ri

srolflhv dqg glvwulexwlrqv ri yrwhuv lv wkdw kljk +orz, ehqh�wv wrgd| d�hfw sulydwh lqfhqwlyhv

vr dv wr lqgxfh d odujh +vpdoo, sursruwlrq ri xqvxffhvvixo djhqwv wrpruurz/ dqg wkhuhiruh d

eurdg +qduurz, ixwxuh frqvwlwxhqf| iru uhglvwulexwlrq1

Dq lqlwldo pdmrulw| ri xqvxffhvvixo lqglylgxdov grhv qrw jxdudqwhh/ krzhyhu/ wkh hwhuqdo

vxuylydo ri wkh zhoiduh vwdwh1 Iru vx!flhqwo| kljk glvfrxqw idfwruv/ dqg jlyhq dq lqlwldo

pdmrulw| ri xqvxffhvvixo lqglylgxdov/ wkhuh h{lvw/ lq dgglwlrq/ htxloleuld zkhuh dq| h{lvwlqj

zhoiduh vwdwh lv glvpdqwohg lq/ dw prvw/ wzr shulrgv1 Wkh vxuylydo ri wkh zhoiduh vwdwh lv lq

wklv fdvh d pdwwhu ri vhoi0ixo�oolqj h{shfwdwlrqv1

Dv zh vkdoo vhh/ h{shfwdwlrqv +eholhiv, derxw wkh lghqwlw| ri wkh ixwxuh phgldq yrwhu
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sod| d fuxfldo uroh lq gulylqj vxfk pxowlsolflw|1 Li wkh djhqwv h{shfw wkdw d pdmrulw| ri

vxffhvvixo djhqwv zloo pdwhuldol}h lq wkh qh{w shulrg/ wkdw pdmrulw| lv wkhq h{shfwhg wr

lpsohphqw }hur uhglvwulexwlrq1 Frqyhuvho|/ li wkh| h{shfw d pdmrulw| ri xqvxffhvvixo djhqwv

lq wkh qh{w shulrg/ wkh| h{shfw qh{w shulrg uhglvwulexwlrq wr eh vwulfwo| srvlwlyh1 Zh

dvvxph wkdw lq wkh fdvh ri d wlh/ ehqh�wv duh fkrvhq e| wkh vxffhvvixo djhqwv1 Ehiruh

fkdudfwhul}lqj htxloleuld/ lw lv xvhixo wr glvfxvv vrph jhqhudo surshuwlhv ri wkh h{shfwdwlrqv1

Dffruglqj wr Gh�qlwlrq 4/ h{shfwdwlrqv pxvw eh udwlrqdo/ zklfk lpsrvhv wzr uhvwulfwlrqv1

Iluvw/ lw zrxog eh luudwlrqdo wr eholhyh wkdw wkh rog vxffhvvixo zloo eh lq pdmrulw| qh{w

shulrg li/ lq wkh fxuuhqw shulrg/ yrwhuv vhw e| A �/ vlqfh wkh sulydwh ghflvlrq uxoh zrxog

wkhq lpso| wkdw x|n� @ +4� � . e| . �e|n�, @5 A 4@5= Vhfrqg/ lw zrxog eh luudwlrqdo wr

eholhyh wkdw d pdmrulw| ri xqvxffhvvixo lqglylgxdov zloo pdwhuldol}h lq wkh qh{w shulrg li

wkh fxuuhqw pdmrulw| vhwv e| @ 3/ vlqfh/ wkhq/ x|n� @ +4� � . �e|n�, @5 � 4@5= Zh dvvxph

lq dgglwlrq/ wkdw h{shfwdwlrqv derxw wkh lghqwlw| ri wkh phgldq yrwhu duh �prqrwrqlf�= li

djhqwv eholhyh wkdw e| @ { lqgxfhv x|n� � 4@5> wkhq wkh| pxvw dovr eholhyh wkdw e| ? {

lqgxfhv x|n� � 4@51�.

Jlyhq wkhvh dvvxpswlrqv/ zh fdq vxppdul}h eholhiv derxw wkh lghqwlw| ri wkh ixwxuh

phgldq yrwhu dv d wkuhvkrog ehqh�w ohyho/ ghqrwhg e| � 5 ^3> �`/ vxfk wkdw doo djhqwv h{shfw

wkdw }hur ehqh�wv zloo eh surylghg dw w.4> li dqg rqo| li fxuuhqw uhglvwulexwlrq lv vpdoohu ru

htxdo wr �1 Irupdoo|/ li dqg rqo| li e| � �/ wkh htxloleulxp sulydwh ghflvlrq uxoh dqg srolf|

ixqfwlrq pxvw ihdwxuh/ uhvshfwlyho|/ X +e|, � 4@5 dqg E +X +e|,, @ 3=�H Ilqdoo|/ zh dvvxph

wkdw � lv frqvwdqw ryhu wlph dqg wkh vdph iru doo djhqwv1

Lq wkh uhvw ri wklv vhfwlrq/ zh zloo suryh wkdw/ frqglwlrqdo rq wkh h{lvwhqfh ri dq lqlwldo

pdmrulw| ri rog xqvxffhvvixo djhqwv/ htxloleuld ihdwxulqj wkh vxuylydo ri wkh zhoiduh vwdwh

+�sur0zhoiduh htxloleuld�, duh vxvwdlqhg li wkh zhoiduh vwdwh lv eholhyhg wr eh vx!flhqwo|

urexvw/ l1h1/ iru vx!flhqwo| orz �1 Lqvwhdg/ htxloleuld zkhuh wkh uxolqj rog xqvxffhvvixo yrwh

vwudwhjlfdoo| vr dv wr lqgxfh d ixwxuh srolwlfdo pdmrulw| ri vxffhvvixo djhqwv wkdw zloo yrwh iru

}hur uhglvwulexwlrq +�dqwl0zhoiduh htxloleuld�, duh vxvwdlqhg li wkh zhoiduh vwdwh lv eholhyhg wr

eh vx!flhqwo| �iudjloh�/ l1h1/ iru vx!flhqwo| kljk �1 Lq erwk fdvhv/ wkh eholhiv wkdw ghwhuplqh

sulydwh lqyhvwphqwv dqg srolwlfdo fkrlfhv duh ixo�oohg lq htxloleulxp1

E14 Sur0zhoiduh htxloleuld

Lq wklv vhfwlrq/ zh frqvlghu sur0zhoiduh htxloleuld1 Wkhvh htxloleuld ihdwxuh pxowlsoh vwhdg|0

vwdwhv= li wkh lqlwldo phgldq yrwhu lv xqvxffhvvixo/ wkh zhoiduh vwdwh vxuylyhv iruhyhu1 Li/

lqvwhdg/ wkh lqlwldo phgldq yrwhu lv vxffhvvixo/ qr zhoiduh vwdwh zloo hyhu dulvh1 Uhfdoo wkdw

lqvridu wklv htxloleulxp ghwhuplqhv dq doorfdwlrq zlwk srvlwlyh uhglvwulexwlrq diwhu wkh �uvw

shulrg/ lwv rxwfrph lv qrw Sduhwr rswlpdo1

Hvvhqwldoo|/ wkh htxloleulxp ixqfwlrqv ER� dqg X
R� duh irxqg e| vsolflqj wrjhwkhu wkh

htxlydohqw ixqfwlrqv iurp wkh htxloleulxp xqghu glfwdwruvkls lq Sursrvlwlrq 4 +l1h1/ ER, dqg
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E
_R/ dqg X

R, dqg X
_R,/ dqg vshfli|lqj eholhiv +�, vxfk wkdw qr vzlwfk ri srolwlfdo pdmrulw|

hyhu rffxuv dorqj wkh htxloleulxp sdwk1

Sursrvlwlrq 5 Iru doo � 5 ^3> 4` dqg � � �� +�, 5 +3> �`/ wkhuh h{lvwv d �sur0zhoiduh htxlole0

ulxp� +SZH,/ kER�
> X

R�
l > ihdwxulqj pxowlsoh vwhdg|0vwdwhv/ zlwk wkh iroorzlqj fkdudfwhu0

lvwlfv=

E
R� +x|, @

+
E

_R +x|, A 3 li x| 5
�
�
2
> 4
�

E
R, +x|, @ 3 li x| 5

�
3> �

2

� +<,

X
R� +e|, @

+
X

_R +e|, A
�
2

li e| 5 +�> 4`

X
R, +e|, �

�
2

li e| 5 ^3> �`>
+43,

zkhuh wkh h{suhvvlrq ri �� +�, lv lq wkh surri lq wkh dsshqgl{/ dqg E
_R +x|, >E

R, +x|, > X
_R +e|,

dqg X
R, +e|, duh gh�qhg lq sursrvlwlrq 41

Wkh htxloleulxp odz ri prwlrq/ x|n� @ X
R� +ER� +x|,,/ lpsolhv wkdw wkhuh duh wzr orfdoo|

vwdeoh vwhdg|0vwdwhv>

41 li xf � 3=8/ wkh hfrqrp| frqyhujhv lq rqh shulrg wr d vwhdg|0vwdwh htxloleulxp zlwk

ie> xj @
�
e
R,
> x

R,
�
dv gh�qhg lq sursrvlwlrq 41

51 li 3=8 ? xf � 4/ wkh hfrqrp| frqyhujhv dv|pswrwlfdoo| zlwk dq rvfloodwru| sdwwhuq wr

dq htxloleulxp zlwk ie> xj @
�
e
_R
> x

_R
�
dv gh�qhg lq sursrvlwlrq 41

Iljxuh 5 ghslfwv wkh htxloleulxp srolf| uxoh dqg sulydwh ghflvlrq uxoh +iru/ djdlq/ � @

3=:8> lpso|lqj �x+�, A 4,1 Wkh ohiw0kdqg sdqho vkrzv wkdw/ zkhq x| � 4@5/ wkhqE +x|, @ 3 lq

htxloleulxp1 Dw x| @ 4@5/ wkh srolf| ixqfwlrq lqfuhdvhv glvfrqwlqxrxvo|/ dv wkh xqvxffhvvixo

ehfrph slyrwdo1 Lq idfw/ iru dq lqwhuphgldwh udqjh ri x|/ wkh htxloleulxp srolf| ixqfwlrq

suhvfulehv 433 shufhqw uhglvwulexwlrq/ ehlqj grzqzdug vorslqj wkhuhdiwhu1 Wkh uljkw0kdqg

sdqho ghslfwv wkh sulydwh ghflvlrq uxoh1 D pdmrulw| ri rog xqvxffhvvixo pdwhuldol}hv dw w.4

li dqg rqo| li e| A �= Vlqfh d pdmrulw| ri xqvxffhvvixo dw w.4 zrxog vhw e|n� A 3> zkhuhdv d

pdmrulw| ri rog vxffhvvixo zrxog vhw e|n� @ 3/ wkh sulydwh ghflvlrq uxoh h{klelwv dq xszdug

glvfrqwlqxlw| dw �1

ILJXUH 51 Sur0zhoiduh htxloleulxp

Wklv glvfrqwlqxlw| lpsolhv d glvfuhwh lqfuhdvh lq wkh fxuuhqw wd{ ohyho dw e| @ �1 Wkxv/ wkh

xwlolw| ri wkh rog xqvxffhvvixo lv glvfrqwlqxrxv dw �1 Wkh ohiw kdqg0vlgh ri Iljxuh 6 looxvwudwhv

wklv srlqw/ e| sorwwlqj wkh xwlolw| ri wkh rog xqvxffhvvixo dv d ixqfwlrq ri e> jlyhq x dqg

� +wkh �jxuh ghslfwv � @ 3=:8 dqg x| @ x
_R, dqg iru vx!flhqwo| orz �> dv lq Sursrvlwlrq

51 Irupdoo|/ wkh glvfrqwlqxlw| lv gxh wr e|n� hqwhulqj qhjdwlyho| lq wkh xwlolw| ri wkh rog lq

htxdwlrq +7,1 Dv d uhvxow/ wkh suhihuhqfhv ri wkh phgldq yrwhu duh qrw vlqjoh0shdnhg zlwk
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uhvshfw wr e|= Wkh rog xqvxffhvvixo idfh wkh whpswdwlrq wr yrwh vwudwhjlfdoo| iru e| @ �/ vr dv

wr fkdqjh wkh lghqwlw| ri wkh ixwxuh phgldq yrwhu/ wkhuhe| hqvxulqj wkdw wkh zhoiduh vwdwh

glvdsshduv1 D SZH lv vxvwdlqhg li/ dv lq wkh ohiw0kdqg �jxuh/ wklv vwudwhjlf yrwlqj rswlrq

lv qrw joredoo| rswlpdo/ l1h1/ wkh shdn lq suhihuhqfhv fruuhvsrqglqj wr E
_R+x, |lhogv kljkhu

xwlolw| wkdq wkdw fruuhvsrqglqj wr �= Wklv frqglwlrq pxvw krog iru doo x 5 +3=8> 4`= Qrwh wkh

uroh ri wkh wkuhvkrog �1 Wkh orzhu lv �> wkh kljkhu wkh frvw lq whupv ri iruhjrqh suh0wd{

hduqlqjv +e|, uhtxluhg wr lqgxfh wkh euhdngrzq ri wkh zhoiduh vwdwh dw w. 41 Lqwxlwlyho|/ d

orz � phdqv wkdw djhqwv uhjdug wkh zhoiduh vwdwh dv �urexvw�/ dqg wklqn wkdw rqo| yhu| orz

fxuuhqw uhglvwulexwlrq fdq lqgxfh lwv whuplqdwlrq1

ILJXUH 61 Lqgluhfw xwlolw| ri wkh rog xqvxffhvvixo +� @ 3=:8/ x| @ x
_R,

Wr ixuwkhu judvs wkh lqwxlwlrq/ lw lv xvhixo wr irfxv rq wkh h{wuhph eholhi/ � @ 3= Lq wklv

fdvh/ wkh zhoiduh vwdwh lv h{shfwhg wr euhdn grzq rqo| li fxuuhqw uhglvwulexwlrq lv vhw htxdo

wr }hur1 Exw wklv fdqqrw rffxu lq htxloleulxp/ vlqfh wklv zrxog lpso| }hur qhw hduqlqjv

iru wkh rog xqvxffhvvixo1 Wklv h{sodlqv zk|/ iru dq| �/ wkhuh h{lvw eholhiv +l1h1/ d udqjh ri

vx!flhqwo| orz �, vxvwdlqlqj wkh vxuylydo ri wkh zhoiduh vwdwh1

Sursrvlwlrq 5 lpsolhv wkdw erwk uhglvwulexwlyh srolflhv +e, dqg wkhlu h�hfw rq yrwhuv*

glvwulexwlrq +x, whqg wr eh shuvlvwhqw1 Dq h{lvwlqj zhoiduh vwdwh fdq lq idfw uhjhqhudwh

lwv srolwlfdo vxssruw dqg vxuylyh lq wkh orqj uxq1 Krzhyhu/ zlwkrxw dq lqlwldo pdmrulw|

lq idyru ri uhglvwulexwlrq/ wkh zhoiduh vwdwh zrxog qhyhu dulvh1 Lw lv srvvleoh wr dffrxqw

iru wkh fuhdwlrq +dv rssrvhg wr vxuylydo, ri wkh zhoiduh vwdwh e| lqwurgxflqj lq wkh prgho

djjuhjdwh vkrfnv d�hfwlqj wkh pdsslqj iurp wkh lqglylgxdo hgxfdwlrqdo h�ruw fkrlfh wr

wkh djjuhjdwh sursruwlrq ri xqvxffhvvixo1 Iru lqvwdqfh/ zh kdyh vhhq wkdw d pdmrulw| ri

vxffhvvixo zrxog whqg wr uhjhqhudwh lwvhoi/ vlqfh wkh devhqfh ri d zhoiduh vwdwh lqgxfhv kljk

lqyhvwphqwv1 Qhyhuwkhohvv/ d vx!flhqwo| qhjdwlyh vkrfn zrxog lpso| d fkdqjh ri pdmrulw|/

iurp vxffhvvixo wr xqvxffhvvixo1 Wkh Juhdw Ghsuhvvlrq fdq eh lqwhusuhwhg dv d rqfh0dqg0

iru0doo vkrfn wkdw lpsryhulvkhg d vx!flhqwo| odujh vkduh ri wkh yrwhuv vr dv wr lqfuhdvh wkh

srolwlfdo vxssruw wr uhglvwulexwlyh surjudpv1 Wkhq/ wkh phfkdqlvp ghvfulehg e| Sursrvlwlrq

5 zrxog h{sodlq wkh shuvlvwhqfh ri vxfk surjudpv1�b

Wr frqfoxgh wkh glvfxvvlrq ri sur0zhoiduh htxloleuld/ zh h{dplqh wkh uroh ri udwlrqdo yrw0

lqj1 Li djhqwv yrwhg p|rslfdoo|/ dffruglqj wr rxu gh�qlwlrq lq vhfwlrq LL/ wkhuh zrxog/ iru doo

�/ h{lvw dq htxloleulxp txdolwdwlyho| vlplodu wr wkh SZH ri Iljxuh 51 Lw zrxog h{klelw pxo0

wlsoh vwhdg|0vwdwhv dqg/ li xf A 3=8> e| dqg x| zrxog frqyhujh zlwk dq rvfloodwru| sdwwhuq wr

d vwhdg|0vwdwh zlwk srvlwlyh uhglvwulexwlrq1 Wklv vwhdg|0vwdwh zrxog/ krzhyhu/ ihdwxuh ohvv

uhglvwulexwlrq dqg d orzhu sursruwlrq ri xqvxffhvvixo lq vwhdg|0vwdwh wkdq xqghu udwlrqdo

yrwlqj1 Wkh shufhlyhg lqfuhdvh lq fxuuhqw wd{hv gxh wr dq lqfuhdvh lq fxuuhqw uhglvwulexwlrq/

lv vpdoohu iru udwlrqdo yrwhuv wkdq iru p|rslf yrwhuv1 Wklv lv vr ehfdxvh udwlrqdo yrwhuv

46



xqghuvwdqg wkdw/ e| lqfuhdvlqj fxuuhqw uhglvwulexwlrq/ wkh| lqfuhdvh wkh sursruwlrq ri xq0

vxffhvvixo djhqwv qh{w shulrg1 Wklv lpsolhv d orzhu ghpdqg iru uhglvwulexwlrq lq wkh qh{w

shulrg +uhfdoo wkdw wkh srolf| ixqfwlrq E +x, lv/ lq wkh uhohydqw udqjh/ grzqzdug vorslqj/

vr wkdw e|n� idoov zkhq x|n� lqfuhdvhv,/ zklfk orzhuv wkh qxpehu ri |rxqj ehqh�fldulhv

dqg/ wkhuhiruh/ fxuuhqw wd{hv1 P|rslf yrwhuv ljqruh wklv h�hfw dqg duh wkhuhiruh ohvv surqh

wr fkrrvh kljk uhglvwulexwlrq1 Lq wklv vhqvh/ wkh udwlrqdo yrwhuv xvh fxuuhqw uhglvwulexwlrq

vwudwhjlfdoo| vr dv wr pdqlsxodwh ixwxuh uhglvwulexwlrq12f

E15 Dqwl0zhoiduh htxloleuld

Vr idu/ zh kdyh dqdo|}hg htxloleuld zkhuh dq h{lvwlqj zhoiduh vwdwh vxuylyhv1 Lq wklv vhfwlrq/

zh vkrz wkdw iru � vx!flhqwo| odujh wkhuh h{lvw rwkhu udwlrqdo h{shfwdwlrqv htxloleuld zlwk

eholhiv vxfk wkdw wkh zhoiduh vwdwh euhdnv grzq lq �qlwh wlph +l1h1 lq rqh ru wzr shulrgv,1

Lq vxfk htxloleuld/ wkh rog xqvxffhvvixo yrwh vwudwhjlfdoo| vr dv wr fkdqjh wkh lghqwlw| ri wkh

ixwxuh phgldq yrwhu/ wkhuhe| hqvxulqj wkdw wkh zhoiduh vwdwh glvdsshduv1 Zh zloo dovr vkrz

wkdw/ dv orqj dv � ? 4/ qr p|rslf yrwlqj htxloleulxp ihdwxulqj wkh euhdngrzq ri dq h{lvwlqj

zhoiduh vwdwh h{lvwv1 Wkxv/ wkh uhvxowv ri wklv vhfwlrq klqjh rq udwlrqdo iruzdug0orrnlqj

yrwlqj1

Wkhvh htxloleuld duh odehohg �dqwl0zhoiduh htxloleuld� +DZH,1 Wkhlu h{dfw fkdudfwhul}d0

wlrq/ lqfoxglqj d frpsohwh vhw ri frqglwlrqv iru wkhlu h{lvwhqfh/ lv surylghg lq Sursrvlwlrq

6/ ghihuuhg wr wkh dsshqgl{1 Zh vxppdul}h khuh wkh pdlq �qglqjv1 Wkhuh duh wzr w|shv

ri htxloleuld/ ghshqglqj rq wkh glvfrxqw idfwru/ �/ dqg eholhiv/ �= Lq rqh w|sh/ wkh zhoiduh

vwdwh lv whuplqdwhg lq rqh shulrg/ zkhuhdv lq wkh rwkhu lw pd| eh whuplqdwhg lq hlwkhu rqh

ru wzr shulrgv1 Zh qrz glvfxvv wkhvh wzr fdvhv vhsdudwho|1

Wkh wzr xsshu sdqhov lq �jxuh 7 looxvwudwh htxloleuld zlwk d euhdn0grzq ri wkh zhoiduh

vwdwh lq rqh shulrg1 Wkhvh htxloleuld uhtxluh kljk glvfrxqw idfwruv dqg vx!flhqwo| odujh �1

Lq wklv fdvh/ wkh zhoiduh vwdwh lv whuplqdwhg lq rqh shulrg/ dqg wkh htxloleulxp srolf| uxoh

dqg sulydwh ghflvlrq uxoh duh dv iroorzv +vhh dovr sduw 4 ri Sursrvlwlrq 6 lq wkh dsshqgl{,=

E
@� +x|, @

+
� li x| A 4@5

3 li x| 5
�
3> �

2

� +44,

X
@� +e|, @

+
�
2 +4� � . �� . e|, li e| A �

X
R, +e|, hovh/

+45,

zkhuh XR, +e|, lv gh�qhg lq Sursrvlwlrq 41 Qrwh wkdw/ li x| � 4@5/ wkh DZH srolf| ixqfwlrq

lv dv lq d SZH1 Li x| A 4@5> krzhyhu/ wkh srolf| ixqfwlrq suhvfulehv e| @ �/ l1h1/ ehqh�wv duh

vhw htxdo wr wkh kljkhvw ohyho wkdw fdq lqgxfh x|n� � 4@51 Dffruglqjo|/ wkh sulydwh ghflvlrq

uxoh lv glvfrqwlqxrxv dw �1 Dv �jxuh 7 vkrzv/ li/ dw wlph }hur/ wkh rog xqvxffhvvixo duh lq

pdmrulw|/ wkhq/ jlyhq wkh srolf| ixqfwlrq dqg eholhiv/ wkh| �qg lw rswlpdo wr vhw ef @ � dqg

lqgxfh wkh vzlwfk ri pdmrulw|1 Wkh xqvxffhvvixo lq pdmrulw| dw wlph rqh/ wkhq/ fkrrvh e� @ 3
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dqg whuplqdwh wkh zhoiduh vwdwh1 Wkh vhtxhqfh ri htxloleulxp uhglvwulexwlrq lv/ wkhuhiruh/

ef @ �/ dqg e| @ 3> ;w A 312� Wkh h{shfwdwlrq ri }hur ixwxuh uhglvwulexwlrq lqgxfhv wkh

|rxqj wr h{huw kljk lqyhvwphqw/ zklfk lq wxuq ohdgv wr d orz ghshqghqf| udwlr/ judqwlqj

orz wd{hv lq wkh �uvw shulrg1

ILJXUH 7 KHUH

Wkh uljkw kdqg0vlgh ri Iljxuh 6 uhsuhvhqwv wkh xwlolw| ri wkh rog xqvxffhvvixo dv d ixqfwlrq

ri e> jlyhq wkh vdph ydoxhv ri x dqg � dv lq wkh ohiw kdqg0vlgh sdqho/ exw iru gl�huhqw eholhiv/

vr dv wr eh frqvlvwhqw zlwk htxdwlrqv +44,0+45,1 Lq sduwlfxodu/ � lv odujhu/ lpso|lqj wkdw

djhqwv uhjdug wkh zhoiduh vwdwh dv pruh �iudjloh� dqg eholhyh wkdw d vzlwfk ri pdmrulw| zloo

rffxu iru d odujhu udqjh ri fxuuhqw uhglvwulexwlrq srolflhv/ e= Dv ehiruh/ wkh h�ruw fkrlfh

ri wkh |rxqj idoov glvfrqwlqxrxvo| dw e @ �1 Exw/ khuh/ wkh joredo pd{lpxp rffxuv dw

e @ �= Wkh DZH zlwk vzlwfk lq rqh shulrg lv vxvwdlqhg li e| @ � lv wkh joredo pd{lpxp

iru doo x| 5 ^3=8> 4`= Qdpho|/ jlyhq wkh sulydwh ghflvlrq uxoh/ X@� +e,/ dq| pdmrulw| ri rog

xqvxffhvvixo zloo �qg lw rswlpdo wr lqgxfh wkh euhdngrzq ri wkh zhoiduh vwdwh1 Wkh eholhi wkdw

wkh zhoiduh vwdwh lv �iudjloh� +kljk �, lv fuxfldo lq pdnlqj dwwudfwlyh iru wkh rog xqvxffhvvixo

wr lqgxfh wkh euhdngrzq1

Dq lqwhuhvwlqj revhuydwlrq lv wkdw/ jlyhq sdudphwhuv/ DZH zlwk vzlwfk lq rqh shulrg

Sduhwr0grplqdwh SZH/ dw ohdvw iru hfrqrplhv vwduwlqj dw wkh vwhdg| vwdwh ri d SZH/

xf @ x
_R122 Dq| frruglqdwlrq ghylfh lqgxflqj wkh |rxqj wr eholhyh wkdw wkh zhoiduh lv

vx!flhqwo| iudjloh zrxog lpsuryh wkh zhoiduh ri doo djhqwv lq wkh vrflhw|/ lqfoxglqj wkh h{0

dqwh xwlolw| ri doo ixwxuh jhqhudwlrqv1 Wklv uhvxow fdq eh uhodwhg wr wkh ghedwh rq vr0fdoohg

��vfdo lqfuhdvlqj uhwxuqv�1 Lw kdv ehhq dujxhg +h1j1/ Eodqfkdug dqg Odzuhqfh K1 Vxpphuv/

4<;:, wkdw oderu pdunhw uhirupv vxfk dv uhgxfwlrqv lq wkh edujdlqlqj vwuhqjwk ri lqvlghuv/

ru orzhu uhsodfhphqw udwlrv/ pd| ohdg/ lq kljk xqhpsor|phqw hfrqrplhv/ wr h!flhqf| jdlqv

wkdw duh vr odujh wkdw hyhq wkh jurxsv wkdw vx�hu d uhgxfwlrq lq wkhlu suh0wd{ hduqlqjv

zrxog ehqh�w iurp wkh uhirupv lq diwhu0wd{ whupv1 Lq rwkhu zrugv/ hfrqrplhv pd| jhw

vwxfn lq edg htxloleuld dorqj wkh ghfolqlqj vlgh ri wkh Od�hu fxuyh1 Lq rxu prgho/ htxloleuld

zlwk lqh!flhqwo| kljk wd{hv duh wkh rxwfrph ri h{shfwdwlrqdo wudsv= xqghu sur0zhoiduh

h{shfwdwlrqv/ d v|vwhp ri lqh!flhqw uhglvwulexwlrq lv eholhyhg wr eh yhu| urexvw/ dqg sulydwh

dqg sxeolf ghflvlrqv uhlqirufh hdfk rwkhu lq vxvwdlqlqj d Sduhwr0lqihulru rxwfrph1 Fkdqjhv

lq h{shfwdwlrqv +�, pd| ohdg wkh vrflhw| wr d vxshulru rxwfrph1

Lw lv lpsruwdqw wr hpskdvl}h wzr h�hfwv gulylqj wklv uhvxow1 Iluvw/ fxuuhqw ehqh�wv kdyh

d gluhfw lpsdfw rq wkh jryhuqphqw exgjhw wkdw lqfoxghv d vwdwlf glvwruwlrqdu| h�hfw +� | lv

lqfuhdvlqj dqg frqyh{ lq e|> vhh htxdwlrq +6,,1 Krzhyhu/ lq rxu prgho/ wklv vwdqgdug h�hfw

zrxog qrw eh vx!flhqw wr lqgxfh wkh phgldq yrwhu +zkr/ uhfdoo/ lv d qhw uhflslhqw ri fxuuhqw

wudqvihuv, wr vhw e wr d ohyho orz hqrxjk wr lqgxfh d vzlwfk ri pdmrulw|1 Wkh vhfrqg idfwru/

zklfk uhlqirufhv wkh suhylrxv h�hfw/ lv wkh ghshqghqfh ri ixwxuh uhglvwulexwlrq rq fxuuhqw

uhglvwulexwlrq1 Udwlrqdo yrwhuv xqghuvwdqg wkdw/ e| yrwlqj iru orzhu ehqh�wv wrgd|/ wkh|
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fdq wuljjhu d fkdqjh lq wkh lghqwlw| ri wkh ixwxuh phgldq yrwhu/ dqg lqgluhfwo| uhgxfh ixwxuh

ehqh�wv dqg fxuuhqw wd{hv1 Wklv lqgluhfw h�hfw lqfuhdvhv wkh jdlq iurp uhvwudlqlqj e|1

Udwlrqdo g|qdplf yrwlqj duh lpsruwdqw iru wkh h{lvwhqfh ri pxowlsoh htxloleuld1 Irupdoo|/

iru dq| � ? 4> qr p|rslf yrwlqj htxloleulxp ihdwxulqj wkh whuplqdwlrq ri dq h{lvwlqj zhoiduh

vwdwh zrxog h{lvw1 Wr frqvwuxfw d frqwudglfwlrq/ frqvlghu d fdqglgdwh p|rslf htxloleulxp

zkhuh djhqwv dw wlph }hur wdnh dv sdudphwulf/ �e| @ 3 iru doo w A 31 Wkh rog xqvxffhvvixo zrxog

wkhq fkrrvh ef vr dv wr pd{lpl}h Y
J�+ef>�e�> x|, @ ef �

�
+4� �, .

�
ef . ��e�

�
. 5xf

�
ef@7/

jlyhq �e� @ 3= Wkh vroxwlrq |lhogv ef @ plq
�
�
2
. �

2
� � xf> 4

�
1 Exw wklv ohyho ri uhglvwulexwlrq

lv lqfrqvlvwhqw zlwk d pdmrulw| ri rog xqvxffhvvixo dw wlph w @ 4/ vlqfh

X
�
efm

�e� @ 3
�
@

4� � .plq
�
�
2
. �

2
� � xf> 4

�
5

A
4

5

iru dq| � ? 412� Wkxv/ wkh h{shfwdwlrq wkdw e� @ 3 lv qrw udwlrqdo/ dqg d p|rslf yrwlqj DZH

grhv qrw h{lvw1 Lqwxlwlyho|/ p|rslf yrwhuv gr qrw uhfrjql}h wkdw wkh| qhhg wr uhvwudlq wkhlu

ghpdqg iru fxuuhqw uhglvwulexwlrq lq rughu wr whuplqdwh wkh zhoiduh vwdwh1 Wkh h{shfwdwlrq

ri }hur ixwxuh uhglvwulexwlrq zrxog/ rq wkh frqwudu|/ lqgxfh wkhp wr ghpdqg d yhu| kljk

ohyho ri uhglvwulexwlrq lq wkh fxuuhqw shulrg/ vr wkdw qr vzlwfk ri pdmrulw| zrxog pdwhuldol}h1

Ilqdoo|/ ohw xv glvfxvv wkh rwkhu w|sh ri htxloleuld/ zkhuh wkh vzlwfk ri pdmrulw| dqg wkh

hqg ri wkh zhoiduh vwdwh pd| rffxu lq hlwkhu rqh ru wzr shulrgv/ ghshqglqj rq wkh lqlwldo

vwdwh1 Vx!flhqw frqglwlrqv iru vxfk htxloleuld wr eh vxvwdlqhg duh surylghg lq sduw 5 ri

Sursrvlwlrq 6 lq wkh dsshqgl{1 Lq vkruw/ wkhvh htxloleuld duh vxvwdlqhg iru lqwhuphgldwh

ydoxhv ri � dqg �1 Dq h{dpsoh lv ghslfwhg lq wkh wzr orzhu sdqhov ri Iljxuh 712e Wkh pdlq

fkdqjh/ uhodwlyh wr wkh rwkhu fdvh/ lv wkh h{lvwhqfh ri d udqjh ri lqwhuphgldwh ohyhov ri lqlwldo

rog xqvxffhvvixo/ x 5 +4@5> ax,/ zkhuh wkh rog xqvxffhvvixo lq pdmrulw| fkrrvh 433 shufhqw

uhglvwulexwlrq1 Lq wklv fdvh/ wkh vhtxhqfh ri htxloleulxp uhglvwulexwlrq lv= ef @ 4/ e� @ �/

dqg e| @ 3 ;w A 41 Irupdoo|/ wkh htxloleulxp srolflhv duh jlyhq e|>

E
@� +x|, @

;A?
A=

� li x| � ax +�> �,

4 li x| 5
�
�
2
> ax +�> �,

�
3 li x| 5

�
3> �2

� +46,

X
@� +e|, @

+
�
2
+4� � . ��. e|, A

�
2

li e| A �

X
R, +e|, �

�
2

li e| � �=
+47,

Wkh lqwxlwlrq iru DZH zlwk vzlwfk lq wzr shulrgv lv wkh iroorzlqj1 Vlqfh wkh frvw

ri uhglvwulexwlrq/ � |@e|> lv lqfuhdvlqj zlwk x|/ vhwwlqj e| @ � lv rswlpdo/ iru d udqjh ri

odujh x1 Wklv rshqv xs d qhz vwudwhjlf rssruwxqlw| iru hfrqrplhv vwduwlqj rxw zlwk dq

lqwhuphgldwh x +xf 5 +4@5> ax +�> �,,/ vhh Iljxuh 7,1 Qdpho|/ wkh phgldq yrwhu fkrrvhv

433 shufhqw uhglvwulexwlrq dqg lqgxfhv/ lq wkh qh{w shulrg/ d pdmrulw| ri rog xqvxffhvvixo

+x� 5 ^ax +�> �, > 4`, zklfk zloo vhw e @ � dqg zklfk/ lq wxuq/ zloo lqgxfh wkh euhdngrzq ri

wkh zhoiduh vwdwh wzr shulrgv dkhdg1
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Lq vxppdu|/ wkh suhylrxv uhvxowv lpso|/ mrlqwo|/ wkdw pxowlsoh vhoi0ixo�oolqj htxloleuld

h{lvw zkhq x| A 3=8/ surylghg wkdw � lv qrw wrr vpdoo1 Lq rqh ri wkhvh htxloleuld/ wkh

zhoiduh vwdwh vxuylyhv/ zkloh lw lv whuplqdwhg lq wkh rwkhuv1 Qr DZH h{lvwv zkhq � lv

vx!flhqwo| vpdoo1 Wkh uhdvrq lv wkdw vwudwhjlf yrwlqj frqvlghudwlrqv ehfrph ohvv lpsruwdqw

zkhq djhqwv glvfrxqw wkh ixwxuh pruh kljko|/ vlqfh sulydwh lqyhvwphqwv ehfrph ohvv vhqvlwlyh

wr h{shfwdwlrqv derxw ixwxuh srolwlfdo ghflvlrqv1 Lq idfw/ p|rslf yrwlqj dqg udwlrqdo yrwlqj

htxloleuld frlqflgh iru � @ 31

LLL Zdjh lqhtxdolw| dqg srolwlfdo vxssruw iru wkh Zhoiduh

Vwdwh

Lq wklv vhfwlrq/ zh dqdo|}h wkh h�hfwv ri fkdqjhv lq suh0wd{ lqhtxdolw| rq wkh srolwlfdo

htxloleulxp1 Wr wklv hqg/ zh h{whqg wkh prgho e| doorzlqj wkh zdjh ri wkh vxffhvvixo

djhqwv/ z/ wr gl�hu iurp xqlw|1 Qrwh wkdw z sdudphwhul}hv wkh ghjuhh ri whfkqrorjlfdo

lqhtxdolw| � d odujh z lpsolhv odujh lqhtxdolw|1 Wkh devroxwh zdjh ohyho kdv qr h�hfw rq

wkh htxloleulxp ri rxu olqhdu prgho/ zklfk mxvwl�hv pdlqwdlqlqj wkh qrupdol}dwlrq wkdw wkh

zdjh ri wkh xqvxffhvvixo djhqwv lv htxdo wr }hur1 Ixuwkhupruh/ e| qrz ghqrwhv wkh ehqh�w

udwh/ zklfk lpsolhv wkdw xqvxffhvvixo djhqwv hduq d ehiruh0wd{ lqfrph ri e|z> dqg wkdw wkh

frqvwudlqw e| 5 ^3> 4` lv pdlqwdlqhg1

Wkh rswlpdo h�ruw fkrlfh lq wklv h{whqvlrq lpsolhv

x|n� @ 4� h
W

| @
4

5
pd{ i+5� +4 . �,z . e|z . �e|n�z, > 3j >

zkhuh wkh frqvwudlqw x|n� � 3 lv qhyhu elqglqj li z � 4= Wkh wd{ udwh frqvlvwhqw zlwk wkh

edodqfhg jryhuqphqw exgjhw frqvwudlqw lv � | @
�

2
+x|n� . x|,ze|1

Lw fdq lpphgldwho| eh hvwdeolvkhg wkdw wkh srolwlfdo htxloleulxp qhfhvvdulo| ihdwxuhv d

zhoiduh vwdwh dv orqj dv z ? 4@ +4 . �,1 Lq wklv fdvh/ jlyhq dq| lqlwldo x|> x|n� A 4@5

luuhvshfwlyh ri wkh uhglvwulexwlrq srolf| fkrvhq e| wkh �uvw jhqhudwlrq/ dqg wkh xqvxffhvvixo

duh dozd|v lq pdmrulw| iurp wkh vhfrqg shulrg dqg rqzdugv1 Wkxv/ wkh htxloleulxp ihdwxuhv d

xqltxh vwhdg|0vwdwh fkdudfwhul}hg e| srvlwlyh uhglvwulexwlrq/ luuhvshfwlyh ri lqlwldo frqglwlrqv

ru h{shfwdwlrqv1

Iru d udqjh ri lqwhuphgldwh ydoxhv ri z/ wkh htxloleulxp ihdwxuhv pxowlsoh vwhdg|0vwdwhv/

dqg wkh zhoiduh vwdwh qhyhu dulvhv li xf � 4@5/ zkloh lw vxuylyhv shushwxdoo| li xf A 4@51 Dq

h{whqvlrq ri wkh dujxphqw ri Sursrvlwlrq 5 hqvxuhv wkdw wkhuh grhv qrw h{lvw dq dqwl0zhoiduh

htxloleulxp iru wklv lqwhuphgldwh udqjh ri zdjh lqhtxdolw|/ l1h1 d pdmrulw| ri xqvxffhvvixo

djhqwv gr qrw vwudwhjlfdoo| kdqg ryhu srzhu wr wkh qh{w jhqhudwlrq ri vxffhvvixo lqglylgxdov1

Qh{w/ iru dqrwkhu udqjh ri lqwhuphgldwh/ odujhu ydoxhv ri z/ wkhuh h{lvw erwk dq htxloleulxp

ihdwxulqj wkh euhdngrzq ri wkh zhoiduh vwdwh dqg rqh ihdwxulqj lwv shushwxdo vxuylydo/ dv

dqdo|}hg lq Vhfwlrq E15 +uhfdoo wkdw li z @ 4/ wkhq wkhuh h{lvw pxowlsoh htxloleuld/ surylghg
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wkdw � lv vx!flhqwo| odujh,1 Ilqdoo|/ iru vx!flhqwo| odujh ydoxhv ri z> wkhuh h{lvwv qr

htxloleulxp ihdwxulqj d Zhoiduh Vwdwh iru pruh wkdq rqh shulrg1
2D

Dv vxjjhvwhg e| wklv glvfxvvlrq/ wkh prgho pdnhv suhglfwlrqv derxw wkh h�hfw ri whfkqrorj|0

gulyhq fkdqjhv lq zdjh lqhtxdolw|1 Dvvxph/ iru lqvwdqfh/ wkdw wkhuh lv dq xqh{shfwhg shu0

pdqhqw lqfuhdvh lq wkh suhplxp wr hgxfdwlrq1 Dv d uhvxow/ djhqwv lqfuhdvh wkhlu lqyhvwphqw

lq hgxfdwlrq dqg d odujhu sursruwlrq zloo/ h{0srvw/ eh rssrvhg wr uhglvwulexwlrqdo srolflhv1

Wkxv/ wkh lqlwldo lpsdfw ri whfkqrorjlfdo lqhtxdolw| lv pdjql�hg e| uhgxfhg vxssruw iru

wkh zhoiduh vwdwh12S Wklv suhglfwlrq ri wkh prgho lv lq olqh zlwk lpsruwdqw hyhqwv fkdu0

dfwhul}lqj wkh odvw txduwhu ri wkh 53wk fhqwxu|1 Wkh vnloo0eldvhg whfkqlfdo fkdqjh wkdw/ dv

grfxphqwhg e| d qxpehu ri dxwkruv/ vwduwhg lq wkh 4<:3*v +vhh/ dprqj rwkhuv/ Odzuhqfh

I1 Ndw} dqg Nhylq P1 Pxusk|/ 4<<5,/ zdv iroorzhg e| wkh hohfwrudo vxffhvv ri frqvhuyd0

wlyh jryhuqphqwv/ zkrvh srolwlfdo sodwirup lqfoxghg d uhgxfwlrq ri wkh uhglvwulexwlyh uroh ri

jryhuqphqwv/ hvshfldoo| lq Dqjor0Vd{rq frxqwulhv1 Lw lv lqwhuhvwlqj wr revhuyh wkdw qrw doo

lqgxvwuldol}hg frxqwulhv zhqw wkurxjk vlplodu srolwlfdo fkdqjhv/ wkrxjk1 Wklv revhuydwlrq lv

frqvlvwhqw zlwk wkh dujxphqw ri rxu sdshu iru wzr uhdvrqv1 Iluvw/ zh suhglfw wkdw pxowlsoh

vhoi0ixo�oolqj h{shfwdwlrqv h{lvw1 Dv d pdwwhu ri idfw/ wkh lqyhvwphqw lq hgxfdwlrq lqfuhdvhg

pruh lq wkh Xqlwhg Vwdwhv wkdq lq frqwlqhqwdo Hxursh/ zklfk lv frqvlvwhqw zlwk wkh h{shfwd0

wlrq ri ohvv ixwxuh uhglvwulexwlrq lq wkh X1V1 wkdq lq Hxursh1
2.

Vhfrqg/ li rwkhu lqvwlwxwlrqv

+h1j1/ xqlrqv, frpsuhvv wkh zdjh vwuxfwxuh dqg suhyhqw wkh surgxfwlylw| gl�huhqfhv iurp

jlylqj ulvh wr odujh zdjh lqhtxdolwlhv/ wkh lqyhvwphqw lqfhqwlyhv gr qrw fkdqjh vljql�fdqwo|/

dqg wkh frqvwlwxhqf| iru wkh zhoiduh vwdwh grhv qrw gu| xs lq frxqwulhv zkhuh wkhvh lqvwl0

wxwlrqv duh hvwdeolvkhg1 Wklv fdq h{sodlq zk| frxqwulhv h{shulhqflqj d orzhu lqfuhdvh lq

suh0wd{ lqhtxdolw| dovr uhiruphg wkhlu zhoiduh vwdwh lqvwlwxwlrqv ohvv udglfdoo|1

Ilqdoo|/ lq rxu vw|ol}hg prgho/ doo djhqwv duh h{0dqwh lghqwlfdo dqg wkhuh lv qr frqvwudlqw

suhyhqwlqj djhqwv iurp pdnlqj dq hgxfdwlrqdo lqyhvwphqw1 Lq uhdolw|/ djhqwv gl�hu lq erwk

delolw| dqg wkh h{whqw wr zklfk fdslwdo pdunhw lpshuihfwlrqv uhvwudlq wkhlu hgxfdwlrqdo

fkrlfh1 Li zh h{whqg wkh prgho lq wklv glphqvlrq/ lw lv fohdu wkdw orz0vnloo ru srru djhqwv

zkr fdqqrw lqfuhdvh wkhlu hgxfdwlrqdo h�ruw duh ghvwlqhg wr vx�hu iurp erwk wkh lqfuhdvlqj

uhodwlyh ghpdqg iru vnloov dqg wkh lqgxfhg orvv ri frqvwlwxhqf| iru wkh zhoiduh vwdwh1

LY Frqfoxvlrq

Lq wklv sdshu/ zh kdyh dqdo|}hg wkh g|qdplfv ri uhglvwulexwlrq xqghu uhshdwhg yrwlqj/

dvvxplqj djhqwv wr eh ixoo| udwlrqdo dqg iruzdug0orrnlqj1 Iroorzlqj suhylrxv uhvhdufk/ zh

kdyh uhvwulfwhg wkh dwwhqwlrq wr Pdunry shuihfw htxloleuld1 Lq frqwudvw wr prvw suhylrxv

sdshuv/ krzhyhu/ zh kdyh surylghg dqdo|wlfdo vroxwlrqv1

Rxu wkhru| vkrzv wkdw wkh srolwlfdo vxssruw iru glvwruwlrqdu| uhglvwulexwlrq fdq shuvlvw

ryhu wlph/ hyhq lq d zruog zkhuh djhqwv gr qrw dwwdfk dq| h{0dqwh ydoxh wr uhglvwulexwlrq1

Wklv dulvhv iurp djhqwv pdnlqj luuhyhuvleoh kxpdq fdslwdo lqyhvwphqwv zklfk vkdsh wkhlu
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vxevhtxhqw srolwlfdo suhihuhqfhv1 Wkxv/ d rqfh0dqg0iru0doo vkrfn fdq wuljjhu shupdqhqw

fkdqjhv lq wkh vl}h ri jryhuqphqwv +h1j1/ wkh Juhdw Ghsuhvvlrq,1 \hw/ rxu sdshu dovr vkrzv

wkh srvvlelolw| ri uhyhuvdov1 Wklv srvvlelolw| lv lqwulqvlfdoo| dvvrfldwhg zlwk wkh iruzdug0

orrnlqj qdwxuh ri wkh srolwlfdo surfhvv +g|qdplf yrwlqj,1 Li djhqwv eholhyh wkdw wkh euhdn0

grzq ri wkh zhoiduh vwdwh lv srvvleoh/ wkh| yrwh vwudwhjlfdoo| vr dv wr lqgxfh/ lq wkh ixwxuh/ d

fkdqjh lq wkh lghqwlw| ri wkh phgldq yrwhu dqg wkh hqg ri wkh zhoiduh vwdwh1 Wkh prgho dovr

vkrzv zkhq vxfk uhyhuvdov duh pruh olnho|1 Lq sduwlfxodu/ lqfuhdvlqj zdjh +surgxfwlylw|,

lqhtxdolw| gulyhq e| whfkqrorjlfdo idfwruv whqg wr xqghuplqh udwkhu wkdq vwuhqjwkhq wkh

zhoiduh vwdwh1 Wklv suhglfwlrq lv frqvlvwhqw zlwk wkh vfdolqj grzq ri uhglvwulexwlyh srolflhv

wkdw kdv ehhq revhuyhg/ hvshfldoo| lq Dqjor0Vd{rq frxqwulhv/ lq wkh 4<;3*v1

Zh eholhyh wkdw rxu dssurdfk fdq eh iuxlwixoo| dssolhg wr d ydulhw| ri duhdv ri uhvhdufk1 Lq

sduwlfxodu/ lw frxog eh lqwhjudwhg lqwr wkh hfrqrplfv ri wudqvlwlrq dqg lqwr srvlwlyh dqdo|vlv

ri frqvwlwxwlrqv1 Pruh lq jhqhudo/ zh krsh wkdw lw fdq frqwulexwh wr wkh ghyhorsphqw ri

g|qdplf pdfurhfrqrplf prghov hpehgglqj srolwlfr0hfrqrplf dvshfwv1

Lq vrph uhodwhg zrun lq surjuhvv +Kdvvohu hw do1/ 5334,/ zh lqwurgxfh ulvn0dyhuvlrq/

doorzlqj iru dq lqvxudqfh prwlyh lq uhglvwulexwlrq surjudpv1 Zh dovr h{soruh dowhuqdwlyh

srolwlfdo phfkdqlvpv/ ihdwxulqj pruh srolwlfdo lq xhqfh iru plqrulwlhv1 Lq ixwxuh zrun/ zh

dovr sodq wr lqyhvwljdwh zkhwkhu wkh srolwlfdo phfkdqlvp fdq dpsoli| whfkqrorjlfdo vkrfnv

dqg jhqhudwh shuvlvwhqfh dw exvlqhvv f|fohv iuhtxhqflhv1 Ilqdoo|/ zh sodq wr dqdo|}h srolflhv

wkdw glvfulplqdwh ehwzhhq lqwhu0 dqg lqwud0jhqhudwlrqdo uhglvwulexwlrq vxfk dv djh0ghshqghqw

vxevlglhv ru sxeolf ghew1
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Uhihuhqfhv

Dfhprjox/ Gdurq dqg Mdphv D1 Urelqvrq/ �Zk| Glg wkh Zhvw H{whqg wkh IudqfklvhB

Ghprfudf|/ Lqhtxdolw| dqg Jurzwk lq Klvwrulfdo Shuvshfwlyh/� Txduwhuo| Mrxuqdo ri

Hfrqrplfv/ Qryhupehu 5333/ 448/ 449:�<<1

dqg / �D Wkhru| ri Srolwlfdo Wudqvlwlrqv/� Dphulfdq Hfrqrplf Uhylhz/ 5334/ <4

+7,/ <6;�961

/ Sklolssh Djklrq/ dqg Jlrydqql O1 Ylrodqwh/ �Ghxqlrql}dwlrq/ Whfkqlfdo Fkdqjh

dqg Lqhtxdolw|/� Fduqhjlh0Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 5334/ 88/ 55<�

971

Djklrq/ Sklolssh dqg Rolylhu M1 Eodqfkdug/ �Rq wkh Vshhg ri Wudqvlwlrq lq Fhqwudo

Hxursh/� QEHU pdfurhfrqrplfv dqqxdo/ 4<<7/ ss1 5;6�6531 Fdpeulgjh/ PD= PLW

Suhvv1

Dohvlqd/ Doehuwr dqg Gdql Urguln/ �Glvwulexwlyh Srolwlfv dqg Hfrqrplf Jurzwk/�

Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Pd| 4<<7/ 43< +5,/ 798�7<31

Eduur/ Urehuw M1 dqg Mrqj0Zkd Ohh/ �Lqwhuqdwlrqdo Frpsdulvrqv ri Hgxfdwlrqdo

Dwwdlqphqw/� Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 4<<6/ 65/ 696�<71

Edvvhwwr/ Pdufr/ �Srolwlfdo Hfrqrp| ri Wd{dwlrq lq dq Ryhuodsslqj0Jhqhudwlrqv Hfrq0

rp|/� 4<<<1 Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Glvfxvvlrq Sdshu qr1 4661

Ehqderx/ Urodqg/ �Lqhtxdolw| dqg Jurzwk/� QEHUPdfurhfrqrplf Dqqxdov/ 4<<9/ 4<<9/

44�<51

/ �Xqhtxdo vrflhwlhv= Lqfrph glvwulexwlrq dqg wkh vrfldo frqwudfw/� Dphulfdq Hfrqrplf

Uhylhz/ 5333/ <3/ <9�45<1

Ehuwrod/ Jlxvhssh/ �Idfwru Vkduhv dqg Vdylqjv lq Hqgrjhqrxv Jurzwk/� Dphulfdq Hfr0

qrplf Uhylhz/ 4<<6/ ;6/ 44;7�44<;1

Ehvoh|/ Wlprwk| dqg Vwhskhq Frdwh/ �Vrxufhv ri Lqh!flhqf| lq d Uhsuhvhqwdwlyh

Ghprfudf|= D G|qdplf Dqdo|vlv/� Dphulfdq Hfrqrplf Uhylhz/ 4<<;/ ;; +4,/ 46<�891

Eodqfkdug/ Rolylhu M1 dqg Odzuhqfh K1 Vxpphuv/ �Ilvfdo Lqfuhdvlqj Uhwxuqv/ K|v0

whuhvlv/ Uhdo Zdjhv dqg Xqhpsor|phqw/� Hxurshdq Hfrqrplf Uhylhz/ 4<;:/ 64/ 876�

991

Erdgzd|/ Ulfkdug Z1 dqg Gdylg H1 Zlogdvlq/ �D Phgldq Yrwhu Prgho ri Vrfldo

Vhfxulw|/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 4<;</ 53/ 63:�65;1
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Erogulq/ Plfkhoh dqg Dogr Uxvwlfklql/ �Srolwlfdo Htxloleuld zlwk Vrfldo Vhfxulw|/�

Uhylhz ri Hfrqrplf G|qdplfv/ Mdqxdu| 5333/ 6 +4,/ 74�:;1

Frdwh/ Vwhskhq dqg Vwhskhq Pruulv/ �Srolf| Shuvlvwhqfh/� Dphulfdq Hfrqrplf Uh0

ylhz/ Ghfhpehu 4<<</ ;< +8,/ 465:�691

Frqgh Uxl}/ Mrvh L1 dqg Ylqfhq}r Jdodvvr/ �Srvlwlyh Dulwkphwlf ri wkhZhoiduh Vwdwh/�

Dxjxvw 4<<<1 FHSU Glvfxvvlrq Sdshu Qr1 55351

Frroh|/ Wkrpdv I1 dqg Mrujh Vrduhv/ �D Srvlwlyh Wkhru| ri Vrfldo Vhfxulw| Edvhg rq

Uhsxwdwlrq/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ Iheuxdu| 4<<</ 43: +4,/ 468�931

Ghzdwulsrqw/ Pdwkldv dqg Jhudug Urodqg/ �Hfrqrplf Uhirup dqg G|qdplf Srolwlfdo

Frqvwudlqwv/� Uhylhz ri Hfrqrplf Vwxglhv/ 4<<5/ 8< +7,/ :36�631

dqg / �Wkh Yluwxhv ri Judgxdolvp dqg Ohjlwlpdf| lq wkh Wudqvlwlrq wr d Pdunhw

Hfrqrp|/� Hfrqrplf Mrxuqdo/ 4<<5/ 435 +744,/ 5<4�6331

dqg / �Wkh Ghvljq ri Uhirup Sdfndjhv xqghu Xqfhuwdlqw|/� Dphulfdq Hfrqrplf

Uhylhz/ 4<<8/ ;8/ 453:�561

Jorpp/ Jhukdug dqg E1 Udylnxpdu/ �Hqgrjhqhrxv sxeolf srolf| dqg pxowlsoh htxl0

oleuld/� Hxurshdq Mrxuqdo ri Srolwlfdo Hfrqrp|/ Ghfhpehu 4<<8/ 44 +7,/ 986�951

Jurvvpdq/ Jhqh P1 dqg Hokdqdq Khospdq/ �Lqwhujhqhudwlrqdo uhglvwulexwlrq zlwk

vkruw0olyhg jryhuqphqwv/� Hfrqrplf Mrxuqdo/ Vhswhpehu 4<<;/ 43;/ 45<<�465<1

Kdvvohu/ Mrkq/ Mrvì Y1 Urguðjxh} Prud/ Nmhwlo Vwruhvohwwhq/ dqg Ideul}lr ]lol0

erwwl/ �Htxloleulxp xqhpsor|phqw lqvxudqfh/� 4<<<1 FHSU glvfxvvlrq sdshu 54591

/ / / dqg / Xqhpsor|phqw/ Vshfldol}dwlrq/ dqg Froohfwlyh Suhihuhqfhv

iru Vrfldo Lqvxudqfh 53341 lq G1 Frkhq/ W1 Slnhww|/ dqg J1 Vdlqw Sdxo +hgv1, Wkh

QhzHfrqrplfv ri Ulvlqj Lqhtxdolwlhv/ R{irug Xqlyhuvlw| Suhvv1

/ / / dqg / �D srvlwlyh wkhru| ri jhrjudsklfdo prelolw| dqg vrfldo lqvxu0

dqfh/� 53341 FHSU zrunlqj sdshu qr1 5<971

/ / / dqg / �Wkh vxuylydo ri wkh zhoiduh vwdwh/� 53341 FHSU zrunlqj

sdshu qr1 5<381

/ Shu Nuxvhoo/ Nmhwlo Vwruhvohwwhq/ dqg Ideul}lr ]lolerwwl/ �Wkh G|qdplfv ri

Jryhuqphqw/� 53341 Plphr/ Vwrfnkrop Xqlyhulvw|1

Ndw}/ Odzuhqfh I1 dqg Nhylq P1 Pxusk|/ �Fkdqjhv lq Uhodwlyh Zdjhv/ 4<9604<;:=

Vxsso| dqg Ghpdqg Idfwruv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Iheuxdu| 4<<5/ 43:

+4,/ 68�:;1
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Nuxvhoo/ Shu dqg Mrvì Ylfwru Uðrv0Uxoo/ �Yhvwhg Lqwhuhvwv lq d Srvlwlyh Wkhru| ri

Vwdjqdwlrq dqg Jurzwk/� Uhylhz ri Hfrqrplf Vwxglhv/ Dsulo 4<<9/ 96 +5,/ 634�5<1

dqg / �Rq wkh Vl}h ri wkh X1V1 Jryhuqphqw= Srolwlfdo Hfrqrp| lq wkh Qhrfodvvlfdo

Jurzwk Prgho/� Dphulfdq Hfrqrplf Uhylhz/ Ghfhpehu 4<<</ ;< +8,/ 4489�;41

/ Ylqfhq}r Txdgulql/ dqg Mrvì Ylfwru Uðrv0Uxoo/ �Duh Frqvxpswlrq Wd{hv

Uhdoo| Ehwwhu Wkdq Lqfrph Wd{hvB/� Mrxuqdo ri Prqhwdu| Hfrqrplfv/ Mxqh 4<<9/ 6:

+6,/ 7:8�8361

Olqgehfn/ Dvvdu/ �Kd}dugrxv Zhoiduh0Vwdwh G|qdplfv/� Dphulfdq Hfrqrplf Uhylhz/

4<<8/ ;8 +5,/ <�481

/ Vwhq Q|ehuj/ dqg Mùujhq Z1 Zhlexoo/ �Vrfldo Qrupv dqg Hfrqrplf Lqfhqwlyhv

lq wkh Zhoiduh Vwdwh/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 4<<</ 447 +4,/ 4�681

Phow}hu/ Doodq K1 dqg Vfrww I1 Ulfkdug/ �D Udwlrqdo Wkhru| ri wkh Vl}h ri Jryhuq0

phqw/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ 4<;4/ ;</ <47�<5:1

Pxooljdq/ Fdvh| E1 dqg [dylhu Vdod0l0Pduwlq/ �Jhurqwrfudf|/ Uhwluhphqw/ dqg Vrfldo

Vhfxulw|/� Pd| 4<<<1 QEHU Zrunlqj Sdshu :44:1

Shuvvrq/ Wruvwhq dqg Jxlgr Wdehoolql/ �Hohfwrudo frpshwlwlrq zlwk lqiruphg dqg

xqlqiruphg yrwhuv/� Dphulfdq Hfrqrplf Uhylhz/ 4<<7/ ;7/ 933�541

Slnhww|/ Wkrpdv/ �Vrfldo Prelolw| dqg Uhglvwulexwlyh Srolwlfv/� Txduwhuo| Mrxuqdo ri

Hfrqrplfv/ Dxjxvw 4<<8/ 443 +6,/ 884�8;71

Vdlqw Sdxo/ Jloohv/ �Wkh G|qdplfv ri H{foxvlrq dqg Ilvfdo Frqvhuydwlvp/� Uhylhz ri

Hfrqrplf G|qdplfv/ 5334/ 7/ 5:8�6351

dqg Wklhuu| Yhuglhu/ �Srzhu/ Glvwulexwlyh Frq lfwv/ dqg Pxowlsoh Jurzwk Sdwkv/�

Mrxuqdo ri Hfrqrplf Jurzwk/ 4<<:/ 5/ 488�9;1

Zro�qjhu/ Ud|prqg H1 dqg Vwhyhq M1 Urvhqvwrqh/ Zkr yrwhvB/ \doh Xqlyhuvlw|

Suhvv/ 4<;31
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D1 Vwdwhphqw ri Sursrvlwlrq 6

Sursrvlwlrq 6 Ohw � * =8:3 eh wkh uhdo vroxwlrq wr wkh htxdwlrq
�
4 .

s
�
�
3�

@ �> zkhuh

� A �� +�, iru doo � � �/ dqg �� +�, lv dv lq Sursrvlwlrq 51

Wkhq/ iru doo � � � dqg � 5 �
�> �

�
/ wkhuh h{lvwv dq �dqwl0zhoiduh htxloleulxp� +DZH,/

kE@�> X@�l/ zlwk wkh iroorzlqj fkdudfwhulvwlfv=

Sduw 4 �Vzlwfk lq rqh shulrg�1 Li � � �s
8� 4

�
@5 * 3=94;> wkhq/ iru doo � 5 ^� +�, > �`/

E@� +x|, dqg X@� +e|, duh jlyhq/ uhvshfwlyho|/ e| htxdwlrqv +44, dqg +45,/ zkhuh

� +�, � 4 . � �
s
� +4 . �, dqg � +�, � � iru doo � � �s

8� 4
�
@5 dqg XR, +e|, lv

gh�qhg lq Sursrvlwlrq 41

Sduw 5 �Vzlwfk lq rqh ru wzr shulrgv�1 Li � � �> wkhq/ iru doo � 5 �
�>plq i�> � +�,j� >

E@� +x|, dqg X@� +e|, duh jlyhq/ uhvshfwlyho|/ e| htxdwlrqv +46, dqg +47,/ zkhuh

� +�, A � iru doo �/ dqg ax +�> �, � �

2
+5 . � � +5� . 6� �, �, � +4� �,3�1

E1 Surriv ri sursrvlwlrqv

Iru qrwdwlrqdo frqyhqlhqfh/ wkh lqgluhfw xwlolwlhv duh/ lq wklv dsshqgl{/ uhzulwwhq dv iroorzv>

aY �+e|> x|, � Y �+e|>E+X +e|,,> x|,> iru m 5 irv> rxj=

Sursrvlwlrq 4

Surri1 Zh pxvw vkrz wkdw wkh sdlu


E�> X �

�
/ iru l 5 iso> gsj/ vdwlv�hv wkh htxloleulxp

frqglwlrqv

4, E� +x|, @ dujpd{K|
aY _ +e|> x|, vxemhfw wr e| 5 ^3> 4`> dqg

5, X � +e|, @
�
4� � . e| . �E�

�
X � +e|,

��
@5/

zkhuh g @ rv li l @ so dqg g @ rx li l @ gs=

Li l @ so> lw lv vwudljkwiruzdug wr vhh wkdw aY Jr
lv pd{lpl}hg e| vhwwlqj e| @ 3 lq hyhu|

shulrg dqg wkdw/ frqvhtxhqwo|/ x| @
�3q

2 iru doo w � 41

Qh{w/ frqvlghu wkh GS htxloleulxp1

Iluvw/ zh qrwh wkdw

E_R
�
X_R +e|,

�
@

+
�K_R3K|

2
li e| � 2q

2nq

4 hovh
> +D4,

zkhuh zh xvhg wkh idfw wkdw iru dq| e| 5 ^3> 4`/ X_R +e|, ? �x= Wkhq/ aY J�
| fdq eh h{suhvvhg

dv>

aY J�
| +e|> x|, @

+
e| � �

e

�
4� � . e| . � �K_R3K|

2
. 5x|

�
e| li e| � 2q

2nq

e| � �
e
+4 . e| . 5x|, e| hovh

= +D5,
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Pd{lpl}lqj aY J�
| ryhu e| |lhogv>

e| @

;AA?
AA=

�
2
� x| li x| A �x +�,

e_R � 2
23q

�
x| � x_R

�
li x| 5

k
�
2
� 2

2nq
> �x +�,

l
4 li x| 5

k
3> �

2
� 2

2nq

l
@ E_R +x|, =

Wklv suryhv wkdw htxloleulxp frqglwlrq 4 lv vdwlv�hg1

Wr suryh wkdw wkh vhfrqg frqglwlrq lv vdwlv�hg/ zh xvh +D4, wr vxevwlwxwh iru e|n� lq wkh

rswlpdo lqyhvwphqw h{suhvvlrq/ jlylqj/�
4� � . e| . �E_R

�
X_R +e|,

��
@5

@

+
x_R . 23q

e

�
e| � e_R

�
li e| 5

k
2q
2nq

> 4
l

�nK|
2 hovh

@ X_R +e|, =

Wr vhh wkh vwhsv ri wkh �uvw sduw ri wkh surri lq pruh ghwdlo/ gh�qh aY @ +x|, dqg aY K +x|,

dv iroorzv>

aY @ +x|, � pd{
K|M

k
fc

2q

2nq

l aY J�
| +e|> x|,

@

+
b
�S � �

ex| .
�
ex

2
| � aY @c�?| +x|, li x| A

S3q

2E2nq�

�
Snq32�|E2nq�

2E2nq�2
� aY @cSJo +x|, hovh

aY K +x|, � pd{
K|M^ 2q

2nq
c�`

aY J�
| +e|> x|,

@

;?
=

�
H

+q23�qn2�|E2nq�3S,
2

E23q�E2nq�2
� aY Kc�?| +x|, li x| � �

2
� 2

E2nq�

�
H

HnqES3q�

2nq
� �|

2
� aY KcSJo +x|, hovh/

zkhuh aY @cSJo +x|, dqg aY KcSJo +x|, uhvxow iurp fruqhu vroxwlrqv lq wkh uhvshfwlyh udqjhv +wkh

fruqhuv ehlqj e| @
2q
2nq

dqg e| @ 4/ uhvshfwlyho|, zkloh aY @c�?| +x|, dqg aY Kc�?| +x|, uhvxow iurp

wkh lqwhulru vroxwlrqv e| @ 6@5� x| dqg e| @ e_R � 2
23q

�
x| � x_R

�
/ uhvshfwlyho|1

Iluvw/ vwdqgdug dojheud hvwdeolvkhv wkdw aY Kc�?| +x|,� aY @cSJo +x|, @
�
H

+q232q�|3qnS3e�|,
2

E23q�E2nq�2
A

3 dqg wkdw/ lq wkh udqjh zkhuh x| � �
2
� 2

E2nq�
> aY KcSJo +x|,�aY @cSJo +x|, A

�
H
+5� �,

eE�3q�nq2

E2nq�2
A

31 Wkxv/ zkhqhyhu aY @ +x|, @ aY @cSJo +x|, > wkhq aY K +x|, A aY @ +x|, =

Vhfrqg/ li � ? 2
�
> wkhq S3q

2E2nq�
A 4 dqg aY @ +x|, @ aY @cSJo +x|, iru doo x|1 Wkxv/ aY K +x|, A

aY @ +x|, li � ? 5@61

Wklug/ qrwh wkdw li � � 5@6/ wkhq wkhuh h{lvwv d udqjh ri x|/ zkhuh aY @ +x|, @ aY @c�?| +x|,1

Lq wklv udqjh/ vwdqgdug dojheud hvwdeolvkhv wkdw aY Kc�?| +x|, A aY @c�?| +x|, iru doo x| surylghg

57



wkdw � ?
�s

4:� 4
�
@71 Wkxv/ � ?

�s
4:� 4

�
@7 lpsolhv wkdw aY K +x|, A aY @ +x|, iru doo

x| 5 ^3> 4` =

Ilqdoo|/ frqvlghu wkh udqjh ri sdudphwhuv vxfk wkdw � �
�s

4:� 4
�
@7/ lpso|lqj �x � 4=

Lq wklv fdvh/ iru doo 4 � x| A �x +�, > aY K +x|, ? aY @ +x|, @ aY @c�?| +x|,1

Sursrvlwlrq 5

Surri1 Zh pxvw vkrz wkdw iru doo w dqg x|/ kER�> XR�l vdwlv�hv wkh wzr htxloleulxp

frqglwlrqv

4, ER� +x|, @ dujpd{K|

q
aY R� +e|> x|,

r
/ vxemhfw wr e| 5 ^3> 4`> dqg

5, XR� +e|, @ +4� � . e| . �ER� +XR� +e|,,, @5>

zkhuh aY R� +e|> x|, @ aY Jr +e|> x|, li x| � 4@5 dqg aY R� +e|> x|, @ aY J� +e|> x|, rwkhuzlvh1

Zh vwduw iurp frqglwlrq 41 Frqvlghu �uvw x| � 4@5= Wkhq/ Y R�

| +e|> x|, @ Y Jr
| +e|> x|, >

zklfk lv pd{lpl}hg e| vhwwlqj e| @ 31

Wkhq/ frqvlghu x| A 4@5= Iluvw/ zh gh�qh

�� +�, � plq
q
�> �� +�,

r
>

zkhuh

�� +�, �
;?
=

�nq
2
�
s

qE2nq�

2
> li � A

I
�.3e
e

>

�nq
2 �

s
qESnq�

2
�nq

2nq
li � �

I
�.3e
e =

+D6,

Qrz/ qrwh wkdw � � �� +�, � �> lpso|lqj wkdw XR� +e|, � +A, 4@5 li e| � +A, �= Wkxv/

ER� +XR� +e|,, @

;AA?
AA=

�K_R3K|
2

li e| � 2q
2nq

4 e| 5
�
�>

2q
2nq

�
3 e| � �

> +D7,

dqg

aY J�
| +e|> x|,

@

;AA?
AA=

e| � �
e

�
4� � . e| . � �K_R3K|

2 . 5x|
�
e| li e| � 2q

2nq

e| � �
e
+4 . e| . 5x|, e| e| 5

�
�>

2q
2nq

�
e| � �

e
+4� � . e| . 5x|, e| e| � �

=

Frpsdulqj wklv wr +D5,/ zh vhh wkdw xwlolw| lq wkh SZH lv lghqwlfdo wr xwlolw| xqghu GS

iru e| A �= Wkxv/ d vx!flhqw frqglwlrq iru htxloleulxp frqglwlrq 4 wr eh vdwlv�hg iru x| A 4@5

lv wkdw lq wklv udqjh/ pd{K|:w
aY J�
| +e|> x|, � pd{K|$w

aY J�
| +e|> x|, = Lw lv vwudljkwiruzdug wr

yhuli| wkdw wklv lv wkh fdvh iru vx!flhqwo| orz �/ lq sduwlfxodu zkhq � � �� +�,/ zklfk lv

lpsolhg e| � � �� +�, =

58



Wr suryh wkdw wkh vhfrqg frqglwlrq lv vdwlv�hg/ zh xvh +D7, wr vxevwlwxwh iru e|n� lq wkh

rswlpdo lqyhvwphqw h{suhvvlrq/ jlylqj/

+4� � . e| . �ER� +XR� +e|,,, @5

@

;AA?
AA=

�
4� � . e| . � �K_R3K|

2

�
@5 li e| � 2q

2nq

+4 . e|, @5> e| 5
�
�>

2q
2nq

�
�3qnK|

2
e| � �

>

@ XR� +e|, >

zkhuh zh xvhg � � �� +�, � �=

Wr vhh wkh vwhsv lq wkh surri ri wkh �uvw frqglwlrq lq pruh ghwdlo/ zh �uvw qrwh wkdw

� � �/ lpsolhv wkdw pd{K|$w
aY J�
| +e|> x|, lv d fruqhu vroxwlrq zlwk e| @ �/ dqg xwlolw| htxdo wr

�nq3w32�|
e

�= Lw lv hdvlo| yhul�hg wkdw wkh gl�huhqfh pd{K|:w
aY J�
| +e|> x|,�pd{K|$w

aY J�
| +e|> x|,

lv plqlpl}hg dw x| @ 4> zkhuh lw lv jlyhq e|+
�
�S
� �

e
� +6 . � � +5 . �,, li � A

I
�.3e
e

�
H
+4 . �, 2nqE�3q�

E2nq�2
�

�

e
� +6 . � � +5 . �,, li � �

I
�.3e
e

=

Vroylqj pd{K|:w
aY J�
| +e|> x|, �pd{K|$w

aY J�
| +e|> x|, @ 3 iru �/ |lhogv +D6,1 Ilqdoo|/ lw lv

wulyldo wr yhuli| wkdw x_R @ XR�
�
ER�

�
x_R

��
dqg xR, @ XR�

�
ER�

�
xR,

��
dqg wkdw wkh urrw

ri x|n� @ XR� +ER� +x|,, lv 4@5/ zklfk hvwdeolvkhv srlqwv 405 ri wkh sursrvlwlrq1

Sursrvlwlrq 6

Surri1 Dv lq wkh surri ri Sursrvlwlrq 4/ zh pxvw vkrz wkdw/ iru doo w dqg x|/ kE
@�> X@�l

vdwlv�hv

4, E@� +x|, @ dujpd{K|

q
aY @� +e|> x|,

r
/ vxemhfw wr x|n� @ X@� +e|,/ e| 5 ^3> 4` dqg

e|n� @ E@� +x|n�,> dqg

5, X@� +e|, @ +4� � . e| . �E@� +X@� +e|,,, @51

41 Frqvlghu �uvw wkh fdvh zkhq � �
I
D3�
2

dqg � 5 ^� +�, > �`1 Qrwh �uvw wkdw lq wkh

udqjh � �
I
D3�
2

> � +�, � �/ hqvxulqj wkdw wkh vhw ri eholhiv xqghu frqvlghudwlrq lv

qrq0hpsw|1 Wr suryh +4,/ frqvlghu/ �uvw/ wkh udqjh zkhuh x| A 4@5=

aY @� +e|> x|, @ aY J� +e|> x|,

@

+
e| �

�
e
+4� � . e| . �� . 5x|, e| li e| A �

e| �
�
e
+4� � . e| . 5x|, e| li e| � �

=

Vwdqgdug gl�huhqwldwlrq vkrzv wkdw aY @� +e|> x|, lv lqfuhdvlqj lq e| iru doo e| � � +vlqfh

� � �, dqg wkdw/ dv orqj dv � � � +�, >

aY @� +�> x|, @ ��
4

7
+4� � . �. 5x|, �

A e| �
4

7
+4� � . e| . �� . 5x|, e| @ aY @� +e| A �>x|, >

59



iru doo e| A � dqg x| A 4@51 Wkxv/ E@� +x|, @ � iru x| A 4@51

Li x| � 4@5/ aY @� +e|> x|, @ aY Jr +e|> x|, > zklfk lv ghfuhdvlqj lq e|= Khqfh/ E
@� +x|, @ 3/

iru x| � 4@5=

Wr suryh sduw +5,/ revhuyh wkdw

++4� � . e| . �E@� +X@� +e|,,,, @5

@

+
+4� � . e| . ��, @5 li e| A �

+4� � . e|, @5 li e| � �
@ X@� +e|, >

zkhuh wkh htxdolw| iroorzv iurp wkh idfwv wkdw/ iru doo e| � � � �> +4� � . e|, @5 � 4@5/

dqg/ iru doo e| A � � � +�, > �
2
+4� � . �� . e|, A �

2
= Wkh odwwhu lqhtxdolw| fdq eh

fkhfnhg e| lqvhuwlqj wkh gh�qlwlrq ri � +�, lq wkh ohiw kdqg0vlgh ri wkh lqhtxdolw|1

51 Frqvlghu qrz wkh fdvh zkhq � � � dqg � 5
�
�>plq i�> � +�,j

�
1 Qrwh �uvw wkdw

� ? � +�, iru doo � � �/ lpso|lqj wkdw wkh vhw ri eholhiv xqghu frqvlghudwlrq lv qrq0

hpsw|1

Dv wr sduw +4,/ frqvlghu/ �uvw/ wkh udqjh zkhuh x| A 4@51

aY @� +e|> x|, @ aY J� +e|> x|,

@

+
e| �

�
e
+4� � . e| . �� . 5x|, e| li e| A �

e| �
�
e
+4� � . e| . 5x|, e| li e| � �

=

Lw lv lpphgldwh wr vhh wkdw wkh ydoxh ixqfwlrq kdv d glvfrqwlqxrxv idoo dw e| @ �1 Pruh0

ryhu/ vwdqgdug gl�huhqwldwlrq vkrzv wkdw aY @� +e|> x|, lv lqfuhdvlqj lq e|> wkurxjkrxw lq

wkh uhjlrq e| � �/ dqg surylghg wkdw x| � ax +�> �, lq wkh uhjlrq e| A �1 Ixuwkhupruh/

aY @� +4> x|,� aY @� +�> x|,

@
�
4� �

e
+4� � . 5x|,

�
+4� �,� �

e

�
4 . �� � �2

� +D8,

lv d ghfuhdvlqj ixqfwlrq ri x|> vwulfwo| srvlwlyh iru x| 5 +3=8> ax +�> �,, > htxdo wr }hur

zkhq x| @ ax +�> �,/ dqg vwulfwo| srvlwlyh iru x| 5 +ax +�> �, > 4`1 Wkxv/ lq wkh udqjh

x| 5 +3=8> ax +�> �,` > aY @� +4> x|, � aY @� +�> x|, > zlwk htxdolw| kroglqj li dqg rqo| li

x| @ ax +�> �, = Wklv vkrzv wkdw vhwwlqj e| @ 4 lv rswlpdo iru wkh rog xqvxffhvvixo lq wkh

udqjh x| 5 +3=8> ax +�> �,` dqg/ khqfh/ E@� +x|, @ 4 lq wkdw udqjh1

Ilqdoo|/ zh qhhg wr vkrz wkdw vhwwlqj e| @ � lv rswlpdo iru wkh rog xqvxffhvvixo lq

wkh udqjh x| 5 +ax +�> �, > 4` = Vlqfh/ dv douhdg| qrwhg/ aY @� +e|> x|, lv lqfuhdvlqj lq e| iru

doo e| � �> lw uhpdlqv wr eh vkrzq wkdw aY @� +�> x|, A pd{KMEwc�o

q
aY @� +e> x|,

r
zkhq

x| 5 +ax +�> �, > 4`1 Wklv fdq eh vkrzq dv iroorzv1

+d, Iluvw/ qrwh wkdw li x| 5
�
ax +�> �, > �

2
. qE�3w�

2

l
/ wkhq/ dujpd{KMEwc�o

q
aY @� +e> x|,

r
@

41 Lq wklv fdvh/ dv srlqwhg rxw deryh +vhh htxdwlrq +D8, dqg wkh iroorzlqj glv0

fxvvlrq,/ aY @� +�> x|, A aY @� +4> x|,/ hvwdeolvklqj wkh fodlp1

5:



+e, Qh{w/ li x| 5
k
�
2
.

qE�3w�
2

> 4
l
> wkhq eW +�> x|, � dujpd{KMEwc�o

q
aY @� +e> x|,

r
@

�
2
.

qE�3w�
2

� x| ? 41 Gh�qh/ wkhq/

�aY +x|> �> �, � aY @� +�> x|,� aY @� +eW +�> x|, > x|,

@

�
�
4

5
�.

4

7
� .

6

7
�

4

7
��

�
x| �

4

7
x2|

.
6

7
� .

8

;
�� �

4

7
�2 �

4

49
�2

�
<

49
�

6

;
� �

4

49
�2�2 .

4

;
�2�=

Vlqfh�aY +x|> �> �, lv kxps0vkdshg lq x|/ lw pxvw dwwdlq lwv plqlpxp lq wkh udqjh

x| 5
k
�
2
.

qE�3w�

2
> 4
l
dw hlwkhu x| @

�
2
.

qE�3w�

2
ru x| @ 41 Lw wxuqv rxw wkdw

�aY

�
4

5
.

� +4� �,

5
> �> �

�
@

4

7

�
�4 . 5� � �2 +4� �,

�
�

4

7

�
�4 . 5� � �2 +4� �,

�
� 3

�aY +4> �> �,

@
4

7

�
�

�
4 .

4

7
�2

�
�2 .

4

5
+5 . �, +4 . �, � �

4

7
+4 . �,2

�

�
4

7

�
�

�
4 .

4

7
�2

�
�2 .

4

5
+5 . �, +4 . �, � �

4

7
+4 . �,2

�
� 3=

Wkxv/ E@� +x|, @ � iru x| A ax +�> �,1

Wkh surri iru wkh udqjh x| � 4@5 lv lghqwlfdo wr wkh �uvw fdvh dqg wkxv/ sduw +4,

lv suryhg1

Wr suryh sduw +5,/ revhuyh wkdw

+4� � . e| . �E@� +X@� +e|,,, @5

@

+
+4� � . e| . ��, @5 li e| A �

+4� � . e|, @5 hovh
@ X@� +e|,

zkhuh wkh htxdolw| iroorzv iurp wkh idfw wkdw +4� � . e|, @5 ? 4@5 iru doo e| ? �/

dqg wkdw +4� � . e| . ��, @5 � ax +�> �, iru doo e| 5 +�> 4` = Wkh odwwhu fdq eh

fkhfnhg dv iroorzv1 Uhfdoo wkdw/ lq wkh udqjh xqghu frqvlghudwlrq/ � � � dqg

� � �1 Wkhq=

+4� � . e| . ��, @5� ax +�> �, A +4� � . � . ��, @5� ax +�> �,

�
�
�4� 5� . +6 . 7�, � � +5 . �, �2

� 4

5 +4� �,

�
�
�4� 5� .

�
6 . 7�

�
� �

�
5 . �

�
�2
� 4

5 +4� �,
A 3

5;



Qrwhv

fWKdvvohu= Lqvwlwxwh iru Lqwhuqdwlrqdo Hfrqrplf Vwxglhv/ Vwrfnkrop Xqlyhuvlw| V0439<4 Vwrfnkrop/ Vzh0

ghq/ L]D dqg FHSU> Urguðjxh} Prud= Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwdw Srpshx Ideud/ Udpöq Wuðdv

Idujdv 5805:/ 3;338 Edufhorqd/ Vsdlq/ dqg FHSU> Vwruhvohwwhq= Lqvwlwxwh iru Lqwhuqdwlrqdo Hfrqrplf Vwxg0

lhv/ Vwrfnkrop Xqlyhuvlw| V0439<4 Vwrfnkrop/ Vzhghq/ dqg FHSU> ]lolerwwl= Lqvwlwxwh iru Lqwhuqdwlrqdo

Hfrqrplf Vwxglhv/ Vwrfnkrop Xqlyhuvlw| V0439<4 Vwrfnkrop/ Vzhghq/ dqg FHSU1

Wkh dxwkruv zrxog olnh wr wkdqn wzr dqrq|prxv uhihuhhv iru ydoxdeoh frpphqwv1 Wkh| duh dovr judwhixo

wr Gdurq Dfhprjox/ Pdufr Edvvhwwr/ Jlrydqql Idydud/ Rghg Jdoru/ Shu Nuxvhoo/ Pduðd Väh} Pduwð/ Fodxglr

Plfkhodffl/ Dqguhz Qhzpdq/ Wruvwhq Shuvvrq/ Wkrpdv Uhqvwuùp/ Gdylg Vwuùpehuj/ Pdwkldv Wkrhqlj/

Mùujhq Zhlexoo dqg vhplqdu sduwlflsdqwv dw wkh Plqqhvrwd Zrunvkrs lq Pdfurhfrqrplf Wkhru|/ QEHU

Vxpphu Lqvwlwxwh/ Ur| Vhplqdu dw FUHVW0Sdulv/ Zdoolv Frqihuhqfh dw Urfkhvwhu/ FHSU Frqihuhqfhv khog

dw FHPIL0Pdgulg/ Wloexuj dqg Wrxorxvh/ Orqgrq ghyhorsphqw vhplqdu dqg ghsduwphqwdo vhplqduv dw

Orqgrq Exvlqhvv Vfkrro/ Qruzhjldq Vfkrro ri Pdqdjhphqw/ Xqlyhuvlw| ri Rvor/ Xqlyhuvlw| ri Fdoliruqld Vdq

Glhjr/ Xqlyhuvlw| ri Shqqv|oydqld/ Xqlyhuvlw| ri Vrxwkdpswrq/ dqg Xqlyhuvlw| ri Wrxorxvh iru glvfxvvlrqv

dqg ydoxdeoh vxjjhvwlrqv1 Zh dovr wkdqn wkh Edqn ri Vzhghq Whufhqwhqdu| Irxqgdwlrq iru �qdqfldo vxssruw/

dqg Fkulvwlqd Oùqqeodg iru vhfuhwduldo dvvlvwdqfh1

�Lq uhodwhg sdshuv/ Kdvvohu/ Urguðjxh} Prud/ Vwruhvohwwhq dqg ]lolerwwl +4<<</ 5334d/ e,/ zh h{soruh rwkhu

h{dpsohv ri wklv phfkdqlvp lq vhwwlqjv zkhuh xqhpsor|phqw lqwhudfwv zlwk wkh surylvlrq ri xqhpsor|phqw

lqvxudqfh1 Rwkhu uhodwhg frqwulexwlrqv duh Dvvdu Olqgehfn +4<<8, dqg Olqgehfn/ Vwhq Q|ehuj dqg Mùujhq Z1

Zhlexoo +4<<<, zkr vwuhvv wkdw srolf| shuvlvwhqfh pd| dulvh iurp judgxdo fkdqjhv lq vrfldo qrupv ylv0d0ylv

uhflslhqwv ri vrfldo dvvlvwdqfh zkhq d odujh pdvv ri djhqwv ehfrph ghshqghqw rq vxfk vdihw| qhwv1

2Ehwzhhq 4<5< dqg 4<67/ jryhuqphqw vshqglqj dv d iudfwlrq ri JQS grxeohg lq wkh X1V1 dv zhoo dv lq wkh

pdmru Hxurshdq frxqwulhv/ h1j1/ Iudqfh dqg Lwdo|1 D fkdqjh ri wkh vdph pdjqlwxgh rffxuuhg lq wkh X1N1 lq

wkh 4<63*v/ dowkrxjk prvw ri wkh h{sdqvlrq wrrn sodfh diwhu 4<671

�Xqhpsor|phqw lq RHFG Hxursh urvh iurp dq dyhudjh ri 517 shufhqw gxulqj 4<9<0:6 wr ;13 shufhqw

gxulqj 4<;80;</ zkloh xqhpsor|phqw ehqh�w uhsodfhphqw udwlrv lq RHFG Hxursh urvh iurp 4; shufhqw wr

63 shufhqw iru wkh vdph wlph shulrgv1 +Vrxufh= RHFG Hfrqrplf Rxworrn dqg RHFG gdwd edvh rq Ehqh�w

Hqwlwohphqwv dqg Jurvv Uhsodfhphqw Udwlrv1,

eKdvvohu/ Shu Nuxvhoo/ Vwruhvohwwhq dqg ]lolerwwl +5334,/ iru lqvwdqfh/ exlog rq wkh vhw0xs ri wklv sdshu

dqg frqvlghu wkh fkrlfh ri uhglvwulexwlrq lq d pruh hoderudwh srolwlfdo prgho zlwk suredelolvwlf yrwlqj dqg

ulvn dyhuvh djhqwv1

DJudgxdo uhirupv duh dovr dujxhg wr doorz iru glylgh dqg uxoh0wdfwlfv +Ghzdwulsrqw dqg Urodqg/ 4<<5d/

4<<5e,= li lw lv wrr h{shqvlyh wr frpshqvdwh d vx!flhqw frqvwlwxhqf| ri zrunhuv wrgd| iru wkh frvwv ri pdvvlyh

od|0r�v/ wkh jryhuqphqw frxog lqvwhdg frpshqvdwh d plqrulw| ri zrunhuv wrgd|/ vr wkdw wkhvh zloo/ wrjhwkhu

zlwk wkrvh zrunhuv zkr hyhqwxdoo| duh uhwdlqhg/ vhfxuh d frqvwlwxhqfh lq idyru ri uhirup lq wkh qh{w shulrg1

Sklolssh Djklrq dqg Rolylhu M1 Eodqfkdug +4<<7, dujxh wkdw idvw uhirupv zrxog udlvh wkh ghpdqg iru vrfldo

srolflhv wr frpshqvdwh orvhuv +h1j1/ xqhpsor|phqw ehqh�wv,/ dqg wkh �vfdo h�hfwv ri wkhvh srolflhv zloo vorz

grzq wkh hqwu| ri qhz �upv lq wkh uhiruphg vhfwruv1

SVwudwhjlf yrwlqj frqvlghudwlrq duh riwhq frqfhdohg lq srolwlfdo ghedwhv/ dujxdeo| iru uhdvrqv ri srolwlfdo

fruuhfwqhvv1 Lq vrph fdvhv/ krzhyhu/ wkh| kdyh ehhq pdgh h{solflw1 Lq wkh ghedwh rq wkh Hxurshdq Prqhwdu|

Xqlrq/ iru h{dpsoh/ Hxur0vfhswlfv kdyh dujxhg wkdw d prqhwdu| xqlrq lv lqwhqghg dv d vwhsslqj vwrqh wrzdugv

d pruh srolwlfdoo| lqwhjudwhg ihghudo Hxursh +vhh/ iru lqvwdqfh/ Orug Vnlghovn|*v vshhfk lq wkh Eulwlvk Krxvh

5<



ri Orugv/ Mdqxdu| 53 4<<< ru/ rq wkh rssrvlwh vlgh/ Urpdqr Surgl*v vshhfk wr wkh Hxurshdq Sduoldphqw/

Dsulo 46 4<<<,1 Dprqj wkh qhjdwlyh h�hfwv/ fulwlfv vhh wkh frqvrolgdwlrq ri d Hxurshdq exuhdfudxf| wkdw

zloo oree| iru ixuwkhu fhqwudol}dwlrq ri srzhu lq wkh ixwxuh1

Dqrwkhu h{dpsoh lv wkh uhfhqw ghedwh lq Lvudho rq d Nqhvvhw eloo +sdvvhg lq Qryhpehu/ 5333, lqfuhdvlqj

wkh jhqhurvlw| ri fklog doorzdqfhv wr idplolhv zlwk �yh ru pruh fkloguhq1 Vrph rssrqhqwv kdyh dujxhg

wkdw vxfk srolflhv zrxog ghvwdelol}h wkh ghprjudsklf htxloleulxp lq wkh Lvudhol vrflhw|/ e| glvsursruwlrqdoo|

lqfuhdvlqj wkh ixwxuh srolwlfdo lq xhqfh ri jurxsv � h1j1/ wkh xowud0ruwkrgr{ ru wkh Dude � zkrvh ihuwlolw|

ghflvlrqv duh dujxhg wr eh pruh uhvsrqvlyh wr vxfk lqfhqwlyhv1

.Vdlqw Sdxo dqg Yhuglhu +4<<:, vkrz wkdw pxowlsoh htxloleuld fdq dulvh lq d srolwlfr0hfrqrplf prgho

zkhuh djhqwv yrwh ryhu fdslwdo wd{dwlrq dqg kdyh dffhvv wr rssruwxqlwlhv ri h{sdwuldwlqj wkhlu vdylqjv dw

frvwv ydu|lqj h{rjhqrxvo| dfurvv lqglylgxdov1 Wkh h{shfwdwlrq ri wkh ohyho ri ixwxuh wd{dwlrq ri grphvwlf

vdylqjv ghwhuplqhv wkh h{whqw wr zklfk |rxqj lqglylgxdov h{sorlw wkhvh rssruwxqlwlhv1 Xqghu wkh dvvxpswlrq

wkdw wkh phgldq yrwhu kdv ehwwhu wkdq dyhudjh dffhvv wr lqwhuqdwlrqdo fdslwdo pdunhwv/ pxowlsoh htxloleuld

pd| dulvh1 Lq Jorpp dqg Udylnxpdu +4<<8,/ wkh hqgrjhqrxv ghwhuplqdwlrq ri sxeolf h{shqglwxuh fuhdwhv

pxowlsoh htxloleuld lq d prgho zkhuh yrwhuv duh lghqwlfdo1 Lq wkhlu prgho/ h{shfwdwlrqv ri kljk +orz, wd{hv

uhgxfh +lqfuhdvh, sulydwh hgxfdwlrqdo lqyhvwphqwv dqg ixwxuh lqfrph1 Xqghu wkh dvvxpswlrq wkdw wd{hv duh

xvhg wr �qdqfh dq lqihulru sxeolf jrrg/ kljk +orz, lqfrph lpsolhv wkdw wkh krprjhqrxv yrwhuv suhihu orz

+kljk, sxeolf jrrg surylvlrq dqg wd{hv/ ohdglqj wr wkh srvvlelolw| ri pxowlsoh htxloleuld1

HSrolwlfr0hfrqrplf prghov d od Phow}hu dqg Ulfkdug +4<;4, w|slfdoo| suhglfw wkdw kljkhu lqhtxdolw| lq0

fuhdvhv wkh ghpdqg iru uhglvwulexwlrq1 Lq rxu wzr0jurxs vhw0xs/ krzhyhu/ wkh phgldq yrwhu fdq eh ulfkhu

wkdq wkh dyhudjh yrwhu/ dqg wkh suhglfwlrqv ri rxu wkhru| derxw wkh vljq ri wkh fruuhodwlrq ehwzhhq lqhtxdolw|

dqg uhglvwulexwlrq lv dpeljxrxv1 Iru lqvwdqfh/ wkh htxloleulxp ihdwxuhv }hur uhglvwulexwlrq li lqhtxdolw| lv

odujh dqg wkh phgldq yrwhu lv ulfkhu wkdq dyhudjh/ zkhuhdv lw ihdwxuhv srvlwlyh uhglvwulexwlrq li lqhtxdolw| lv

yhu| orz dqg wkh phgldq yrwhu lv srruhu wkdq wkh dyhudjh1

bLw lv lpsruwdqw iru wkh dqdo|vlv wkdw djhqwv hduq lqfrph lq erwk shulrgv1 Wkh dvvxpswlrq wkdw �uvw

dqg vhfrqg shulrg lqfrph duh shuihfwo| fruuhodwhg lv/ krzhyhu/ qrw hvvhqwldo � wkh txdolwdwlyh uhvxowv zloo eh

suhvhuyhg surylghg wkdw hduqlqjv lq wkh wzr shulrgv duh srvlwlyho| fruuhodwhg1

�fWkh dvvxpswlrq wkdw K $ � fdq eh prwlydwhg e| lqfhqwlyh frqvlghudwlrqv1 Li uhglvwulexwlrq zhuh odujhu

wkdq 433 shufhqw/ vxffhvvixo djhqwv zrxog ghflgh qrw wr zrun dqg wr fodlp ehqh�wv1 Wkh dvvxpswlrq wkdw

K D f lv d xvhixo ehqfkpdun/ dqg lw fdq eh uhjdughg dv wkh h�hfw ri vrph frqvwlwxwlrqdo sulqflsoh wkdw sxeolf

uhglvwulexwlrq fdqqrw eh uhjuhvvlyh1 Dq lpsruwdqw frqvhtxhqfh ri wkh uhvwulfwlrqv rq Kc lv wkdw rswlpdo h�ruw

lv erxqghg ehwzhhq }hur dqg rqh dqg wkhuhiruh fdq eh lqwhusuhwhg dv d suredelolw|1

��Pruh irupdoo|/ zh gh�qh wkh fodvv ri Sduhwr rswlpdo vhtxhqfhv ri ehqh�wv/ tK|�
"

|'�
/ dv wkrvh zklfk zrxog

eh fkrvhq e| d vrfldo sodqqhu zkrvh remhfwlyh ixqfwlrq lv jlyhq e|

4@ 
tKw�

4

w@4

+
bfr E�3 ��� T

Jr EK�c K2c ��� n bf���T
J� EK�c K2c ��� n

"[
|'�

b|T
+ EK|c K|n�c K|n2c �|�

,
c

vxemhfw wr K| M dfc�o �|/ zkhuh wkh sodqqhu zhljkwv bfr/ bf�/ dqg tb|�"|'f duh vwulfwo| srvlwlyh1 Lw lv

vwudljkwiruzdug wr vkrz wkdw wkh sodqqhu zrxog fkrrvh }hur ehqh�wv diwhu wkh �uvw shulrg/ iru dq| duelwudu|

vhtxhqfh ri +srvlwlyh, sodqqhu zhljkwv1 Pruhryhu/ d xwlolwduldq sodqqhu zlwk htxdo zhljkwv rq doo lqlwldoo|

olylqj lqglylgxdov zrxog vhw Kf ' f/ iru dq| �f1 Wkh surri lv dydlodeoh xsrq uhtxhvw1

�2
Wkh jlvw ri wkh ghulydwlrq ri wkh htxloleulxp ixqfwlrqv lv wkh iroorzlqj1 Vwduw e| dvvxplqj � wr eh olqhdu

lq �|/ ljqrulqj wkh frqvwudlqw wkdw K M dfc�o1 Wkhq/ dv wkh |rxqj duh ulvn0qhxwudo zlwk txdgudwlf h�ruw frvwv/
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wkh ixqfwlrq L/ vdwlvi|lqj frqglwlrq 5 lq htxloleulxp gh�qlwlrq 4/ lv olqhdu lq K|1 Pruhryhu/ wkh lqgluhfw

xwlolw| lv dovr olqhdu0txdgudwlf lq K|/ rqfh � dqg L kdyh ehhq vxevwlwxwhg lqwr +7,1 Lw wxuqv rxw wkdw/ lq wkh

devhqfh ri frqvwudlqwv/ wkh rswlpdo fkrlfh ri K| lv lqghhg olqhdu lq �|1 Lpsrvlqj frqglwlrq 4 lq htxloleulxp

gh�qlwlrq 4/ lw lv vwudljkwiruzdug wr vroyh iru wkh frh!flhqwv lq �1 Zkdw uhpdlqv lv wr lpsrvh wkh frqvwudlqwv

rq K|/ dqg fkhfn wkdw qr ghyldwlrqv iurp wklv frqvwudlqhg olqhdu uxoh fdq eh rswlpdo1 Vxfk ghyldwlrqv pd|/

lq vrph fdvhv/ eh rswlpdo/ dv h1j1 h{sodlqhg lq irrwqrwh 46/ lq zklfk fdvh wkh srolf| uxoh � pxvw eh prgl�hg

lq d qrq0wulyldo zd|1

��
Doo �jxuhv/ lqfoxglqj Iljxuh 4/ uhsuhvhqw d sdudphwulf fdvh zkhuh q ' f�.D�Qrwh wkdw q 	

�I
�.3 �

�
*e E

f�.H lpsolhv wkdw 7� Eq� : �1 Li/ lq frqwudvw/ 7�Eq� 	 �/ wkhuh lv d udqjh �| M d7�c�o vxfk wkdw wkh xqvxffhvvixo

rog lq shulrg | lqgxfh d �|n� zkhuh wkh frqvwudlqw K|n� $ � lv elqglqj1 Wklv fuhdwhv d grzqzdug glvfrqwlqxlw|

ri �E�|� dw 7�1 Wkh udqjh d7�c�o lv hskhphudo/ lq wkh vhqvh wkdw lq htxloleulxp/ �| 	 7� �| : f1 Wkhuhiruh/ li

wkh hfrqrp| vwduwv dw �f 	 7�/ wkh srolf| uxoh dqg odz ri prwlrq duh txdolwdwlyho| lghqwlfdo wr wkrvh lq Iljxuh

41 Rwkhuzlvh/ wkh| gl�hu iru rqh shulrg rqo|1 Wr xqghuvwdqg wkh ruljlq ri wkh grzqzdug glvfrqwlqxlw|/

qrwh wkdw K|n� lv qhjdwlyho| uhodwhg wr K| zkhq wkh frqvwudlqw K|n� $ � lv qrw elqglqj1 Wkxv/ wkh pdujlqdo

glvwruwlrq ri fxuuhqw ehqh�wv vkliwv xszdug dw 7�/ dv wkh frqvwudlqw rq K|n� ehfrphv elqglqj1 Wkhuhiruh/

�E�|� idoov glvfrqwlqxrxvo| dw �| ' 7�1

�e
Iru lqvwdqfh/ lq d prgho zkhuh djhqwv olyh iru pruh wkdq wzr shulrgv dqg pdnh wkhlu lqyhvwphqw ghflvlrq

lq wkh �uvw shulrg rqo|/ wkh �|rxqj� zrxog frqvwlwxwh d vpdoo sursruwlrq ri wkh hohfwrudwh dqg duh qrw olnho|

wr eh ghflvlyh1

�D
Ixuwkhupruh/ Fdvh| E1 Pxooljdq dqg [dylhu Vdod0l0Pduwlq +4<<<, frqvwuxfw d prgho zkhuh wkh hoghuo|

kdyh d suhsrqghudqw lq xhqfh rq wkh ghwhuplqdwlrq ri uhglvwulexwlrq srolflhv1 Lq wkhlu sdshu/ wklv dulvhv gxh

wr wkh rog kdylqj d orz rssruwxqlw| frvw ri wlph1

�S
Lq d suhylrxv yhuvlrq ri wklv sdshu/ Kdvvohu hw do1 +5334f,/ zh dovr dqdo|}hg dq lqwhuphgldwh fdvh/ zkhq

wkh |rxqj yrwh ehiruh nqrzlqj wkhlu w|sh/ doehlw zlwk d orzhu wxuqrxw wkdq wkh rog/ lq hohfwlrqv khog dw wkh

ehjlqqlqj ri hdfk shulrg1 Lq sduwlfxodu/ rqo| d vkduh 0 M dfc�o ri wkh |rxqj lqglylgxdov zdv dvvxphg wr

sduwlflsdwh lq wkh yrwlqj surfhvv1 Wkh nh| lqvljkw ri wkdw h{whqvlrq lv wkdw rxu uhvxowv zkhq rqo| wkh rog

yrwh +0 ' f, uhpdlq xqfkdqjhg iru 0 : f/ surylghg wkdw 0 lv qrw wrr odujh1

�.
Wkh dvvxpswlrq ri �prqrwrqlflw|� sod|v qr uroh lq wkh fkdudfwhul}dwlrq ri wkh htxloleulxp sdwk/ vlqfh/

dv zh vkdoo vhh/ wkh rqo| hvvhqwldo ihdwxuh ri eholhiv lv wkh kljkhvw ohyho ri K lqgxflqj d pdmrulw| ri vxffhvvixo

lqglylgxdov1 Krzhyhu/ wkh dvvxpswlrq vlpsol�hv wkh fkdudfwhul}dwlrq ri rxw0ri0htxloleulxp ehkdylru dqg

uhgxfhv wkh vhw ri revhuydwlrqdoo| htxlydohqw htxloleuld1

�H
Wr vlpsoli| wkh qrwdwlrq/ wkh| zloo qrw eh vshfl�hg dv dujxphqwv ri wkh htxloleulxp ixqfwlrqv '�cL�1 Lq

sduwlfxodu/ zlwk vrph dexvh ri qrwdwlrq/ zh zloo zulwh � E�|� dqg L EK|� udwkhu wkdq � E�|( w� dqg L EK|( w� �

�b
Lq dq h{whqvlrq dydlodeoh xsrq uhtxhvw zh lqwurgxfh vwrfkdvwlf vkrfnv e| dvvxplqj wkdw/ zlwk d srvlwlyh

suredelolw|/ Rc wkh uhwxuq wr lqyhvwphqw lv dv lq wkh ehqfkpdun prgho/ lpso|lqj wkdw �|n� ' �3e|c zkhuhdv/

zlwk suredelolw| �3 Rc wkh suredelolw| ri lqglylgxdo vxffhvv lq shulrg | +l1l1g1 dfurvv djhqwv, lv gudzq iurp

d s1g1i1 zlwk vxssruw rq wkh xqlw lqwhuydo dqg phdq �*21 Wkxv/ zlwk suredelolw| �3 R wkh lqyhvwphqw lq

hgxfdwlrq kdv qr h�hfw rq wkh suredelolw| ri vxffhvv ri djhqwv1 Zkhwkhu ru qrw h�ruw pdwwhuv lv uhyhdohg

diwhu ehqh�wv duh vhw dqg h�ruw lv fkrvhq1 Wkh pdlq uhvxow ri wklv h{whqvlrq lv wkdw dq h{lvwlqj sur0zhoiduh

ru dqwl0zhoiduh pdmrulw| uhjhqhudwhv lwvhoi zlwk suredelolw| E� n R�*2c zkhuhdv d fkdqjh ri pdmrulw| rffxuv

zlwk suredelolw| E�3 R�*2� Zkloh sur0 dqg dqwl0zhoiduh pdmrulwlhv duh rffdvlrqdoo| uhyhuwhg/ wkh phfkdqlvp

wkdw zh kljkoljkw lq wklv vhfwlrq frqwlqxhv wr dsso|1
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2f
Xqghu p|rslf yrwlqj/ wkh vwhdg|0vwdwh uhglvwulexwlrq lv htxdo wr 2E� n q�* E� n 2q� 	 K_R� Wkh irupdo

fkdudfwhul}dwlrq ri wkh p|rslqj yrwlqj htxloleulxp kdv ehhq rplwwhg dqg lv dydlodeoh xsrq uhtxhvw1

2�
Wkxv/ wklv htxloleulxp lv Sduhwr h!flhqw lq wkh vhqvh wkdw/ jlyhq dq| lqlwldo vwdwh �f/ wkhuh h{lvwv sodqqhu

zhljkwv vxfk wkdw wkh doorfdwlrq zrxog kdyh ehhq fkrvhq e| d vrfldo sodqqhu pd{lpl}lqj wkh remhfwlyh

ixqfwlrq lq irrwqrwh 441 Doo rwkhu htxloleuld frqvlghuhg lq wklv sdshu/ lqfoxglqj wkh DZH zlwk vzlwfk lq wzr

shulrgv/ duh qrw Sduhwr rswlpdo ehfdxvh wkh| pd| lpso| srvlwlyh ehqh�wv hyhq diwhu wkh �uvw shulrg1

22
Frqvlghu wkh DZH vxvwdlqhg e| wkh eholhi wkdw w ' q1 Wkhq/ iru doo q M d
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zkhuh hdfk ohiw0kdqg vlgh +uljkw0kdqg vlgh, whup ri wkh lqhtxdolw| uhsuhvhqwv wkh xwlolw| lq dq DZH +SZH,1

Wkh uhvxow fdq eh jhqhudol}hg wr dq| w D w Eq�1 Iru vrph � : �_R/ krzhyhu/ frxqwhu0h{dpsohv fdq eh

frqvwuxfwhg1

2�
Dq dqwl0zhoiduh htxloleulxp zlwk p|rslf yrwlqj h{lvwv lq wkh sduwlfxodu fdvh zkhuh q ' �� Lq wklv fdvh/

jlyhq wkh h{shfwdwlrq wkdw 7K� ' f/ wkh sulydwh ghflvlrq uxoh ri wkh p|rslf yrwlqj htxloleulxp lv L EKf� ' Kf*2/

lpso|lqj wkdw d pdmrulw| ri rog vxffhvvixo pdwhuldol}hv lq shulrg rqh/ luuhvshfwlyh ri wkh fkrlfh ri Kf� Lq idfw/

wkh rog xqvxffhvixo fkrrvh Kf ' � lpso|lqj �� ' �*2 dqg wkh hqg ri wkh zhoiduh vwdwh1

2e
Wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv rq wkh udqjh ri sdudphwhuv +q, dqg eholhiv +w, wkdw vxvwdlq DZH

zlwk vzlwfk lq wzr shulrgv fdq dovr eh fkdudfwhul}hg/ exw duh lqyroyhg/ dqg duh wkhuhiruh qrw vwdwhg khuh1

Ghwdlov duh dydlodeoh xsrq uhtxhvw1 Dv d pruh jhqhudo uhpdun/ zh duh xqiruwxqdwho| xqdeoh wr surylgh d

surri wkdw wkh htxloleuld fkdudfwhul}hg h{kdxvw wkh vhw ri htxloleuld frqvlvwhqw zlwk gh�qlwlrq 41

2D
Wr vhh zk| wkh Zhoiduh Vwdwh fdqqrw vxuylyh zkhq � lv vx!flhqwo| odujh/ frqvlghu wkh fdvh ri q ' f1

Wklv lv wkh prvw urexvw fdvh iru wkh vxuylydo ri wkh Zhoiduh Vwdwh/ vlqfh wkh rog xqvxffhvvixo lq pdmrulw| kdyh

qr vwudwhjlf prwlyh wr lqgxfh wkh euhdn0grzq ri wkh Zhoiduh Vwdwh1 Lq wklv fdvh/ li �f : �*2/ wkh htxloleulxp

ehqh�w udwh lv jlyhq e|
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dK3 E4@ t23� E�3 K� cf�n 2�� K*eo D
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c

zklfk lv ghfuhdvlqj lq �/ vr wkdw htxloleulxp Kf lv erxqghg iurp ehorz e| �*21 Exw/ wkhq/ �� ' 4@ t�3 � E�3 Kf�*2cf�
	 �*2 iru vx!flhqwo| odujh �1 Khqfh/ luuhvshfwlyh ri wkh lqlwldo ydoxh ri �/ wkh pdmrulw| lq wkh vxevhtxhqw

shulrgv rssrvhv uhglvwulexwlrq/ surylghg wkdw � lv vx!flhqwo| odujh1

2S
Gdurq Dfhprjox/ Sklolssh Djklrq dqg Jlrydqql O1 Ylrodqwh +5334, h{soruh d uhodwhg lghd/ dujxlqj wkdw

vnloo0eldvhg whfkqlfdo fkdqjh kdv ehhq wkh fdxvh ri gh0xqlrql}dwlrq zklfk/ lq wxuq/ kdv pdjql�hg wkh lqlwldo

lqfuhdvh ri lqhtxdolw|1 Wkhlu dujxphqw/ krzhyhu/ lv yhu| gl�huhqw iurp rxuv/ dqg qrw edvhg rq srolwlfdo

hfrqrp| phfkdqlvpv1

2.
Gxulqj wkh shulrg 4<:804<<3/ wkh dyhudjh |hduv ri vhfrqgdu| ru kljkhu hgxfdwlrq iru wkh srsxodwlrq ryhu

58 lqfuhdvhg e| derxw rqh |hdu lq wkh dyhudjh HX frxqwu|/ dqg e| derxw 55 prqwkv lq wkh Xqlwhg Vwdwhv1

Lq wkh vdph shulrg/ wkh dyhudjh |hduv ri kljkhu hgxfdwlrq lq wkh vdph srsxodwlrq jurxs lqfuhdvhg e| 5

65



prqwkv lq wkh HX dqg e| doprvw ; prqwkv lq wkh X1V1 Vrxufh= Gdwdvhw ri Urehuw M1 Eduur dqg Mrqj0Zkd

Ohh +4<<6,1
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