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Abstract

In this paper we make a thorough study of the use of the finite ele-
ment method to numerically compute harmonic maps from parametric
surfaces to the plane. There are essentially two choices to be made in
the FE method: (1) which elements and (2) which quadrature. We
show that by using linear elements and point-based linear quadrature
the method reduces to the cotangent method studied by Dziuk, Polth-
ier and others. We are thus able to give a new convergence analysis
of this method.

1 Introduction

In recent years many methods have been developed for parameterizing piece-
wise linear surfaces, i.e., triangular meshes, because surfaces of this kind
often arise from digital geometry and no parameterization is available. A
survey of such methods can be found in [5]. One popular method for param-
eterizing meshes is to use a discrete analog of a harmonic map. Harmonic
maps are closely related to conformal maps which are maps that preserve
angles. In fact for a fixed boundary map, the harmonic map minimizes a
certain measure of angle distortion, known as conformal energy. A discrete
form of a harmonic map was derived by Pinkall and Polthier [8] and Eck et
al. [3] by minimizing Dirichlet energy over the mesh.
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Our goal is to carry out a thorough analysis of the use of the finite el-
ement method to compute discrete harmonic maps. Instead of letting the
minimization of Dirichlet energy be the connection between the continuous
and the discrete case, we start from the weak form of the defining PDE. We
will assume that we are given a parametric surface, so that we can formu-
late the map in terms of the given coordinates of the surface as the solution
of a second order elliptic differential equation. This is the Laplace-Beltrami
equation, and when we apply the finite element method there are two choices
to make: (1) choice of elements and (2) choice of quadrature. One of our
observations is that by making a special choice of quadrature: using only
surface points, rather than derivatives, we reproduce the discrete harmonic
map of Pinkall and Polthier and Eck et al., which is independent of the
given parameterization. This observation enables us to show further that
the discrete harmonic map does indeed converge in the L2 norm to the true
harmonic map, and the convergence is second order. This is a well-known
fact in the special case that the surface is planar, but seems only to have
been conjectured for general surfaces.

2 The Laplace-Beltrami equation

Suppose a parametric surface is given, f : Ω → R3, where Ω is an open,
convex and bounded set in R2. We will assume that its boundary ∂Ω is
piecewise C∞. The surface, when viewed as a subset of R3 is then the set of
points

S = {f(x1, x2) : (x1, x2) ∈ Ω}.

We will assume that f is uniformly regular, by which we mean that f is
continuously differentiable, and that there exists a constant α > 0 such that
for every point (x1, x2) ∈ Ω,

|D1f ×D2f | ≥ α. (1)

We now seek to compute a harmonic function on S, that is a function
φ : S → R satisfying

∆Sφ = 0, in the interior of S (2)

φ = gS, on the boundary of S (3)
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where ∆S is the Laplace-Beltrami operator and gS is a function defined on
the boundary of S, giving Dirichlet-type boundary conditions.

However, we will solve (2) in the given coordinates of S, which means
that we will be looking for a function u := φ ◦ f : Ω → R satisfying the PDE

Lu(x1, x2) = 0, (x1, x2) ∈ Ω (4)

u(x1, x2) = ḡ, (x1, x2) ∈ ∂Ω (5)

where ḡ := gS ◦ f and L is the second order elliptic operator

L :=
1√

det G

2∑
i,j=1

Di(
√

det GgijDj).

In the definition above, the terms gij are the elements of the inverse metric
tensor, the 2× 2 matrix given by

G−1 = (gij) =
1

det G

(
g22 −g12

−g21 g11

)
,

G = (gij) = (Dif ·Djf),

where · denotes the scalar product in R3.
Note that since the right hand side of (4) is zero, the scaling factor

1/
√

det G in the operator L plays no role in the equation. Further, we can
simplify the equation a little if we define

A = (aij) =
√

det G(gij) =
1√

det G

(
g22 −g12

−g12 g11

)
.

Then the equation for u becomes

2∑
i,j=1

Di(aijDju) = 0. (6)

Unless the surface f is quite simple, such as a plane, sphere or cylinder, we
cannot hope to find closed-form solutions. Worse, there might not even exist
any solution u at all in C2(Ω) satisfying the PDE (4). To ensure existence
and uniqueness, we have to weaken our notion of solution.
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We will now motivate the weak form of the equation. Assume temporarily
that there exists a u ∈ C2(Ω) solving (6). We may multiply (6) by any smooth
function with compact support in Ω, v ∈ C∞

c (Ω), and integrate to obtain∫
Ω

2∑
i,j=1

(Di(aij(x)Dju(x))) v(x) dx = 0. for all v ∈ C∞
c (Ω).

Now we apply integration by parts, giving∫
Ω

2∑
i,j=1

aij(x)Dju(x)Div(x) dx = 0. for all v ∈ C∞
c (Ω). (7)

The above we may write as a(u, v) = 0, where a(·, ·) is the symmetric bilinear
form

a(u, v) =

∫
Ω

2∑
i,j=1

aij(x)Diu(x)Djv(x) dx. (8)

It is evident that (7) holds for all classical (C2) solutions, yet the expres-
sion is valid even if u is in C1, since only one derivative appears. In fact,
we will only require that u is in the Sobolev space H1(Ω), the space of L2

functions on Ω with weak derivatives in L2. The test function u will be in
H1

0 (Ω), defined by

H1
0 (Ω) := {v ∈ H1(Ω) : Tv = 0},

where T is the trace operator taking functions in H1(Ω) to functions in
L2(∂Ω). For more detailed definitions and explanations, see for instance [4]
or [6]. From now on, we will usually write H1 for H1(Ω), L2 for L2(Ω) and
so on.

Definition 1 (Weak solution) We say that u ∈ H1 is a weak solution of
the Laplace-Beltrami equation with Dirichlet boundary conditions provided
that

1. a(u, v) = 0 for all v ∈ H1
0

2. Tu = ḡ

This definition will enable us to prove existence and uniqueness.
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3 Properties of the solution u

In this section, we show existence and uniqueness of the weak solution u, as
well as investigate its regularity.

We will homogenize the problem in order to apply certain theorems. By
homogenizing, we mean modifying the equation so that the Dirichlet bound-
ary conditions are simply that the trace of the solution is 0 on the boundary.

Let g be a function in H1 with ḡ as its trace. Let w := u − g. Then
w ∈ H1

0 and
a(w, v) = −a(g, v) for all v ∈ H1

0 . (9)

A remark on g: for such a function to exist, we must make certain as-
sumptions on ḡ. By Theorem 1.5.2.8 in [7], it is sufficient for ḡ to be

1. ḡ ∈ C1 on any side of ∂Ω and

2. continuous at the corners.

We will call such ḡ compatible Dirichlet boundary conditions. Then in fact
g ∈ H2(Ω). Of course, then we may integrate by parts, so (9) becomes

a(w, v) = (Lg, v)0 for all v ∈ H1
0 . (10)

where Lg ∈ L2 and (·, ·)0 is the inner product in L2.
By Theorem 8.9 in [6], we need to satisfy the following criteria in order

to have a unique solution u ∈ H1 ∩H2
loc:

1. aij must be Lipschitz continuous,

2. L must be uniformly elliptic, that is, there exists a constant θ > 0 such
that

2∑
i,j=1

aij(x)ξiξj ≥ θ|ξ|2, ∀x ∈ Ω, ξ ∈ R2. (11)

Alternatively, there exists a constant α > 0 such that

a(v, v) ≥ α||v||2H1 . (12)

The first criterion holds for any regular C2 parametrized surface, but may
fail for C1 surfaces if Dif is not Lipschitz. For simplicity, we will assume that
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the surface is C2 from now on. This will include for instance cubic tensor-
product spline surfaces.

The second criterion holds if the matrix (aij(x)) is uniformly positive
definite in Ω. This follows from (1), since both a11 and det(aij) are bounded
away from zero uniformly in Ω by the regularity of f .

Now we have established that u ∈ H2
loc, that is, for every V ⊂⊂ Ω,

u ∈ H2(V ). We would like to have u ∈ H2. We can deduce that w, the
homogenized solution, has this property from Theorem 3.2.1.2 in [7], since
our domain is convex and bounded and w satisfies (10). Since u = w + g,
and we have already shown g ∈ H2, we have u ∈ H2.

Since Ω ∈ R2, it follows from various Sobolev inequalities ([4], section
5.6) that u is in fact continuous on Ω̄.

4 Finite element method

Consider now a finite element approximation to the solution u. Much of the
basic theory is well-documented; see for example Braess [1].

To derive a finite element approximation to u we start from the weak
formulation, but replace the infinite-dimensional function spaces by finite-
dimensional subspaces.

Let T be some triangulation of Ω and let Sh ⊂ H1 denote the spline space
consisting of continuous functions on Ω where the restriction of each function
to any triangle in T is linear. The subscript h denotes the diameter of the
largest triangle in T . We also need to consider the subspace

Sh,0 = {v ∈ Sh : v|∂Ω = 0}.

Let gh ∈ Sh be some approximation to g. For the error analysis to follow in
section 6, we will need to assume that |g− gh| ≤ Ch3/2 on ∂Ω. We now seek
a function uh in Sh such that uh − gh ∈ Sh,0 and

a(uh, v) = 0, for all v ∈ Sh,0. (13)

To solve this we need a basis for Sh, and the set of hat functions is
suitable. Let V be the set of vertices in T and for each vertex v of V let Bv

be the associated hat function, i.e., the element of Sh such that Bv(v) = 1
and Bv(w) = 0 for w ∈ V with w 6= v. These hats form a basis of Sh and
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so uh can be expressed as

uh(x) =
∑
v∈V

uvBv(x).

Further, let VB denote the boundary vertices of T , and VI the inner vertices.
Since the inner hat functions Bv, v ∈ VI , form a basis for Sh,0 we take v in
(13) to be Bw for some w ∈ VI yielding the linear system∑

v∈V

cvwuv = 0, w ∈ VI , (14)

where
cvw = a(Bv, Bw), (15)

and uv = gh(v) for v ∈ VB. The coefficient cvw is only non-zero when either
v = w or v and w are neighbours in the triangulation T . In practice we can
only approximate the integral defining cvw. The usual way to approximate
it is simply to apply some known quadrature rule directly to the integral,
a rule whose accuracy matches the accuracy of the approximation uh ≈ u.
However, the functions aij involve derivatives (of first order) of f and so such
a quadrature rule would require differentiating f . We would like to avoid
that and we propose an alternative approach. We let fh be a piecewise linear
interpolant to f over T . For each triangle T = [v1,v2,v3], fh interpolates f
at the 3 corner points of T . We now use the approximation

ã(u, v) =

∫
Ω

2∑
i,j=1

ãij(x)Diu(x)Djv(x) dx. (16)

to a(u, v) where

(ãij)ij =
1√

det G̃

(
g̃22 −g̃12

−g̃21 g̃11

)
,

and
G̃ = (g̃ij) = (Difh ·Djfh).

We now seek the function ũh in Sh such that ũh − gh ∈ Sh,0 and

ã(ũh, v) = 0, for all v ∈ Sh,0. (17)
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This means solving the linear system∑
v∈V

c̃vwũv = 0, w ∈ VI , (18)

where
c̃vw = ã(Bv, Bw), (19)

and ũv = gh(v) for v ∈ VB.

5 Deducing the cotangent weights

We can split the integral in c̃vw into a sum of integrals over triangles,

c̃vw =
∑
T∈T

c̃vwT ,

where

c̃vwT =

∫
T

2∑
i,j=1

ãij(x)DiBv(x)DjBw(x) dx.

Since fh is piecewise linear, the integrand in c̃vwT is then a constant in x and
so this integral can be found exactly. In fact this gives a well-known method.
Suppose T = [v1,v2,v3] and let fi = f(vi) for i = 1, 2, 3, and let αi denote
the angle in the triangle fh(T ) = [f1, f2, f3] incident on the vertex fi. Let

c̃ij = c̃vivjT .

Theorem 1 For c̃ij and αi as defined above,

(c̃ij)i,j =
1

2

cot α2 + cot α3 − cot α3 − cot α2

− cot α3 cot α3 + cot α1 − cot α1

− cot α2 − cot α1 cot α1 + cot α2

 . (20)

It follows that the linear system (18) reduces to∑
w∈Nv

(cot αvw + cot βvw)(ũu − ũw) = 0, (21)

which is the method Pinkall and Polthier [8] and Eck et al [3] derived.
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Proof. Let λi : T → R, i = 1, 2, 3 be the three barycentric coordinates
associated with vi in T , i.e, λi is the linear polynomial such that λi(vj) = δij

for i, j = 1, 2, 3. Then for x ∈ T , Bvi
(x) = λi(x), i = 1, 2, 3. By the

definition of G̃,

c̃ij =

∫
T

1√
det G̃

(−D2λiD1fh + D1λiD2fh) · (−D2λjD1fh + D1λjD2fh) dx.

Since

fh(x) =
3∑

i=1

λi(x)fi,

and
3∑

i=1

λi(x) = 1,

we have that for any i, interpreting subscripts modulo 3,

Dkfh = Dkλi+1(fi+1 − fi) + Dkλi+2(fi+2 − fi), k = 1, 2.

So

−D2λiD1fh + D1λiD2fh = (D2λi+1 + D2λi+2)D1fh − (D1λi+1 + D1λi+2)D2fh

= (D2λi+1D1λi+2 −D1λi+1D2λi+2)(fi+2 − fi+1)

=
−1

2A
(fi+2 − fi+1),

where A is the area of the triangle T . Further, letting Â be the area of the
spatial triangle fh(T ), we have

Â =

∫
fh(T )

dA =

∫
T

√
det G̃ dx1 dx2 =

√
det G̃A,

from which it follows that
√

det G̃ = Â/A. Therefore

c̃ij =
1

4Â
(fi+2 − fi+1) · (fj+2 − fj+1). (22)

Suppose i 6= j. Then since

(fi+1 − fi) · (fi+2 − fi) = |fi+1 − fi||fi+2 − fi| cos αi,

9



and

Â =
1

2
|fi+1 − fi||fi+2 − fi| sin αi,

we find

c̃ij = −1

2
cot αk,

where k 6= i, j. This gives the off-diagonal elements of the matrix (20).
Finally, summing (22) over j implies

3∑
j=1

c̃ij = 0,

and so the sum of the each row in (20) is zero, which gives the diagonal
elements. 2

6 Error analysis

6.1 H1 error

Theorem 2 (H1 error of the cotangent method) Let u be a weak solu-
tion of the Laplace-Beltrami equation on Ω with compatible Dirichlet bound-
ary conditions ḡ. For a shape-regular and shape-uniform family of trian-
gulations {Th} of Ω, the solution ũh of the linear system of equations (21)
satisfies

||u− ũh||H1 ≤ Ch

for sufficiently small h.

Proof.
The proof will be based on the first lemma of Strang, in the following

form:

Lemma 1 (First lemma of Strang) Let u be a weak solution of the Laplace-
Beltrami equation as discussed in sections 2 and 3, and let the functions
ũh, gh ∈ Sh and the bilinear form ã : Sh × Sh → R satisfy the following:

1. ã is uniformly elliptic, that is, there exists a constant β independent of
h such that

ã(v, v) ≥ β||v||2H1 v ∈ Sh,
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2. ũh − gh ∈ Sh,0,

3. ã(ũh, v) = 0 for all v ∈ Sh,0.

Then there is a constant c independent of h such that

||u− ũh||H1 ≤c

(
inf

vh∈Sh,0+gh

{
||u− vh||H1

+ sup
wh∈Sh,0

|a(vh, wh)− ã(vh, wh)|
||wh||H1

}) (23)

The notation Sh,0 + gh means the set of functions v ∈ Sh such that v − gh ∈
Sh,0. A proof of this lemma may be found for instance in [1], page 107.

Prerequisite 2 and 3 are satisfied by the definition of ũh, equation (17).
It will be shown later that | det G− det G̃| ≤ Ch, so

det G̃ ≥ α̃ > 0 (24)

for sufficiently small h. Then the surface f̃ is regular, and ellipticity follows
for ã as it did for a in section 3. This gives prerequisite 1.

In order to compute the bound given in the Lemma, we may choose any
arbitrary vh, obtaining

||u− ũh||H1 ≤ c

(
||u− vh||H1 + sup

wh∈Sh,0

|a(vh, wh)− ã(vh, wh)|
||wh||H1

)
. (25)

In the following, C and c will denote arbitrary constants independent of
h, that may change from line to line. Since u is continuous, we may apply in-
terpolation operators to it. Let Ih denotes interpolation on the triangulation
Th by a piecewise linear function. Then we let vh = Ihu on interior nodes,
and vh = gh on boundary nodes. Since {Th} is shape-regular, by Theorem 6.4
in [1], page 79 we have

||u− Ihu||H1 ≤ ch|u|H2 ≤ Ch. (26)

Here | · |H2 denotes the H2 semi-norm. Recall also that u ∈ H2, so its H2

semi-norm is bounded.
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The first term may now be estimated.

E1 := ||u− vh||H1 ≤ ||u− Ihu||H1 + ||Ihu− vh||H1

≤ Ch +

√∫
Ω

|Ihu(x)− vh(x)|2 + |DIhu(x)−Dvh(x)|2 dx

= Ch +

√∑
T∈∂T

∫
T

|Ihu(x)− vh(x)|2 + |DIhu(x)−Dvh(x)|2 dx,

where ∂T contains all triangles in T with at least one vertex on the boundary.
From the assumption that |g−gh| ≤ Ch3/2 on the boundary, we may conclude
that |Ihu − vh| ≤ Ch3/2 and by shape-regularity of {Th}, also that |DIhu −
Dvh| ≤ Ch1/2 on the boundary. So we have

E1 ≤ Ch +

√∑
T∈∂T

∫
T

ch dx,

≤ Ch +

√∑
T∈∂T

ch3

≤ Ch +
√

ch2 ≤ Ch.

The second inequality follows from the fact that we are integrating over tri-
angles with area bounded by h2. The third inequality follows from summing
over a number of triangles bounded by 1/h. This requires the condition of
shape-uniformity.

We now estimate the second term. Let

M := sup
x∈Ω

max
ij

|aij(x)− ãij(x)|.
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Then

E2 := sup
wh∈Sh,0

|a(vh, wh)− ã(vh, wh)|
||wh||H1

= sup
wh∈Sh,0

1

||wh||H1

∣∣∣∣∣
∫

Ω

2∑
i,j=1

(aij(x)− ãij(x))DivhDjwh dx

∣∣∣∣∣
≤ M sup

wh∈Sh,0

1

||wh||H1

2∑
i,j=1

∫
Ω

|DivhDjwh| dx

≤ 4M sup
wh∈Sh,0

1

||wh||H1

|vh|H1|wh|H1

= 4M |vh|H1 .

By the analysis of E1, ||u − vh||H1 ≤ Ch, so clearly |vh|H1 is bounded for
sufficiently small h. Writing g for det G and g̃ for det G̃, we now show that
M ≤ Ch for sufficiently small h,

max
ij

|aij − ãij| = max
ij

∣∣∣∣ gij√
g
− g̃ij√

g̃

∣∣∣∣
= max

ij

∣∣∣∣gij

√
g̃ − g̃ij

√
g

√
gg̃

∣∣∣∣
= max

ij

∣∣∣∣ gij(g̃ − g)√
gg̃(

√
g̃ +

√
g)

+
gij − g̃ij√

g̃

∣∣∣∣
≤ max

ij
(C1|gij(g̃ − g)|+ C2|g̃ij − gij|) .

The last inequality follows from (1) and (24). We let e := f̃ − f , and single
subscripts denote partial derivatives. Then

g̃ij = fifj + fiej + fjei + eiej

= gij + fiej + fjei + Rij (27)

g̃ = g̃11g̃22 − g̃2
12

= g + 2(g22f1 − g12f2)e1 + 2(g11f2 − g12f1)e2 + R (28)

where Rij and R only contain terms with at least two factors of ei or ej.
Again using Theorem 6.4 of [1], we know that |e|H1 ≤ Ch, so |ei| ≤ Ch, and
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obtain

|g̃ij − gij| ≤ Ch

|g̃ − g| ≤ Ch

So M ≤ Ch and the theorem follows. 2

6.2 L2 error

Theorem 3 (L2 error of the cotangent method) Under the same con-
ditions as in Theorem 2,

||u− ũh||L2 ≤ Ch2.

Proof. To show this, we will apply a form of the Aubin-Nitsche Lemma (see
4.1.3, page 203 of [2]):

Lemma 2 (Aubin-Nitsche Lemma) Under the same conditions as in Lemma 1,
the finite element solution ũh satisfies

||u− ũh||L2 ≤ C sup
w∈L2

1

||w||L2

(
inf

vh∈Sh,0

{
||u− ũh||H1||φw − vh||H1

+ |a(ũh, vh)− ã(ũh, vh)|
})

,

where for each w, φw is the unique function in H1
0 satisfying

a(v, φw) = (w, v)0 for all v ∈ H1
0 .

In this proof, any statement that a quantity is ≤ Ch is implicitly assumed
to hold only for sufficiently small h. Let vh = Ihφw. Then as before, we may
split the error into two parts. The first part is bounded by Ch2 because as
we have already shown, ||u− ũh||H1 ≤ Ch, and by (26),

||φw − Ihφw||H1 ≤ ch|φw|2 ≤ Ch||w||L2 .

The last inequality follows from Theorem 6, page 306 of [4].
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The second part will require a bit more effort. Going back to (27) and
(28), we write

g̃ij − gij = fiej + fjei + Rij

=: pije1 + qije2 + Rij,

g̃ − g = 2(g22f1 − g12f2)e1 + 2(g11f2 − g12f1)e2 + R

=: pe1 + qe2 + R.

By the assumption that f ∈ C2(Ω), p,q,pij,qij are all in C1(Ω). The coef-
ficients of a(·, ·)− ã(·, ·) may be written

Eij := (−1)i+j (a2−i,2−j − ã2−i,2−j)

=
gij√

g
− g̃ij√

g̃

=
gij(g̃ − g)√

gg̃(
√

g̃ +
√

g)
+

gij − g̃ij√
g̃

=: γ̃ij(g̃ − g) + γ̃(gij − g̃ij).

= (γ̃ijp + γ̃pij)e1 + (γ̃ijq + γ̃qij)e2 + γ̃ijR + γ̃Rij

=: r̃ije1 + s̃ije2 + Q̃ij.

In the above, all defined quantities written with a tilde (̃·) are piecewise C1,
but not continuous over Ω. With the above notation,

|a(ũh, Ihφw)− ã(ũh, Ihφw)| =

∣∣∣∣∣
2∑

i,j=1

(−1)i+j

(∫
Ω

r̃2−i,2−jDiũhDj(Ihφw)e1 dx

+

∫
Ω

s̃2−i,2−jDiũhDj(Ihφw)e2 dx

+

∫
Ω

Q̃2−i,2−jDiũhDj(Ihφw) dx

)∣∣∣∣∣.
Since all terms of Q̃2−i,2−j must contain at least two factors of e1 or ej, clearly
the last term is bounded by ch2|ũh|H1|Ihφw|H1 ≤ Ch2||w||L2 .

To show that the same holds for the other two terms, we would use
integration by parts to move the derivative from e to the other factors in the
integral. However, those factors are not even continuous on Ω, so we need
to replace them with smoother versions. Ihφw will replace φw, u will replace
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ũh, and we will define below rij to replace r̃ij. We do the analysis for the
first integral, the second will be similar.

Let

γij := gij/(2g
3/2),

γ := 1/
√

g,

rij := γijp + γpij.

Then clearly rij ∈ C1.
We now show that |rij − r̃ij| ≤ Ch. This follows from

|γ − γ̃| =
∣∣∣∣ 1
√

g
− 1√

g̃

∣∣∣∣
=

∣∣∣∣ g̃ − g√
gg̃(

√
g̃ +

√
g)

∣∣∣∣
≤ c|g̃ − g| ≤ Ch,

and from

|γij − γ̃ij| =
∣∣∣∣ gij

2g
√

g
− gij√

gg̃(
√

g̃ +
√

g)

∣∣∣∣
≤ c

∣∣∣∣ 1

2g
− 1√

g̃(
√

g̃ +
√

g)

∣∣∣∣
≤ c

∣∣∣∣√g̃(
√

g̃ +
√

g)− 2g

2g
√

g̃(
√

g̃ +
√

g)

∣∣∣∣
≤ c

∣∣∣g̃ +
√

gg̃ − 2g
∣∣∣

≤ c

(
|g̃ − g|+√

g

∣∣∣∣ g̃ − g√
g̃ +

√
g

∣∣∣∣)
≤ c|g̃ − g| ≤ Ch.

Now the integral is bounded as follows:

I :=

∣∣∣∣∫
Ω

r̃2−i,2−jDiũhDj(Ihφw)e1 dx

∣∣∣∣
=

∣∣∣∣∫
Ω

r2−i,2−jDiũhDj(Ihφw)e1 dx +

∫
Ω

(r̃2−i,2−j − r2−i,2−j)DiũhDj(Ihφw)e1 dx

∣∣∣∣
≤
∣∣∣∣∫

Ω

r2−i,2−jDiũhDj(Ihφw)e1 dx

∣∣∣∣+ Ch2||w||L2 .
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Similarly, since ||u− ũh||H1 ≤ Ch and ||φw−Ihφw||H1 ≤ Ch||w||L2 , we finally
obtain an integrand with which we may perform integration by parts:

I ≤
∣∣∣∣∫

Ω

r2−i,2−jDiuDjφwe1 dx

∣∣∣∣+ Ch2||w||L2

=

∣∣∣∣− ∫
Ω

(r2−i,2−jDiuDjφw)1 e dx

+

∫
∂Ω

r2−i,2−jT (Diu)T (Djφw)eν1 dσ

∣∣∣∣+ Ch2||w||L2 .

Above, T : H1(Ω) → L2(∂Ω) is the trace operator, ν1 is the first component
of the outward pointing normal of the boundary and

∫
∂Ω

dσ denotes a path
integral along the boundary.

Each integral above is bounded. For the first,∣∣∣∣ ∫
Ω

(r2−i,2−jDiuDjφw)1 e dx

∣∣∣∣ ≤ Ch2

∫
Ω

∣∣(r2−i,2−jDiuDjφw)1

∣∣ dx

≤ Ch2||r2−i,2−j||C1||u||H2 ||φw||H2

≤ Ch2||w||L2 .

And for the second,∣∣∣∣ ∫
∂Ω

r2−i,2−jT (Diu)T (Djφw)eν1 dσ

∣∣∣∣ ≤ Ch2

∫
∂Ω

T (Diu)T (Djφw) dσ

≤ Ch2||T (Diu)||L2(∂Ω)||T (Djφw)||L2(∂Ω)

≤ Ch2||Diu||H1||Djφw||H1

≤ Ch2||u||H2||φw||H2

≤ Ch2||w||L2 .

So it follows that I ≤ Ch2||w||L2 . A similar analysis for the other integral
terms show that |a(ũh, Ihφw)− ã(ũh, Ihφw)| ≤ Ch2||w||L2 . The theorem then
follows from the Aubin-Nitsche lemma.

2

We wish to thank Ragnar Winther for useful advice concerning the finite
element method.
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