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Oppgave 1 

Integralet, 

er oppgi t t  . 

a )  Verifiser a t  

h)  Finn en Ca,uchy-fdge i (R,  d )  sorn ikke ltonvergerer i (R, d) . Du m6 pivise 
at fglgen iltlte lto~ivergerer og al, den oppfyller Cauchy-betingelsen. 

Oppgave 2 

Det er gitt en integraloperator 

a )  Finn egenverdiene og egenrornmme ti1 li' . Hvordan stenlmer tlette med 
teorien for kompa1tt.e operatorer? 

h )  P h i s  a t  li har 11nifol.m norm Ill<ll 5 113 . 

Oppgave 3 

a )  Finn punktet nzrmest : c - ' I 3  i underrommet 

M = lin{l, 2) 

a\, L2(-1, I )  . Med avsl.a.nd rnenes her avstand i 1 1 .  .. 1I2-normen 



b )  Vis at a\rstanden fra en villtklig funltsjon f E L2(-1, 1) ti1 i~nderromrnel 

av polynomer, er nil11 relativt, ti1 Lcnorrnen. Cjer Idart hvillte(t) resultat(er) 
fra pensun1 son1 du  hruker lil d utlede tlenne p&t,anden. 

Oppgave 4 

sorn ltonvergerer i L2-Forstand. 

b)  Finn en lcontinuerlig fnnksjon pR T sorn iltltr har svakl derivat i Il2(T) . 

Oppgave 5 

La. Ii v z r s  en kompnltt selv-adjnngert line~roperat~or pa et (kompleltst,) 
uendelig-dinie~~sjonalt, separabelt Hilhertrom og definer operatoren A ved 
4 = I $ % I <  hvor I er ident,it,etsoperatoren. 

a) Regn i ~ t  den acljiingerle .4* og nullrorrrmet (kjernen) kerA ti1 A . 

h) Pivis a t  har en fullstendig ort,onormal furlge av ege~ivelttorer. Pd,vis ogsb 
at A har en ir~vers definert p i  hele ?i son1 en hegrenset lineiproperat.or. 

A version of the  exam paper in english sl,a.rl,s on the next page. 
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Problem 1 

You may take the integral 

for granted 

is a metric on R . 

h) Find a Cauclly sequence in (R,d) that does not converge in (R, d) . You 
have to sliorz, that the sequence does not, converge and that. il; satisfies t;he 
Cauchy condition. 

Problem 2 

An integral operator 
e l  

is given on LZ(O, 1) 

a.) Find t,he eigenvalues ant1 eigenspaces of I< . Compare with the theory of 
compact operators. 

b) Stron. that li has unifor~rr norm 1 1  Till 5 113 

Problem 3 

a) Find the point, closest, lo z-'/"n the snhspace 

M = lin{l, z) 

of 1,2(-1, 1) . By dist,ance here is meant distance in lhe 1 1 . .  . 1I2-norm. 



h )  Slrow iha,t the distance from an arhibra,ry funct,ion f E LY-1: I) to l;he 
snhspace 

P = 1 i n { l , r , r 2 , .  . . }  

of polynomials, is zero ~elat ive to the L"norm. Make clear what result(s) 
from Lhe syllabus that you are using to deduce this claim. 

P r o b l e m  4 

For each cu > 112 we define ,fa E L2(T) as the sum of the Fourier series 

which is L2-converge~lt. 

a) Show that 

when a + (1/2)+ . 

h) Find a cont,innous fnnct,ion on T which does no1 have wealc derivali\~e in 
L2(T) .  

P r o b l e m  5 

Let K he a compact self-adjoint linear operaf.or on a (complex) infinite- 
dimensional, separable Hilbert, space a ~ t l  define the operator A by A = I+ i  K 
where I is t,lre i d e ~ ~ l i l ~  ope~.ator. 

a)  Calculat,e the adjoint A* and t,he ~rull space (kernel) IcerA of A . 

h) Show that A has a complete orllrol~ormal seqnence of eigen\:ectors. Also 
show that, A has an  inverse defined on t,he whole of X as a. l,onnded linear 
operator. 


