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EXFERCISE 1

In this exercise we will study a special type of hand dryers that, after switched on, blows
warm air a time #, and thereafter is automatically switched off. If the hands are not dry
within the time ¢y, the dryer must be switched on again.

We suppose that the time an arbitrary person needs to get dry hands is a random variable
T (in seconds) with probability density function

where # > ( is an unknown parameter.

a) Find the moment generating function (MGF) for T. Use this result to show that

b)

E(T) = 20
Var(T) = 26°
h
Show that Z_g
0

has a Chi square distribution with 4 degrees of freedom, i.e. that

; 1 :
fz(z) = Ezc-:_ﬁ i B0

Suppose we have n observations from n persons, i.e. we have T1,...,T, that are assumed
independent and identically distributed (iid) with probability density function fr(¢). Find
a confidence interval for # by using a pivotal quantity.

Show that the Maximum Likelihood Estimator (MLE) for @ based on T1,...,T, is

1 n

T
=

Find the Cramer-Rao lower bond for this estimator. What can you conclude about 8*
based on the Cramer-Rao lower bond?

EXERCISE 2

A new type of car tires, denoted A tires, will be compared to a traditional type of tires
(denoted K tires}). A bus company would like to find out whether the wearing of A tires is
less than for K tires. The company does the following experiment:

On each of 9 buses one of the two rear tires is randomly given an A tire and the other rear
tire is given a K tire. After a certain time (mileage), the wearing is measured on each of the
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18 tires. The wearing on A tires and K tires for bus j is denoted by X; and Yj, respectively.
We introduce

D, =Y, -X; ;7i=1...,9

and assume that Dy, ..., Dy are iid N(§,03) where o} = 36 is known. Based on the observed
values of Dy,..., Dy, the bus company would like to decide whether A tires have less wearing
than K tires.

a)

b)

Why is it natural to treat this situation as a hypothesis testing problem where we would
like to test
Hyp:8 <0 against Hy:6>07

Propose a test for this hypothesis testing problem based on

12
D:;;DJ.

What is the conclusion if the result of the experiment is as given at the end of this exercise.
Use significance level o = 0.09.

Alternatively, we might test whether A tires have less wearing than K tires by introducing
Y = number of D); that are greater than 0.
Since
Y ~ bin(9,p}

where
p= P(Dj > 0)

the hypothesis testing problem can be solved by festing
Hy:p<05 against Hp:p>0.5.

Find the rejection criterion for this hypothesis testing problem when the test is based on
Y. Use significance level a = 0.09.

Compare this testing result with what you found in Exercise 2a). Explain what happens.
Why might one in some cases use the testing procedure in Exercise 2b) instead of the one
used in Exercise 2a)7?

Find the power functions, 8,(¢) and 8,(p) for the testing problems in 2a) and 2b) respec-
tively. Which testing procedure would you prefer in this situation? Explain.

Experimental results :

Bus j 123 a]ls]6] 718

K tire (Y;) 35 |45 [ 61 [ 89 [58 [ 74 [ 120 [ 34 | 55
A tire (X)) 31|42 [ 55|79 [ 59| 79| 108 | 36 | 46
Difference (D;) | 4 | 3 | 6 [10[-1[-5] 12 [-2] 9
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EXERCISE 3

Suppose we have X1,..., X, independently and identically distributed with probability mass
function
P(X =slp) =p*(1 -p)!™® ; z=0,1,

where p is a parameter in the interval [0, 1].

a) Define the function h(p) by
h(p) = P(Z X; > Xpulp),
=1

the probability that the first n observations exceed the (n + 1)st. Show that

1 if Z?:l Xi > Xnt1
0 otherwise

is an unbiased estimator of h{p).
Find the best unbiased estimator of h{p).

b) Let

Then
Y ~ bin(n, p),

1.e.
|

ply) = )IIJy(l 1 R T L | 5 R

yl(n —y
Assume a prior distribution 7(p) for p to be Beta(e, B), i.e.

T(a + B)

— a—1¢1 _ y\B-1 3 <p<l.
7(p) T(@T(5)" (1—p) s 0€p=1

and o and 3 are positive parameters. Find the Bayes estimator of p if we assume a
quadratic loss function. Give an interpretation of your estimator.
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