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Problem 1

Let (7 be u Lie group and G its Lie algebra.

L. Prove that (7 = SO(2) == 8" and find the group structure. Cal-
culate the corresponding Lie algebra so(2) (with the structure).

2. Caleulate the Lie algebra G and the map exp : G — & for the
following Lie groups:

R, 4}, (R, x),  (SO(2),).

3. Show that for every £ € G the map ¢ — G, g = exp(&) - ¢. 18
a diffeomerphism. Is the map exp : G — & & diffeomorphism?

Problem 11
Given a map h: T = B /2727 — R?, (o, 00) — (sin(§ — @), cos i),
and a pair of points a = (7. 3) € T?. b = h(a) € R*, caleulate:
1. duh and S7dah.
2. dih and A*dzh.

For this choose bases ey = J,.00 = dy € T [y =, fo =8, €
ToR2, write the map doh : TaT? — TR? as 2 matrix and express
the other maps ag matrices.



Problem 111

Consider the manifold M* = T°R? ~ BYa' 2% p.pe) equipped
with the svmplectic form w = da' Adpy + da? Adps. Let 0 =
dpy Ada? — dpy Adat = - pydat Ada® € QFM ) be another 2-form.
1. Since w is non-degenerate, we can define the operator A
TA — TA by the formula 0(e, w) = w{Ae.w) Yo, w € TM.
Caleulate its matrix in the basis &g, e, O, Gy, Show that

the operator A satisies 4% = - 1.

]

Show that for any operator A 1 T'M — T'M satisfying A = 1
the map (Nijenhuis tensor)

NalEn) = AL, Ay — AJAE 7] — Al A = [E.n), &on € DI )
is (M )-linear, e, Na(f&,n) = [NALn) and Nalg, fn) =

FNA(E ), [ € C®(M) and skew-symmetric, 1e. Nl =
—N4(n,€). Therefore it defines the map Ny ANTM —TM,

3. Is N = 0 for the operator A from (1)7 Caleulate Na(8p, 8y, )

Problem 1V

Consider the manifold M = J'(R?) =~ R*(2'. 2%, u, py, ;) equipped
with the Cartan 1-form o = du—pda' — ppda®. Let € = Ker{a) C
TAM be the Cartan digtribution.

1. Show that C is spanned by the vector fields Do = do +
p10u. Dy = Oz + paly, s Oy Calenlate w = dry.

2. Show that w € (M) is degenerate (has kernel), but the re-
striction 2-form wie is non-degenerate, ie. Yo € C, v #£ 0 we
have: iuwle # 0, so that Fu € € wlv,u) # 0.

3. Let 1¥f o f‘;)u o f;)] I).xf:1 - fﬂg 1-)‘1:9 + D:z:] (f)()1)1 JIUADJ:"J (f)(}?u € ]){ M )
[e Co(AM) . Calendate o X ) and i, w. Caleulate then Lxo.
Deduce that the field X, is a sypumetry of the distribution C.

1. Let £ ¢ M" be given by the equation ps = F{z', 2% w.m)
{corresponding PDE is w, = F(x,y.u, )} Denote the inclu-
sion by § : £ =« M. Find the condition on [ such that the
2form 4 = j*w € Q&) is decomposable,



