
11 Early universe

11.1 Time-line of important dates

Different energy form today. Let us summarize the relative importance of the various energy
forms today. The critical density ρcr = 3H2

0/(8πG) has with h = 0.7 today the numerical
value ρcr ≈ 7.3 × 10−6 GeV/cm3. This would corresponds to roughly 8 protons per cubic
meter. However, main player today is the cosmological constant with ΩΛ ≈ 0.73. Next comes
(pressure-less) matter with Ωm ≈ 0.27 that consists mostly of non-baryonic dark matter,
while only Ωb = 4% of the total energy density of the universe consists of matter that we
know. The energy density of cosmic microwave background (CMB) photons with temperature
T = 2.7K = 2.3 × 10−4 eV is ργ = aT 4 = 0.4 eV/cm3 or Ωγ ≈ 5 × 10−5.

The contribution of the three neutrino flavors to the energy density depends on the unknown
absolute neutrino mass scale, 5 × 10−5 <∼ Ων <∼ 0.05. The lower bound corresponds to three
(effectively) massless neutrinos, the upper to one massive neutrino flavor with mν ∼ 0.3 eV.

Different energy forms as function of time The scaling of Ωi with redshift z, 1 + z =
R0/R(t) is given by

H2(z)/H2
0 = Ωm,0(1 + z)3 + Ωrad,0(1 + z)4 + ΩΛ − (Ωtot,0 − 1)(1 + z)2

︸ ︷︷ ︸

≈ 0

. (11.1)

Thus the relative importance of the different energy forms changes: Going back in time, one
enters first the matter-dominated and then the radiation-dominated epoch.

The cosmic triangle shown in Fig. 11.1 illustrates the evolution in time of the various energy
components and the resulting coincidence problem: Any universe with a non-zero positive
cosmological constant will be driven with time to a fix-point with Ωm,Ωk → 0. The only
other non-evolving state is a flat universe containing only matter—however, this solution is
unstable. Hence, the question arises why we live in an epoch where all energy components
have comparable size.

Temperature increase as T ∼ 1/R has three main effects: Firstly, bound states like atoms
and nuclei are dissolved when the temperature reaches their binding energy, T >∼ Eb. Secondly,
particles with mass mX can be produced, when T >∼ 2mX , in reactions like γγ → X̄X. Thus
the early Universe consists of a plasma containing more and more heavier particles that are in
thermal equilibrium. Finally, most reaction rates Γ = nσv increase faster than the expansion

rate of the universe for t → 0, since n ∝ T 3 for relativistic particles, while H ∝ ρ
1/2
rad ∝ T 2.

Therefore, reactions that have became ineffective today were important in the early Universe.

Matter-radiation equilibrium zeq: The density of matter decreases slower than the energy
density of radiation. Going backward in time, there will be therefore a time when the density
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Figure 11.1: The cosmic triangle showing the time evolution of the various energy compo-
nents.

of matter and radiation were equal. Before that time with redshift zeq, the universe was
radiation-dominated ,

Ωrad,0(1 + zeq)
4 = Ωm,0(1 + zeq)

3 (11.2)

or

zeq =
Ωm,0

Ωrad,0
− 1 ≈ 5400 . (11.3)

This time is important, because i) the time-dependence of the scale factor changes from
R ∝ t2/3 for a matter to R ∝ t1/2 for a radiation dominated universe, ii) the E.o.S. and thus the
speed of sound changed from w ≈ 1/3, v2

s = (∂P/∂ρ)S = c2/3 to w ≈ 0, v2
s = 5kT/(3m) ≪ c2.

The latter quantity determines the Jeans length and thus which structures in the Universe
can collapse.

Recombination zrec: Today, hydrogen and helium in the interstellar and intergalactic
medium is neutral. Increasing the temperature, the fraction of ions and free electron increases,
i.e. the reaction H+γ ↔ H++e− that is mainly controlled by the factor exp(−Eb/kT ) will be
shifted to the right. By definition, we call recombination the time when 50% of all atoms are
ionized. A naive estimate gives kT ∼ Eb ≈ 13.6 eV≈ 160.000K or zrec = 60.000. However,
there are many more photons than hydrogen atoms, and therefore recombination happens
latter: A more detailed calculation gives zrec ∼ 1000.
Since the interaction probability of photons with neutral hydrogen is much smaller than with
electrons and protons, recombination marks the time when the Universe became transparent
to light.
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11 Early universe

Big Bang Nucleosynthesis At Tns ∼ ∆ ≡ mn − mp ≈ 1.3 MeV or t ∼ 1 s, part of protons
and neutrons forms nuclei, mainly 4He. As in the case of recombination, the large number
of photons delays nucleosynthesis relative to the estimate Tns ≈ ∆ to Tns ≈ 0.1 MeV.

Quark-hadron or QCD transition Above T ∼ mπ ∼ 100 MeV, hadrons like protons, neu-
trons or pions dissolve into their fundamental constituents, quarks q and gluons g.

Baryogenesis All the matter observed in the Universe consists of matter (protons and elec-
trons), and not of anti-matter (anti-protons an positrons). Thus the baryon-to-photon ratio
is

η =
nb − nb̄

nγ
=

nb

nγ
=

Ωbρcr/mN

2ζ(3)T 3
γ /π2

≈ 7 × 10−10 . (11.4)

The early plasma of quarks q and anti-quarks q̄ contained a tiny surplus of quarks. After all
anti-matter annihilated with matter, only the small surplus of matter remained. The tiny
asymmetry can be explained by interactions in the early Universe that were not completely
symmetric with respect to an exchange of matter-antimatter.

11.2 Equilibrium statistical physics in a nut-shell

The distribution function f(p) of a free gas of fermions or bosons in kinetic equilibrium are
are

f(p) =
1

exp[β(E − µ)] ± 1
(11.5)

where β = 1/T denotes the inverse temperature, E =
√

m2 + p2, and +1 refers to fermions
and -1 to bosons, respectively. As we will see later, photons as massless particles stay also
in an expanding universe in equilibrium and may serve therefore as a thermal bath for other
particles. A species X stays in kinetic equilibrium, if e.g. in the reaction X + γ → X + γ the
energy exchange with photons is fast enough.

The chemical potential µ is the average energy needed, if an additional particles is added,
dU =

∑

i µdNi. If µ is zero, If the species X is also in chemical equilibrium with other species,
e.g. via the reaction X + X̄ ↔ γ + γ with photons, then their chemical potentials are related
by µX + µX̄ = 2µγ = 0.

The number density n, energy density ρ and pressure P of a species X follows as

n =
g

(2π)3

∫

d3p f(p) , (11.6)

ρ =
g

(2π)3

∫

d3p Ef(p) , (11.7)

P =
g

(2π)3

∫

d3p
p2

3E
f(p) . (11.8)

The factor g takes into account the internal degrees of freedom like spin or color. Thus for a
photon, a massless spin-1 particle g = 2, for an electron g = 4, etc.
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11.2 Equilibrium statistical physics in a nut-shell

Derivation of the pressure integral for free quantum gas:)
Comparing the 1. law of thermodynamics, dU = TdS − PdV , with the total differential
dU = (∂U/∂S)V dS + (∂U/∂V )SdV gives P = −(∂U/∂V )S .
Since U = V

∫
Ef(p) and S ∝ ln(V f(p)), differentiating U keeping S constant means P =

−V
∫

(∂E/∂V )f(p).
We write ∂E/∂V = (∂E/∂p)(∂p/∂L)(∂L/∂V ). To evaluate this we note that ∂E/∂p = p/E,
that from V = L3 it follows ∂L/∂V = 1/3L2 and that finally the quantization conditions of
free particles, pk = 2πk/L implies ∂p/∂L = −p/L. Combined this gives ∂E/∂V = −p2/(3EV ).

In the non-relativistic limit T ≪ m, eβ(m−µ) ≫ 1 and thus differences between bosons and
fermions disappear,

n =
g

2π2
e−β(m−µ)

∫
∞

0
dp p2e−β p2

2m = g

(
mT

2π

)3/2

exp[−β(m − µ)] , (11.9)

ρ = mn , (11.10)

P = nT ≪ ρ . (11.11)

These expressions correspond to the classical Maxwell-Boltzmann statistics1. The number of
non-relativistic particles is exponentially suppressed, if their chemical potential is small. Since
the number of protons per photons is indeed very small in the universe, cf. Eq. (11.4), and
therefore also the number of electron (the universe should be neutral), the chemical potential
µ can be neglected in cosmology at least for protons and electron.

In the relativistic limit T ≫ m with T ≫ µ all properties of a gas are determined by its
temperature T ,

n =
g T 3

2π2

∫
∞

0
dx

x2

ex ± 1
= ε1

ζ(3)

π2
gT 3 , (11.12)

ρ =
g T 4

2π2

∫
∞

0
dx

x3

ex ± 1
= ε2

π2

30
gT 4 , (11.13)

P = ρ/3 , (11.14)

where for bosons ε1 = ε2 = 1 and for fermions ε1 = 3/4 and ε2 = 7/8, respectively.

Since the energy density and the pressure of non-relativistic species is exponentially sup-
pressed, the total energy density and the pressure of all species present in the universe can
be well-approximated including only relativistic ones,

rhorad =
π2

30
g∗T

4 , (11.15)

Prad = ρrad/3 =
π2

90
g∗T

4 , (11.16)

where

g∗ =
∑

bosons

gi

(
Ti

T

)4

+
7

8

∑

fermions

gi

(
Ti

T

)4

. (11.17)

Here we took into account that the temperature of different particle species can differ.

1Integrals of the type
R

∞

0
dxx

2ne−ax2

can be reduced to a Gaussian integral by differentiating with respect

to the parameter a.
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11 Early universe

Entropy Rewriting the first law of thermodynamics, dU = TdS − PdV , as

dS =
dU

T
+

P

T
dV =

d(V ρ)

T
+

p

T
dV =

V

T

dρ

dT
dT +

ρ + P

T
dV (11.18)

and comparing this expression with the total differential dS(T, V ), one obtains

∂S

∂V T
=

ρ + P

T
. (11.19)

Since the RHS is independent of V for constant T , we can integrate and obtain

S =
ρ + P

T
V + f(T ) . (11.20)

The integration constant f(T ) has to vanish to ensure that S is an extensive variable, S ∝ V .
The total entropy density s ≡ S/V of the universe can again approximated by the rela-

tivistic species,

s =
2π2

45
g∗ST 3 , (11.21)

where now

g∗,S =
∑

bosons

gi

(
Ti

T

)3

+
7

8

∑

fermions

gi

(
Ti

T

)3

. (11.22)

The entropy S is an important quantity because it is conserved during the evolution of the
universe. Conservation of S implies that S ∝ g∗,SR3T 3 = const. and thus the temperature of
the Universe evolves as

T ∝ g
−1/3
∗,S R−1 . (11.23)

When g∗ is constant, the temperature T ∝ 1/R. Consider now the case that a particle
species, e.g. electrons, becomes non-relativistic at T ∼ me. Then the particles annihilate,
e++e− → γγ, and its entropy is transferred to photons. Formally, g∗,S decreases and therefore
the temperature decreases for a short period less slowly than T ∝ 1/R.

Since s ∝ R−3 and also the net number of particles with a conserved charge, e.g. nB ≡
nB − nB̄ ∝ R−3 if baryon number B is conserved, the ratio nB/s remains constant.

Relativistic degrees of freedom. To obtain the number of relativistic degrees of freedom
g∗ in the universe as function of T , we have to know the degrees of freedom of the various
particle species:

• The spin degrees of freedom of massive particles with spin s are 2s+1, and of neutrinos
1, where we count particles and anti-particles separately. Massless bosons like photons
and gravitons are their own anti-particle and have 2 spin states.

• Below TQCD ∼ 250 MeV strongly interacting particles are bound in hadrons, while
above TQCD free quarks and gluons exist.

• Quarks have as additional label 3 colors, there are eight gluons.

• We assume that all species have the same temperature and approximate their contribu-
tion to g∗ by a step function ϑ(T − m).

Using the “Particle Data Book” to find the masses of the various particles, we can construct
g∗ as function of T as shown in table 11.1.
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11.3 Big Bang Nucleosynthesis

Temperature new particles 4∆g∗ 4g∗

T < me γ + νi 4 × (2 + 3 × 2 × 7/8) 29
me < T < mµ e± 14 43
mµ < T < mπ µ± 14 57
mπ < T < Tc π±, π0 12 69
Tc < T < ms u, ū, d, d̄, g 6 × 14 + 4 × 8 × 2 − 12 205
ms < T < mc s, s̄ 3 × 14 = 42 247
mc < T < mτ c, c̄ 42 289
mτ < T < mb τ± 14 303

mb < T < mW,Z b, b̄ 42 345
mW,Z < T <? W±, Z 4 × 3 × 3 = 36 381

Table 11.1: The number of relativistic degrees of freedom g∗ present in the universe as func-
tion of its temperature.

11.3 Big Bang Nucleosynthesis

Nuclear reactions in stars are supposed to produce all the observed heavier elements. However,
stellar reaction can explain at most a fraction of 5% of 4He, while the production of the weakly
bound deuterium and Lithium-7 in stars is impossible. Thus the light elements up to Li-7 are
primordial: Y (D) = few×10−5, Y ( 3H) = few×10−5 Y (4He) ≈ 0.25, Y ( 7Li) ≈ (1−2)×10−7 .
Observational challenge is to find as ”old” stars/gas clouds as possible and then to extrapolate
back to primordial values.

Estimate of 4He production by stars:
The binding energy of 4He is Eb = 28.3 MeV. If 1/4 of all nucleons were fussed into 4He during
t ∼ 10 Gyr, the luminosity-mass ratio would be

L

Mb

=
1

4

Eb

4mpt
≈= 5

erg

gs
≈ 2.5

L⊙

M⊙

The observed luminosity-mass ratio is however only L
Mb

≤ 0.05L⊙/M⊙. Assuming a roughly

constant luminosity of stars, they can produce only 0.05/2.5 ≈ 2% of the observed 4He.

Big Bang Nucleosynthesis (BBN) is controlled by two parameters: the mass difference
between protons and neutrons, ∆ ≡ mn − mp ≈ 1.3 MeV and the freeze-out temperature Tf

of reaction converting protons into neutrons and vice versa.

11.3.1 Equilibrium distributions

In the non-relativistic limit T ≪ m, the number density of the nuclear species with mass
number A and charge Z is

nA = gA

(
mAT

2π

)3/2

exp[β(µA − mA)] . (11.24)
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11 Early universe

In chemical equilibrium, µA = Zµp + (A − Z)µn and we can eliminate µA by inserting the
equivalent expression of (11.24) for protons and neutrons,

exp(βµA) = exp[β(Zµp + (A − Z)µn)] =
nZ

p nA−Z
n

2A

(
2π

mNT

)3A/2

exp[β(Zmp + (A − Z)mn)] .

(11.25)
Here and in the following we can set in the pre-factors mp ≈ mn ≈ mN and mA ≈ AmN ,
keeping the exact masses only in the exponentials. Inserting this expression for exp(βµA)
together with the definition of the binding energy of a nucleus, BA = Zmp +(A−Z)mn−mA,
we obtain

nA = gA

(
2π

mNT

)3(A−1)/2 A3/2

2A
nZ

p nA−Z
n exp(βBA) . (11.26)

The mass fraction XA contributed by a nuclear species is

XA =
AnA

nB
with nB = np + nn +

∑

i

AinAi
and

∑

i

Xi = 1 . (11.27)

With nZ
p nA−Z

n /nN = XZ
p XA−Z

n nA−1
N and η ∝ T 3 and thus nA−1

B ∝ ηA−1T 3(A−1), we have

XA ∝
(

T

mN

)3(A−1)/2

ηA−1XZ
p XA−Z

n exp(βBA) . (11.28)

The fact that η ≪ 1, i.e. that the number of photons per baryon is extremely large, means
that nuclei with A > 1 are much less abundant and that nucleosynthesis takes place later
than naively expected. Let us consider the particular case of deuterium in Eq. (11.28),

XD

XpXn
=

24ζ(3)√
π

(
T

mN

)3/2

η exp(βBD) (11.29)

with BD = 2.23 MeV. The start of nucleosynthesis could be defined approximately by the
condition XD/(XpXn) = 1, or T ≈ 0.1MeV according to the left panel in Fig. 11.2. The right
panel of the same figure shows the results, if the equations (11.28) together with ∼1 Xi = 1 are
solved for the lightest and stablest nuclei. Now it becomes clear that in thermal equilibrium
between 0.1 <∼ T ≪ 0.2MeV essentially all free neutrons will bind to 4He. Clearly, for low
temperatures one cannot expect that the true abundance follows the equilibrium abundance,
Eq. (11.28), shown in Fig. 11.2. First, in the expanding universe the weak reactions that
convert protons and nucleons will freeze out as soon as their rate drops below the expansion
rate of the universe. This effect will discussed in the following in more detail. Second, the
Coulomb barrier will prevent the production of nuclei with Z ≫ 1. Third, neutrons are not
stable and decay.

11.3.2 Proton-neutron ratio

Gamov criterion The interaction depth τ = nlσ gives the probability that a test particle
interacts with cross section σ in a slab of length l filled with targets of density n. If τ ≫ 1,
interactions are efficient and the test particle is in thermal equilibrium with the surrounding.
We can apply the same criteria to the Universe: We say a particle species A is in thermal
equilibrium, as long as τ = nlσ = nσvt ≫ 1. The time t corresponds to the typical time-scale
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Figure 11.2: Relative equilibrium abundance XD/(XpXn) of deuterium as function of tem-
perature T (left) and equilibrium mass fractions of nucleons, D, 3He, 2He and
12C (right).

for the expansion of the universe, τ = (Ṙ/R)−1 = H−1. Note that this is also the typical
time-scale for changes in the temperature T . Thus we can rewrite this condition as

Γ ≡ nσv ≫ H . (11.30)

A particle species ”goes out of equilibrium” when its interaction rate Γ becomes smaller than
the expansion rate H of the universe.

Decoupling of neutrinos The interaction rates of neutrinos in processes like n ↔ p+e−+νe

or e+e− ↔ ν̄ν is σ ∼ G2
F E2. If we approximate the energy of all particle species by their

temperature T , their velocity by c and their density by n ∼ T 3, then the interaction rate of
weak processes is

Γ ≈ 〈vσnν〉 ≈ G2
F T 5 (11.31)

The early universe is radiation-dominated with ρrad ∝ 1/R4, H = 1/(2t) and negligible cur-
vature k/R2. Thus the Friedmann equation simplifies to H2 = (8π/3)Gρ with ρ = g∗π

2/30T 4,
or

1

2t
= H = 1.66

√
g∗

T 2

MPl
. (11.32)

Here, we introduced also the Planck mass MPl = 1/
√

GN ≈ 1.2 × 1019 GeV. Requiring
Γ(Tfr) = H(Tfr) gives as freeze-out temperature Tfr of weak processes

Tfr ≈
(

1.66
√

g∗

G2
F MPl

)1/3

≈ 1MeV (11.33)

with g∗ = 10.75. The relation between time and temperature follows as

t

s
=

2.4√
g∗

(
MeV

T

)2

. (11.34)

Thus the time-sequence is as follows
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11 Early universe

• at Tfr ≈ 1 MeV: the neutron-proton ratio freezes-in and can be approximated by the
ratio of their equilibrium distribution in the non-relativistic limit.

• as the universe cools down from Tfr to Tns, neutrons decay with half-live τn ≈ 886 s.

• at Tns, practically all neutrons are bound to 4He, with only small admixture of other
elements.

Proton-neutron ratio Above Tf , reactions like νe + n ↔ p + e− keep nucleons in thermal
equilibrium. As we have seen, Tf ∼ 1 MeV and thus we can treat nucleons in the non-
relativistic limit. Then their relative abundance is given by the Boltzmann factor exp (−∆/T )
for T >∼ Tf with ∆ = mN − mP = 1.29 MeV for the mass difference of neutrons and protons.
Hence for Tf ,

nn

np

∣
∣
∣
∣
t=tfr

= exp

(

− ∆

Tf

)

≈ 1

6
. (11.35)

As the universe cools down to Tns, neutrons decay with half-live τn ≈ 886 s,

nn

np

∣
∣
∣
∣
t=tns

≈ 1

6
exp

(

− tns

τn

)

≈ 2

15
. (11.36)

11.3.3 Estimate of helium abundance

The synthesis if 4He proceeds though a chain of reactions, pn → dγ, dp → 3Heγ, d 3He →
4Hep. Let’s assume that 4He formation takes place instantaneously. Moreover, we assume
that all neutrons are bound in 4He. We need two neutrons to form one helium atom, n(4He) =
nn/2, and thus

Y (4He) ≡ M(4He)

Mtot
=

4mN × nn/2

mN (np + nn)
=

2nn/np

1 + nn/np
=

4

17
∼ 0.235 (11.37)

Our naive estimate not too far away from Y ∼ 0.245.
The dependence of Y ( 4He) on the input physics is rather remarkable.
• The helum abundance dependence exponentially on ∆ and Tf :

– The mass difference ∆ depends on both electromagnetic and strong interactions.
BBN tests therefore the time-dependence of fundamental interaction expected e.g.
in string theories.

– The freeze-out temperature Tfr depends on number of relativistic degrees of freedom
g∗ and restricts thereby additional light particle.

– a non-zero chemical potential of neutrinos.

• A weaker dependence on start of nucleosynthesis Tns and thus ηb or Ωb.

11.3.4 Results from detailed calculations

Detailed calculations predict not only the relative amount of light elements produced, but
also their absolute amount as function of e.g. the baryon-photon ratio η. Requiring that the
relative fraction of helium-4, deuterium and lithium-7 compared to hydrogen is consistent with
observation allows one to determine η or equivalently the baryon content, Ωbh

2 = 0.019±0.001.
Although the binding energy per nucleon of Carbon-12 and Oxygen-16 is higher than the of
He4, they are not produced: at time of 4He production Coulomb barrier prevents already
fusion. Also, stable element with A = 5 is missing.
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11.3 Big Bang Nucleosynthesis

Figure 11.3: Abundances of light-elements as function of η (left) and of the number of light
neutrino species (right).
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