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Week 9: Einstein’s field equations

Riemann tensor and curvature

We are looking for an invariant characterisation of an manifold curved by gravity. As the
discussion of normal coordinates showed, the first derivatives of the metric can be (at one
point) always to be chosen to be zero. Hence this quantity will contain second derivatives
of the metric, i.e. first ones of the Christoffel symbols.

The commutator of covariant derivatives will in general not vanish,

(VaVy = VW) TS = [V, Vo]TS" £ 0, (101)

(think at the parallel transport from A first along e,, then along e;, to B and then back to
A along —e, and —e;, on a sphere), is obviously a tensor and contains second derivatives
of the metric.

For the special case of a vector X we obtain with

VX" =0.X*4+T1% X" (102)
first
VaVeX® = 05(0. X" 4+ T%.X") + T ,(0.X¢ + T, X") — T4 (. X" +T%.X")  (103)
and the same expression with d < c,
VeVaX® = 0.(0a X" + T, X%) + T, (04X + 1%, X") = T (0. X* +T%,X")  (104)
We subtract the two equations, using that 0.0; = 940, and I'Y,, =T'*_,,
[Ve, Val X = [0 % — 0aT % + T T — Tl X" = R4 X" (105)

The tensor R%,, is called Riemann or curvature tensor. Contracting the indices a and c,
we obtain the Ricci tensor

Rab = Rcacb = aCFCab - ab]‘_‘cac + Fcabrdcd - decrcad . (106)

A further contraction gives the curvature scalar,

R = Rabgab. (107)

Symmetry properties Inserting the definition of the Christoffel symbols and using
normal coordinates, the Riemann tensor becomes

1
Rabcd = §{adabgac + acaagbd - adaagbc - acabgacl} (108)
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The tensor is antisymmetric in the indices ¢ <> d, antisymmetric in a <+ b and symmetric
against an exchange of the index pairs (ab) < (cd). Moreover, there exists one algebraic
identity,

Rabcd + Radbc + Racdb =0. (109)

Since each pair of indices (ab) and (cd) can take six values, we can combine the antisym-
metrized components of Rj,q in a symmetric six-dimensional matrix. The number of
independent components of this matrix is thus for n = 4 space-time dimensions

6x7

~1=20,

where we accounted also for the constraint (110).
The Bianchi identity is a differential constraint,

veRabcd + Vc]%abde + vdRabec =0 ) (110)

that is checked again simplest using normal coordinates.

Variation of the metric determinant g

We consider a variation of a matrix M with elements m;;(z) under an infinitesimal change
of the coordinates, dx®* = ez,

Sindet M = Indet(M + M) — Indet(M)

det(M + 6 M)
= In——=
det(M)
= Indet[]M (M +6M)] = Indet[l + M *5M] =
= In[l +Tr(MoM)] + O(?*) = Tr(M 16 M) + O(e?) . (111)
In the last step, we used In(1 + z) = z + O(z?). Hence
Tr(M—li M) = 9 In det(M) (112)
Oxh - Oar '

Applied to the contraction of Christoffel symbols, we obtain

1 1 1 1
IWab - _gad(aagdb + abgad - adgab) - —gadﬁbgad = —81, lng = —81,(\/ ‘g| (113)
2 2 2 V1ol

and

1 1
VaX® =0, X" +T5,X = 0, X+ —=(0.V/|9) X = —=08u(/]g|X") . (114)

Vgl Vgl

An immediate consequence is a covariant form of Gaufl theorem: If the current X* vanishes
at infinity, then
/dx4\/\g|VaXa:/d.r43a(\/\g|Xa) ~0.. (115)
) Q
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Einstein-Hilbert action

Our main guide in choosing the appropriate action for the gravitational field is simplicity.
Among the possible terms we can select are

L=1+/]g] { A+bR+cV,V,R® +d(V,V,R?)? + ...
+f(R)+...} (116)

Choosing only the first term, a constant, will not give dynamical equations. The next
simplest possibility is to pick out only the second term, as it was done originally by Hilbert.
We will see later that, if we do no include a constant term A in the gravitational action, it
will pop up on the matter side. Thus we include A right from the start and define as the
Einstein-Hilbert Lagrange density for the gravitational field

Lea =/ ]g|(R—2A). (117)

We derive the resulting field equations for the metric tensor g,, directly from the action
principle

5SEH:6/d4x Gl(R — 2A) :5/d4x ol (6" Ry —20) = 0. (118)
Q Q

We allow for variations of the metric g, restricted by the condition that the variation of
gap and its first derivatives vanish on the boundary 0f2.

S = [ do {V/Iglg*5Ru + Vgl Rubg®™ + (R—20)8V/IgT} . (119)
Q

Our task is to rewrite the first and third term as variations of g% or to show that they
are equivalent to boundary terms.
Let us start with the first term. Choosing normal coordinates, the Ricci tensor at the
considered point P becomes
Ry = 0., — 0l (120)

Hence
g“béRab = g“b(ﬁcéfcab — 8b5FCaC) = g“bﬁcéfcab — gacacarbab, (121)

where we exchanged the indices b and c¢ in the last term. Since 0.9, = 0 at P, we can
rewrite the expression as

g6 Ry, = 0,(g*6T°,, — 6T ;) = 0.X°. (122)

The quantity X is a vector, since the difference of two connection coefficients transforms
as a tensor. Replacing in Eq. (122) the partial derivative by a covariant one promotes it
therefore in a valid tensor equation,

1
G0 Ryy = ——0,(/]9|X*) . (123)

Vol
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Thus this term corresponds to a surface term that vanishes.
Next we rewrite the third term using

1 1 1
5/ 19] = —=dlgl = 5 V191 9"°09a = —5V/19| gardg™ (124)
219 2 2
and obtain )
(SSEH :/d4$ \g| {Rab_ §gabR—|—Agab}6gab:O. (125)
Q

Hence the metric tensor fulfills in vacuum the equation

1 OSEn

\/m 6gab

where we introduced the Einstein tensor (G,,. The constant A is called cosmological con-
stant.

1
- Rab - 5 Rgab + Agab = Gab + Agab = 07 (126)

Einstein equations

We consider now the combined action of gravity and matter, as the sum of the Einstein-
Hilbert Lagrange density Lgy /2 and the Lagrange density £, including all relevant matter
fields,

1 1
EZ%‘CEH““Cm: 5 VIgI(R = 2A) + Lo . (127)

K

In L,,, the effects of gravity are accounted for by the replacements {04, a0} — {Va, dav},
while we have to adjust later the constant s such that we reproduce Newtonian dynamics
in the weak-field limit. We expect that the source of the gravitational field is the energy-
momentum tensor. More precisely, the Einstein tensor (“geometry”) should be determined
by the matter, G = kT. Since we know already the result of the variation of Sgy, we
conclude that the variation of Sy, should give

2 08

——— =Ty.
\/m(ggab b

The tensor T,, defined by this equation is called dynamical energy-momentum tensor.
In order to show that this rather bold definition makes sense, we have to prove that
V(6Sm/6g™) = 0 and we have to convince ourselves that this definition reproduces the
standard results we know already. Einstein’s field equation follows then as

(128)

Gab + Agab - HTab . (129)
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Dynamical energy-momentum tensor

We start by proving that the dynamical energy-momentum tensor defined by by Eq. (128)
is conserved. We consider the change of the matter action under variations of the metric,

0Sm = %/ﬂd%\/m T0g™ = —% /Qd4x 19| T*0gap - (130)
We allow infinitesimal but otherwise arbitrary coordinate transformations,
T =2+ £(a"). (131)
For the resulting change in the metric dg,, we can use our use Eqs. (6) and (7),
0gij = Vi&; + V& (132)

We use that 7% is symmetric and that §S,, = 0 for a coordinate transformation,
0Sm = — /Q dlz/|g| T*V,&, = 0. (133)
Next we apply the product rule,
5 = — /Q d'a\/Tg] (VT8 + /Q da/Tg] Va(ToE) = 0. (134)

The second term is a four-divergence and thus a boundary term that we can neglect. The
remaining first term vanishes for arbitrary &, if the energy-momentum tensor is conserved,

V.T% =0. (135)

Hence the local conservation of energy-momentum is a consequence of the general covari-
ance of the gravitational field equations, in the same way as current conservation follows
from gauge invariance in electromagnetism.

We now evaluate the dynamical energy-momentum tensor for the examples of the mass-
less Klein-Gordon and the photon field. We rewrite Eq. (??) including a potential V' (¢)
as

1
L=59"V.oVio - V(9) (136)
Varying the action gives

$Skc = 5 [ d' {VIVaoVio g™ + 1700010 — 2V (0015 o]

1 1
= / d4$v |9‘5gab {évagbqub - égabﬁ} . (137)
Q

and thus 5 59
b= —— == = VadVid — gL . (138)
Vgl 09

1o
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Next we consider the free electromagmetic action,

1
8Sem = -1 / d*z+/|glg™ g Fop Frq (139)
Q

remember that F does not depend on g and get

6Sem - 4/ {5\/‘; chCd+\/|?5 ab Cd achd}
_ / d*z+/]glég” {——gachdFCd—i—ZngFachd} . (140)

Hence the dynamical energy-momentum tensor is

1
~ g Fea . (141)

Tab:_Fachc+4

Equations of motions

We show now that Einstein’s equation imply that particles move along geodesics. By
analogy with a fluid, 7% = pu®u®, we postulate

a b
Torz) =~ [ gr WA s

\/m dr dr

for a point-particle moving along x(7) with proper time 7. Inserting this into

(x —z(71)) (142)

VaTab a Tab + Fa ch + Fb Tac — \/7 / Tab + Fb Tac =0 (143)
gives
/dT j:ad:baié(4) (T — )+ T, /dT %6 (2 — (7)) = 0. (144)
xa
We can replace 0/0z% = —0/07% acting 6™ (z — z(7) and use moreover
x'ai(;@l) (z —z(1)) = i(5(4) ( — (7)) (145)
Ox? dr
to obtain
d
— / dr dg‘cad—5<4> (z —x(7)) + T, / dr @26 (z — (7)) = 0. (146)
T
Integrating the first term by parts we obtain
/ dr (i +T,3%4¢) 6 (z — 2(1)) = 0. (147)

The integral vanishes only, when the wordline fulfills the geodesic equation. Hence Ein-
stein’s equation implies already the equation of motion, in contrast to linear theories as
the Maxwell equations, where the Lorentz force law has to be postulated separately.
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