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In a recent article in the European Economic Review Kostas A. Despotakis (1986) examines the 
properties of flexible functional forms, applying the concept of the inner domain. In the 
numerical experiments he unfortunately uses an incorrect form of the transcendental logarithmic 
function. When the correct functional form is used his experimental results are always weakened 
and sometimes invalidated. In particular, the diNerences between the considered flexible 
functional forms are smaller than his experiments would suggest, while the importance of 
dillerences in the elasticity of substitution is strengthened. 

I. Introduction 

In a recent article in the European Economic Reoiew, Despotakis (1986) 
examines the local properties of flexible functional forms (FFF) used as cost 
functions to represent real-world production technology in economic models. 
He defines the ‘economic effects at a point’ (EEP) as the total cost, the factor 
value shares and the Allen-Uzawa elasticities of substitution at a point given 
by a set of factor prices and an output level. By examining the EEP 
generated by each FFF under consideration he seeks to discover the extent 
of the ‘inner domain’, defined as ‘the sub-region of the outer domain over 
which the function is a “good approximation” of “true” technology’ (p. 1109). 

After a general introduction and theoretical discussion of the relationship 
between EEPs and the cost function in sections 1 and 2, Despotakis proceeds 
in section 3.1 to analyze the local properties of the general cost function and 
three specific functional forms: (a) constant elasticity of substitution (CES) 
[Uzawa (1962)], (b) generalized Leontief (GL) [Diewert (1971)] and (c) 
transcendental logarithmic or translog (TL) [Christensen et al. (1971, 1973)]. 
Confining himself to constant returns to scale (CRS) functions, in section 3.2 
he designs experiments which are carried through for two-input CES, GL 
and TL functions in section 3.3, and for three-input GL and TL functions in 

*I am grateful to Tor Jakob Klette and Petter Frenger for useful comments. 
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section 3.4. After the concluding section 4 Despotakis includes 4 appendices: 
The first three (A-C) give the detailed formulae for the TL, GL and CES 
cost functions and their relationships to EEPs, while Appendix D contains 
additional tables for the three-input experiments of section 3.4. 

I wish to emphasize that I have no major reservations about the 
theoretical sections 1 to 3.2 and the mathematical formulae of Appendices A 
to C. On the contrary, I find these parts of the article both interesting and 
illuminating, and totally agree with Despotakis in his emphasis on the need 
to study the properties of relevant functional forms, both generally and in the 
building and use of specific economic models. Unfortunately, Despotakis in 
the numerical experiments uses an incorrect form of the TL function which 
severely affects his results. 

2. The Error 

In Appendix A.2 Despotakis correctly states that the translog cost function 
has the following general form:’ 

lnC(P, Y)=a,+a,In Y+b,,(ln Y)Z+CaiInPi 
i 

+1/2CCb,jInPilnPj+CbriIn YInPi 
i j I 

(1) 

where 

Tai=l; Tb,i=O; Tb,=Fbij=O; b,=bje i#j. 

and In X is the natural logarithm of X. The independent EEP are in the CRS 
case given by total cost and 

si=ai+CbiilnPi+b,iln Y, Fsi= l9 (2) 
i 

Oij = (bij + sjsj)lsisj, i #j. (3) 

The problem is that the results that Despotakis gives for the TL function in 
his tables 2 to 4 and Appendix D are not reproducible using the formulation 
(l)-(3). Instead his tables can be exactly reproduced if one in (1) and (2) 
replaces the natural logarithm lnXrlog,X (to the base e), with the common 
or Briggs logarithm lgX=log10 X (to the base 10): 

‘The notation follows Despotakis (1986): P is a vector of input prices, Y is total output, 
C(P. Y) is the cost function, Ci and C!, are its frrst and second derivatives with respect to Pi and 
P,, s,=(P,C,)/C is the value share of Input i and a,,r(C,,C)/(C,C,) is the Allen-Utawa elasticity 
of substitution (AUES) between input i and j. a and b are parameters in the cost function. 
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IgC(P, Y)=~o+~rig Y+b,,(lg Y)‘+CUilgPi 
i 

+ 1/2CCbijIgPiIgPj+Cb~iIgYlgPi, 
i j i 

where 

TUi=l; Tbyi=0; ~b,=Cb,=O; b,=bji, i#j. 
i 

UN 

si=Ui+C b,IgPj+b,iIg Y. 
i 

The function (la) is not the translog function suggested by Christensen, 
Jorgenson and Lau (1971). It is still a perfectly valid logarithmic approxima- 
tion to the true production technology, and therefore a valid FFF even if it 
is not the original translog. The corresponding value shares are indeed given 
by (2a), but the AUES are not given by (3), but rather by 

eij = (b,+ sisj In lO)/sisj In 10 (3a) 

The difference between (3) and (3a) stems from the fact that while the 
derivative of In X is l/X, the derivative of lg X is l/(X In lo).* Naming the 
system (la), (2a) and (3a) the Briggs translog (BTL), one can show that the 
TL and BTL are different parametrisations of identical cost functions.3 

Despotakis, on the otner hand, incorrectly uses (3) for calculating the 
AUES in conjunction with the BTL function (la) and its value shares given 
by (2a). This mixture of equations from TL and BTL does not give a valid 
representation of a cost function, and I will nickname it Despotakis’ translog 
(DTL). Put another way, Despotakis in his experiments reports a wrong 
AUES for a valid BTL cost function calibrated for a different base-point 
AUES than reported. The need for recomputation of the TL results in his 
experiments is obvious. 

3. The corrected results 

The experiments documented here are identical to the ones Despotakis 
probably intended to carry out. Like him, I will only consider constant 
returns to scale (CRS) functions. The differences between TL and DTL are 
such that the experimental section of Despotakis’ paper is severely mislead- 

*See for example Chiang (1974, p. 309). While the constant In IO cancels out in the derivation 
of the expression for the value shares (2a), it does not disappear from (3a). 

3Reformulating the equations for the TL function in Appendix A.2 of Dcspotakis to fit the 
BTL function, one can express the parameters of one function in terms of the parameters of the 
other (they are not generally equal), and thereby show that (la) is in fact just (I) divided on 
both sides by (In IO). 
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ing. While a detailed discussion of results lies outside the scope of this 
comment, I will for both the two-input and three-input experiments comment 
briefly on what I perceive to be Despotakis’ main observations, and add a 
point or two of my own. 

3.1. Experiments with two-input functions 

For the two-input case the GL, TL and CES cost functions are calibrated 
for a common base-point set of EEPs (c*, s* and Q*), with cross-AUES 
ranging from 0.1 to 2.0. The resulting EEPs are for each function evaluated 
at relative prices ranging from 0.2 to 5.0 times the base-point value. The 
results are documented in table 2 for the case with equal base-point value 
shares (s:=sf = 0.5) and in table 3 for unequal value shares (SF= 0.2, 
ST = O.Q.4 

3.1.1. Despotakis’ results 
Comparing the EEPs of the correct TL function with the DTL results 

tabulated in Despotakis, the main observation is that the input demands and 
value shares of the TL function generally lie closer to the CES function than 
the DTL does, while the AUES diverges more for the TL than the DTL. 
Two of Despotakis’ conclusions need further commenting: 

(a) Despotakis states that ‘Reallocation of resources generated by TL are 
noticeably less sensitive to values of elasticity of substitution at the 
starting point’ (p. 1115). His conclusion is based on the responsiveness of 
input demand ci as reported in the table on page 1120, which I have 
reproduced below with the correct results for TL added:5 

Function responsiveness: Sensitivity to values, of a:r. 

s: =os s: =0.2 

P,/P, =o.s c,/c:w cM%) c*/c:(%) -_ 
62 0.1 2.0 0.1 2.0 0.1 2.0 
GL 104.1 182.7 106.7 232.4 98.8 76.6 
DTL 125.2 158.5 138.4 212.5 93.2 80.5 
TL 102.7 179.3 90.3 260.5 101.4 72.2 
CES 104.1 178.0 105.8 277.4 98.9 69.5 

While the DTL ‘ranges are considerably narrower and responsiveness 
accordingly more insensitive to values of 07,’ (p. 1120), the correct TL 

4To ease comparison with Despotakis (1986) the tables are given the same numbering and 
appearance as in his article. His Table I is correct and therefore not reproduced here. 

One of the weaknesses of retaining the table layout is the misleading use of relative price in 
the headings of Tables 2 and 3; while the AUES, value shares and input demands are functions 
only of relative prices, unit cost also depends on the price level. The results reported are those 
that appear when P, is varied while P2 is kept constant. 

sComputer rounding errors may cause differences in the last digit. 
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exhibits ranges that are essentially of the same magnitude as for GL and 
CES. As the input demand ci is a first-order property of the cost 
function, this closeness is as one should expect from three second-order 
approximations of the same underlying cost function. 
Despotakis observes that ‘the significance of elasticity of substitution 
underlying a FFF at a point, for subsequent resource allocation follow- 
ing relative price changes, is function-specific’ (p, 1115). While this is true 
in a strict sense, his emphasis on it stems from the experimental 
behaviour of the DTL function. He presents a typical example to support 
this view on page 1121: 

Function-specific significance of ut2 for resource allocation (UT2 = 2.0, sf=OS, 
P,/P, = 2.0). 

012 St c I /c: (%I G/c: (%) 
GL 2.48 0.312 41.4 182.7 
D-l-L 2.02 0.425 58.5 158.5 
TL 2.14 0.327 43.5 179.3 
CES 2.00 0.333 44.4 178.0 
- 

While DTL is close to CES in terms of elasticity of substitution, GL is 
considerably closer in the other respects. Using the correct TL function 
this eccentric result disappears; the TL lies nicely between the GL and 
CES functions in all respects. 

3.1.2. Further comments 
The closeness of the first-order properties of the CES, GL and TL as 

illustrated above is not just accidental. Despotakis in section 3.1 stresses how 
the first- and second-order derivatives are common to the three functions, 
and only the derivatives of the AUES depend on function-specific third-order 
properties. If the functions are ‘well-behaved’ in the region under consider- 
ation, one would therefore expect unit cost, input demand and value shares 
always to differ less across FFFs than the AUES does as prices change. As 
(a) and (b) above show, the DTL does not conform to this. 

‘To highlight the importance of 
function, one can in the two-input 
(C.2) for the derivative of the value 
of the (single) AUES: 

% ,si(l;si) (1 _a)_ 

dPi i 

the second-order properties of the cost 
case reformulate Despotakis’ expression 
share with respect to own price in terms 

(4) 

Together with eq. (2) in Despotakis’ paper, eq. (4) implies that the 
development of the unit cost, input demand and value shares as prices 
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change, depend only on the function-specific development of the elasticities of 
substitution. This dependence itself is not function-specific6 

For the two-input case one can more specifically make an observation 
which is also apparent from tables 2 and 3: 

(i) Assume two FFFs are calibrated to common base-point EEPs, and as 
prices change away from the base-point in a specified direction the 
AUES of one FFF is always higher than the AUES of the other. Then 
the function that at a point has the higher AUES will have the smaller 
unit demand and value share for the input whose relative price 
increases, and the higher unit demand and value share for the other 
input. 

Using the correct TL function therefore simplifies the observation of the 
relative economic performance of the FFFs in the two-input case. As a 
consequence of (i) above one can focus on the development of the elasticity 
of substitution at prices away from the base-point. The development of the 
AUES for the two-input CES, GL and TL functions is illustrated graphically 
in fig. 1. In each of the three panels the horizontal axis shows the common 
base-point AUES tr*, while the vertical axis measures the AUES at relative 
prices of 0.2 and 5.0 the base-point relative prices, respectively.’ 

The AUES values where the TL or GL curves coincide with the CES 
curve (which always lies on the diagonal) are those that Despotakis identified 
as ‘stable’; the strongly stable value of 0.0 and the weakly stable value of 0.5 
for the GL, and the strongly stable value of 1.0 for the TL. In view of this it 
is not surprising that the figures (and the tables) suggest another important 
observation: 

(ii) When two-input GL and TL cost functions are calibrated to common 
base-point EEPs, the GL AUES will be more stable as prices change for 
base-point AUES less than a point between 0.5 and 1.0: and the TL 
AUES will be at least as stable for base-point AUES larger than this. 

It is worth noting that the equal value shares of panel (a) increases 
stability (especially for the GL), and that the GL function acquires an extra 
stable point at 1.0. While the stability of the elasticity of substitution is not 
necessarily a preferred property of a cost function, it does extend the outer 
(mathematical) domain, and increases the transparency of function 
behaviour. 

6This is just another way of saying that knowledge of the derivative of a function over a 
range, combined with a boundary condition, is sufficient to use integration to find the value of 
the function over the same range. There is no need for reference to higher-order derivatives. 

‘This is equivalent to comparing the iigures for the cross-AUES down the columns marked 
0.2 and 5.0 in tables 2 and 3. 

*In these experiments the cross-over value of AUES is approximately 0.7. 
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3.2. Experiments with three-input functions 

As for the two-input case I have carried out the same experiments as 
Despotakis, but with the correct TL function. The three inputs are identified 
as capital, labour and energy with base-point value shares of 0.36, 0.60 and 
0.04 respectively. In experiment group (A) the cross-AUES between capital 
and energy cr& is varied from -3.0 to + 1.5, with the other two cross-AUES 
having ‘literature average’ values of r&=0.80 and u&= 1.2. In group (B) the 
last two AUES values are interchanged, and the capital-energy elasticity 
given the values - 1 .O and + 1.0. 

3.2.1. Despotakis’ results 
While the results of these experiments could have been documented in 

numerous tables and figures, in the interest of brevity only one is included 
here. Table 4 is the correct version of his table 4 and gives the input 
demands as prices vary in percentage of the base-point input demands. 
Comparing the DTL and TL results the general conclusion is that the TL 
input demands are closer to the GL than the DTL demands are, though 
there are exceptions. Remembering that the cross-price elasticity of input 
demand has the same sign as the corresponding AUES, the incorrectness of 
the DTL results are again revealed by the fact that in Despotakis’ table 4 for 
values of the capital-energy elasticity of - 1.0 and -0.3 the demand for 
energy rises as the price of capital rises and vice versa. 

Since the three-input case is more complicated to analyze, there are fewer 
general results. Some of Despotakis’ observations still hold with the correct 
TL function, while some do not: 

(c) As in the two-input case, Despotakis states that ‘reallocation of capital 
and energy inputs following changes in the price of capital or energy are 
noticeably less sensitive to values of a& for the TL function.. .’ (p. 1123). 
As table 4 shows, this does not hold generally; the relative sensitivity of 
the two functions varies with the direction of the price changes in each 
case. 

(d) The specific observation that ‘if energy and capital are substitutes.. .‘, as 
energy prices change, ‘. . . GL constitutes a considerably more energy 
conserving representation of technology’ (p. 1123) is weakened but still 
holds when the correct TL function is used. 

(e) One lesser point: The observation that neither the GL nor the TL 
function are well-behaved when the base-point capital-energy elasticity is 
-3.0, leads Despotakis to suggest that ‘complementarity between energy 
and capital is an economic relationship that can be empirically measured 
with accuracy only to a limited extent, because it tends to drive the 
functions that can capture it beyond the limits of their outer domain’ (p. 
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1122). It is worth noting that if the cost function is concave, complemen- 
tarity defined as a property of this function can only exist ‘to a limited 
extent’. Concavity places restrictions on the allowable matrix of second 
derivatives and therefore on the AUES matrix. Having chosen the value 
shares and the capital-labour and labour-energy AUES in the conducted 
experiments, the requirement that the own-AUES o,, be non-positive 
combined with the Cournot aggregation condition imposes a lower limit 
on the allowable value of the capital-energy AUES. In case (A) of table 4 
this lower limit is - 1.333 and in case (B) the limit is -2.0. 

3.2.2. Further comments 
The point stressed in the two-input case that the second-order properties 

of the cost function determines the first-order properties is valid generally. 
Although the implications are intuitively and mathematically more compli- 
cated, it is still true that the dependence of the input demands and value 
shares on the elasticities of substitution is not function-specific.9 

The question that poses itself is whether there in the many-input case is an 

analogy for the observation (ii) above that the elasticity of substitution is 
more stable for GL when its base-point value is low, and more stable for the 
TL when its base-point value is high. As a hypothesis for further research I 
suggest that the degree of concavity of the cost function determines the 
relative performance of the different functional forms.iO 

In these three-input experiments the cross-AUES between capital and 
labour, which represent 96% of total input value, probably dominates the 
concavity of the functions. In case (A) the AUES is 0.8 which is close to the 
‘cross-over’ value identified in the section on two-input FFFs where the two 
functions coincided. In case (B) the base-point capital-labour elasticity is 1.2, 
which in the two-input analysis would place it in the region where AUES of 
the TL is the more stable and the two functions behave markedly different. 
Close scrutiny of table 4 reveals that in most experiments in group (A) the 
two FFFs are closer to each other than in group (B), which would seem to 
support the suggested hypothesis. 

4. Concluding remarks 

Despotakis in his experimental section uses a variant of the translog cost 
function with logarithms to the base 10 instead of the natural logarithm, 
while retaining the ordinary translog formula for the elasticity of substitu- 
tion. This leads to severely misleading conclusions. Among the more serious 
is that the translog is ‘noticeably less sensitive to values of elasticities of 

9tn formal analysis the best analogy for eq. (4) is probably in terms of the Hicks (1963)- 
Samuelson (1968) own elasticity of substitution (HSES). 

‘OFor a measure of the concavity of the cost function [see Frenger (1985)]. 
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substitution’ and that ‘the significance of elasticity of substitution.. . is 
function-specific’. In this comment I have included the correct tables and 
stressed how the input demands and value shares depend on the develop- 
ment of the second-order properties of a function. As a consequence of this I 
have concentrated on the Allen-Uzawa elasticity of substitution and found 
that in the two-input caSe the stability of this elasticity depends on its initial 
value. Using the correct translog function reveals that the elasticity of 
substitution is more stable for the translog function than the generalized 
Leontief when the initial value is above approximately 0.7, and conversely for 
lower initial values. 

Further research in this area is of obvious practical importance for model 
builders and users. Despotakis has taken the choice of functional forms 
seriously and despite having found less difference between functional forms 
than he did, I still agree with his general conclusion that 

‘differences in economic performance of FFF, and accordingly in results 
of economic models that employ FFF in partial or genera1 equilibrium, 
can well be substantial. Careful examination and understanding of case- 
specific differences should therefore be one of the first steps in mode1 
building.’ 
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