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Superconducting trapped-field magnets: Temperature and field distributions
during pulsed-field activation

S. Bræck, D. V. Shantsev,a) T. H. Johansen,b) and Y. M. Galperina)

Department of Physics, University of Oslo, P.O. Box 1048 Blindern, 0316 Oslo, Norway

~Received 17 May 2002; accepted 23 August 2002!

We calculate the temperature and magnetic field distributions in a bulk superconductor during the
process of pulsed-field magnetic activation. The calculations are based on the heat diffusion
equation with account of the heat produced by flux motion, and the critical state model with
temperature dependent critical current density. For a given activation time, the total amount of
trapped fluxF is maximum for an optimal valueBopt of the maximal applied field. We analyze how
Bopt andF depend on the material parameters and the field ramp rate. ©2002 American Institute
of Physics. @DOI: 10.1063/1.1515098#
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I. INTRODUCTION

The recent progress in fabrication of large-sized hig
temperature superconductors with high critical current d
sity makes them extremely promising for use as perman
magnets. Trapped fields exceeding 12 T have already b
reported for a YBa2Cu3O72d magnet at 22 K.1 To magneti-
cally activate the superconductor, one most often use
pulsed-field magnetization~PFM!. Whereas the PFM activa
tion method is the most convenient from a practical point
view, even higher fields have been trapped by quasist
field ramping.2–5 This shortcoming of PFM can not be ove
come by simply increasing the maximal applied fieldBM . In
fact, it is found experimentally that the trapped flux reach
maximum at some optimal valueBM5Bopt, and decrease
for larger BM .2–8 This behavior is believed to result from
heating produced by flux motion, which leads to a stro
temperature rise in superconductor during the activation p
cess. There have already been practical ways suggest
improve the situation, in particular, by applying multip
field pulses.6,4,9 Even better results can be expected if t
development is accompanied by a modeling of how the h
actually dissipates and redistributes in a superconductor
ing the PFM. It has been reported that numerical simulati
of PFM in disks10 and rings11 taking heat generation into
account, can reproduce the maximum in the trapped flux
function of BM . These simulations make use of the finit
element method in two dimensions and a nonlinear fie
dependent current–voltage law. In the present work, the
istence of the maximum in the trapped flux is demonstra
analytically within the simple critical-state model.

Our analysis is based on the one-dimensional heat d
sion equation, taking into account the time and position
pendent heat dissipation due to flux motion. As a result,
temperature and magnetic field distributions in the superc
ductor during all the stages of the PFM process are ca
lated. We determine the optimal applied fieldBopt corre-

a!Also at: Ioffe Physico-Technical Institute, Polytekhnicheskaya 26,
Petersburg 194021, Russia.

b!Electronic mail: t.h.johansen@fys.uio.no
6230021-8979/2002/92(10)/6235/6/$19.00

Downloaded 11 Nov 2002 to 129.240.85.155. Redistribution subject to A
-
-

nt
en

a

f
tic

s

g
o-

to

at
r-
s

a

-
x-
d

-
-
e
n-
u-

sponding to the maximum trapped fluxF(Bopt) and analyze
how Bopt andF(Bopt) depend on the parameters of superco
ductor.

II. EQUATIONS AND BASIC APPROACH

The distributions of magnetic field,B, electric fieldE,
and current densityj inside a sample are determined by t
Maxwell equations

¹3B5m0j , ~1!

¹3E52]B/]t. ~2!

These equations should be supplemented by a relation
betweenj and the fieldsE and B, which depends on the
superconductor material, as well as on temperatureT. When
a superconductor is subjected to a nonstationary exte
magnetic field,Ba(t), a heat per unit volume is produce
with the rate

W5E• j . ~3!

The heat release creates a temperature rise which is give
the thermal diffusion equation

C ]T/]t2k¹2T5W. ~4!

Here,k is the thermal conductivity, andC the heat capacity
per volume.

For simplicity, we will make calculations for a superco
ductor shaped as a slab, while we expect that all qualita
results are valid also for other geometries. The superc
ductor occupies spaceuxu<w, and satisfies the boundar
conditionT(uxu5w)5T0 , which assumes ideal thermal con
tact with the surroundings at the temperatureT0 . The solu-
tion for a uniform initial temperature can be expressed a

T~x,t !5T01E
2w

w

dx8E
0

t

dt8 G~x,t;x8,t8!
W~x8,t8!

C
,

~5!

t.
5 © 2002 American Institute of Physics
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where G(x,t;x8,t8) is the Green’s function due to a un
instantaneous plane source atx8 at t8. The Green’s function
satisfying the boundary conditionsG(x56w,t;t8,x8)50 is
given by12

G~x,t;x8,t8!5
1

w (
n51

` S cos2
np

2
sin

npx

2w
sin

npx8

2w

1sin2
np

2
cos

npx

2w
cos

npx8

2w D
3e2kn2p2(t2t8)/4Cw2

. ~6!

To calculate heat release rateW(x,t), we use the critical-
state model, according to which the magnitude of the curr
density in flux-penetrated regions of a superconductor eq
to some critical value,j c . The critical current density de
pends, in general, on both the local fieldB and local tem-
peratureT, thus, the magnetic field profile is determined
Eq. ~1! with u j u5 j c(B,T). In order to obtain analytical re
sults, we choose the Bean model, i. e., assumej c to be B
independent. To account for theT dependence ofj c , the
following iterative procedure is used. First,j c is taken T
independent and the time evolution of the profilesB(x,t) and
W(x,t) is calculated. TheW is substituted in Eq.~5! to de-
termine the temperature profileT(x,t). It is then used to
recalculate thej c@T(x,t)# which subsequently gives cor
rected magnetic field profiles according to Eq.~1!. Fortu-
nately, it turns out that even the first iteration gives corr
results within very good accuracy for realistic paramete
This is demonstrated below by a self-consistent numer
solution of Eqs.~1!–~4!.

Let us consider a PFM where the external field is appl
as a triangular pulse,

Ba~ t !5R~ tM2ut2tMu!, ~7!

whereR is a constant ramp rate, i. e., the field increases
the maximum valueBM during 0<t<tM5BM /R, and then
decreases to zero duringtM,t<2tM . When the temperature
dependence of the critical current is neglected, the field p
file is given by the conventional Bean model for a zero-fie
cooled superconductor, i. e., when the external fieldin-
creases, the magnetic flux occupies the regionx0(t)<uxu
<w, where

x0~ t !5w2vt, v5R/m0 j c0 , j c0[ j c~T0!. ~8!

The heat release in the penetrated region is obtained f
Eqs.~2! and ~3!:

W~x,t !5@ uxu2x0~ t !#R jc0 , ~9!

while W(x,t)50 at uxu,x0(t). After the sample become
fully penetrated, i. e., att>w/v, one has

W~x,t !5uxuR jc0 . ~10!

Similarly, for decreasingapplied field, we obtain

W~x,t !5@ uxu2x1~ t !#R jc0 , x1~ t !<uxu<w, ~11!

where

x1~ t !5w2v~ t2tM !/2 ~12!
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is the position of maximum flux density. In the regionuxu
,x1(t), there is no flux motion, and therefore no heat
lease. Fort.tM12w/v, the field is decreasing throughou
the sample, and the dissipation is again given by Eq.~10!.
From this set ofW(x,t), one finds the temperature distribu
tions T(x,t) at all stages of the process. The expressions
listed in the Appendix. Finally, we determine the refin
B(x,t) by assuming a linearT dependence of the critica
current,

j c~x,t !5 j c0

Tc2T~x,t !

Tc2T0
, ~13!

whereTc is the critical temperature.13

The present thermomagnetic problem is characterized
only two-dimensionless parameters. The first is the ratio
tM to the thermal diffusion timeC,2/k,

t5tMk/C,25BMk/RCw2. ~14!

If t!1, the heat diffusion can be neglected, whereas fot
@1, the heat escapes the sample so fast that the temper
increase is negligible. The second parameter is

a5
Bp

Bf j
5S m0w2 j c0

2C

] j c

]T D 1/2

. ~15!

Here,Bp5m0 j c0w is the full penetration field, andBf j is the
threshold field for a flux jump.14,15 Consideration of flux
jumps — macroscopic flux avalanches accompanied by p
nounced heating — is beyond the scope of the present st
In practice, one wants to avoid flux jumps, which ruin t
magnetization process, and can even damage the mat
Therefore, we limit ourselves to the parameter range wh
a,1, and where the aforementioned iteration procedure
applicable.

III. RESULTS AND DISCUSSION

We present results of the calculations assuming a sam
of size 2w51 cm and characterized byj c054.43108 A/m2

~giving Bp'2.8 T!, C50.883106 J/m3 K, andk56 J/Ksm,
all of which are typical values for YBa2Cu3O72d crystal
with Tc592 K atT0577 K. From Eq.~13! one finds that the
above set of parameters corresponds toa50.48,1.

Shown in Figs. 1 and 2 are the temperature and fi
distributions after completed PFM, i. e., in the remanent s
at t52tM . Figures 1 and 2 display the result for the cas
BM52Bp and BM51.6Bp , and the profiles are plotted fo
four different ramp rates of the applied field, correspond
to t ranging from 1 to 0.001. At high rates, the temperatu
profiles have pronounced maxima near the sample surf
The reason is obvious — near the surface the flux motio
most intense and the heat release is maximal, see Eqs.~9!–
~11!. For a high ramp rate (t!1), the heat remains mostly in
the regions where it was released. If the rate is lowt
*1), the heat has time to diffuse both to the center and
surface. As a result,T(x,t) becomes more uniform but on th
average, the temperature rise is smaller than for high rat

As seen from the lower panels, the temperature r
strongly affects the profiles of the remanent field. Increa
temperatures give a lower critical current, and hence,
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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FIG. 1. Temperature and flux density profiles in the remanent state
application of magnetic fieldBM52Bp . Four curves are calculated for dif
ferent durations of the field pulse: 2tM57.3 s~solid!, 0.73 s~dashed!, 73 ms
~dotted!, and 7.3 ms~dash–dotted!, which correspond tot51, 0.1, 0.01, and
0.001, respectively.

FIG. 2. The same curves as in Fig. 1 but for the maximum applied fi
BM51.6Bp .
Downloaded 11 Nov 2002 to 129.240.85.155. Redistribution subject to A
steep slopesu]B/]xu5m0 j c(T). For the highest ramp rate
the profiles are also most nonlinear, and the total amoun
trapped flux is lowest. Hence, we reproduce the expec
result that very low ramp rates give maximum trapped flu

In the conventional critical-state model, the remane
flux distribution with a peak at the center is produced for t
peak fieldsBM>2Bp . When suppression ofj c due to heat-
ing is taken into account, such peaked distributions can
obtained even for smallerBM , as seen from Fig. 2. At the
same time, the difference in the slopes ofB(x) profiles im-
plies that the peaked shape of the flux distribution does
necessarily correspond to the maximum trapped flux, wh
is illustrated next.

In practice, the duration of the field pulse is limited. Th
key point is then to choose the optimum applied fieldBM so
that in the remanent state, the trapped flux becomes m
mum. If BM is too small the flux penetration is also sma
whereas too largeBM gives an excessive heating and litt
flux becomes trapped by the sample. This is illustrated
Fig. 3, where the total amount of trapped fluxF
5*B(x)dx per unit length of the slab is plotted as a functio

er

d

FIG. 3. Trapped remanent flux after a magnetization process for diffe
maximum applied fieldsBM . ~a! Curves fora50.48 and differentt, i. e.,
for different rates.~b! Curves fort50.001 and differenta, i. e., for differ-
ent heat capacities. The solid curve is the same for both plots and show
Bean-model result without any heating effects. Symbols show result
numerical calculations which reproduce well our analytical curves exc
for very largeBM .
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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of BM . The solid curves in Fig. 3 show the convention
Bean-model result,

F5wBM
2 /~2Bp!, BM<Bp ,

5w@2BM2Bp2BM
2 /~2Bp!#, Bp<BM<2Bp ,

5wBp , BM>2Bp , ~16!

obtained for a slab superconductor assuming linear field
files. This result is applicable when the heating is negligib
i. e., for very low ramp rates or largeC or k, i. e., whent
→` or a→0. The presence of heating leads to reduction
the trapped flux, and a peak in theF(BM) curve appears a
someBM betweenBp and 2Bp . The two panels of Fig. 3
allow us to trace the effect of changing the parameterst and
a. Plotted as symbols in Fig. 3 are the exact results obta
by numerical simulations, whereas the lines represent
analytical solution. For the most important range ofBM

whereF has the peak, the agreement is excellent, and on
slight deviation appears for largeBM . We conclude therefore
that the model given by Eqs.~5!, ~6!, and ~9!–~11! allows
one to determine theBM producing the maximum trappe
flux.

Let us consider three characteristic points, A, B, and
on theF(BM) where the peak is most pronounced, and a
lyze the correspondingB andT distributions. These remanen
profiles are shown in Fig. 4. For smallBM ~A!, too little flux
penetrated the superconductor, and theB(x) profile has a
large dip in the center region. For largeBM ~C!, the B(x)

FIG. 4. Temperature and flux density profiles in the remanent state
application of the maximum fieldBM5Bp ~A!, BM51.3Bp ~B!, and BM

51.6Bp ~C!. The profiles correspond to the marked points~A, B, and C! on
the lowest curve of Fig. 1~b!. The profile~B! corresponds to the maximum
trapped flux.
Downloaded 11 Nov 2002 to 129.240.85.155. Redistribution subject to A
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profile has the ‘‘right’’ triangular shape, however, its slop
are not maximally steep due to heating. In the state of ma
mum trapped flux~B!, the small dip in the center is compen
sated by having relatively large slopes in the overall pe
Interestingly, we find that the optimum case always ha
small minimum in the flux density at the center of the sup
conductor.

If the maximum applied field is very large, the heat
most of the time, released uniformly throughout the sup
conductor. Meanwhile, the heat is removed only through
surface which is maintained at a fixed temperature. A
result, the remanentT(x,2tM) has a broad maximum in th
center, and the trappedB(x,2tM) acquire a specific ‘‘bell’’
shape. This is illustrated in Fig. 5 for the caseBM56Bp .

It is also interesting to analyze the evolution of the te
perature and flux density during the whole magnetizat
process. A time sequence of curves showing this is plotte
Fig. 6, and corresponds to the intermediate stages leadin
the remanent state seen in Fig. 1 fort50.001. One can see
that the temperature growth starts slowly and then acce
ates. When the applied field reaches maximum~at t5tM),
theT profile has already acquired its characteristic shape
changes little during the subsequent field decrease. The
lution of the B profile looks similar to the standard Bean
model behavior. The full penetration is reached appro
mately atBa5Bp ~at t5tM/2), and then theB(x,t) shifts
upward almost uniformly until the field starts to decrease a
flux exits from the surface. The flux front position~seen as a
ridge in the three-dimensional plot! is shifting towards the

erFIG. 5. Temperature and flux density profiles in the remanent state a
applying magnetic fieldBM56Bp . The curves are obtained for the field
pulse duration: 23.2 s~solid!, 6.3 s ~dashed!, and 2.3 s~dotted!, which
correspond tot53.2, 0.9, and 0.32, respectively.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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center, and in the final remanent state theB profile acquires
its triangular shape.

Our approach, used so far for a constant ramp rate of
field, is easily generalized to having different sweep rates
the ascending and descending field branch. It turns out
for a given magnetization time, it is somewhat beneficial
have a faster field increase followed by a slower decreas
zero. In particular, for the extreme case of an instantane
field increase and a descent lasting 8 ms, we find that
traps 8% more flux than for the symmetric 414 ms field
pulse ~for the parameters used in the article!. The physical
reason for this is the following. When a larger amount
heat is dissipated in the beginning of the PFM, the heat
more time to flow out of the sample. As a result, the te
perature in the remanent state becomes slightly lower, wh
results in a larger trapped flux. We omit detailed profil
since these graphs are very similar to the ones already
sented in this article.

The critical-state model used in our analysis correspo
to verticalE( j ) law, i. e., neglects the viscous force acting
flux lines. This force can be an important ingredient th
delays the flux penetration and affects theB(x,t) distribu-

FIG. 6. Time evolution of temperature and flux density distributions dur
the full magnetization process for the maximal fieldBM52Bp , and duration
7.3 ms (t50.001).
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tions during fast PFM.7 It leads to the following experimen
tal observations which can not be reproduced by our mo
~i! the flux trapped after the PFM is less than after sl
magnetization of a zero-field-cooled sample even for sm
peak fields,5,7 and ~ii ! the flux density in the sample cente
continues increasing some time after the applied field
started decreasing.3,9 We stress, however, that the heatin
takes place independent of whether or not the flux motion
viscous. Our results clearly demonstrate that the heating
duced within the critical-state approach is sufficient to a
count for the suppression of the trapped flux during the P
process.

IV. CONCLUSION

The temperature and field distributions in a bulk sup
conductor during a PFM process are calculated analytic
within the critical-state model and taking heating due to fl
motion into account. The remanent trapped fluxF is smaller
for a larger PFM rate, and for smaller heat capacity. Fo
given duration of the activation pulse, theF reaches maxi-
mum for some optimal maximum field, which is alway
smaller than twice the penetration field. Surprisingly, t
remanent flux distribution for optimal field is not monoto
nous, but the overall peak has a small dip in the center.
strongest temperature rise is usually found close to the
face. The trapped flux can be enhanced without changing
total PFM time, if the field ascent is made faster than
descent to zero.
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APPENDIX

Here, we list analytical expressions for the temperat
distribution for different stages of the magnetization proce
They are obtained by substituting the heat release rate g
by Eqs.~9!–~11! and the Green function~6! into Eq.~5!. The
expressions are given for a general case with different fi
ramp ratesRA and RD on the ascending and descendi
branch, respectively. The following notations are useda
5p2k/4Cw2 ~inverse thermal diffusion time!, b
5p/(2aBp), and tM is the time when the applied field
reaches maximum,tM5BM /RA . The temperature distribu
tion during the magnetization process is given by

T~x,t !5T01
32j c0w3RA

p4k
(
n51

`

Sn~ t ! sin
np

2
cos

npx

2w
.

~A1!

The dimensionless coefficientSn is given by one of the ex-
pressions next, and Table I explains which expression sho
be used for every particular case. It is convenient to de
the following functions corresponding to incomplete a
complete penetration processes:
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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Sn
inc~ t,R![

~an2t1e2an2t21!bR

n5

1
@cos~abRnt!2e2an2t#bR/n2sin~abRnt!

n2@n21~bR!2#
,

~A2!

Sn
com~ t,R!5

e2an2(t2Bp /R)

n3 H p

2
2

bR

n2

1

~bR!3e2an2Bp /R2n3sin
np

2

n2@n21~bR!2#

1S p

2
sin

np

2
2

1

nD sin
np

2
~ean2(t2Bp /R)21!J ,

~A3!

Then,

Sn5Sn
inc~ t,RA!, ~A4!

Sn5e2an2(t2tM)Sn
inc~ tM ,RA!1

RD

RA
Sn

inc~ t2tM ,RD/2!,

~A5!

TABLE I. The last column shows which formula for coefficientsSn in Eq.
~A1! should be used for givenBM and t.

BM<Bp t<tM ~A4!
tM,t<tM1BM /RD ~A5!

t<Bp /RA ~A4!
Bp<BM<2Bp Bp /RA,t<tM ~A6!

tM,t<tM1BM /RD ~A7!

t<Bp /RA ~A4!
BM>2Bp Bp /RA,t<tM ~A6!

tM,t<tM12Bp /RD ~A7!
tM12Bp /RD,t<tM1BM /RD ~A8!
Downloaded 11 Nov 2002 to 129.240.85.155. Redistribution subject to A
Sn5Sn
com~ t,RA!, ~A6!

Sn5e2an2(t2tM)Sn
com~ tM ,RA!1

RD

RA
Sn

inc~ t2tM ,RD/2!.

~A7!

Sn5e2an2(t2tM)Sn
com~ tM ,RA!1

RD

RA
Sn

com~ t2tM ,RD/2!.

~A8!
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