NIKHEF Topical Lectures
Amsterdam, December 14 - 16, 2005.

Lectures on Supersymmetry
TUTORIALS

Exercise I: Basic calcultaional rules
1. Vertices and propagators
2. Dirac algebra
3. Cross sections and decay widths
4. Calculation of loop integrals.
Exercise 1I: Higgs boson production and decay mechanisms.
1. Higgs decays into fermions and gauge bosons
2. Higgs production in e"e~ collisions
3. Higgs production in hadronic collisions
4. Higgs contributions to radiative corrections.
Exercise 1II: Divergences and symmetries.
1. Lagrangians and interactions
2. Electron and photon self-energies
3. Higgs boson self-energy: fermion loops
4. Higgs boson self-energy: scalar contributions.
Exercise IV: Higgs masses and coupling in the MSSM.
1. Derivation of the Higgs boson masses in the MSSM
2. Radiative corrections to the Higgs boson masses
3. The MSSM Higgs boson couplings
4. Phenomenology of the Higgs masses and couplings.
Exercise V: SUSY particle decay and production
1. Sparticle decays
2. Sfermion and gaugino production in e*e™ collisions (LEP)
3. Squark/gluino production in pp collisions (Tevatron/LHC).
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E1: Basic Calculational Rules

1. Vertices and propagators

Rules for fermions:

us(p;) / Us(p f )
Pi D Py
_P/p/jm = Z’p%ﬁ?p \_\pf
Us(—pi) vs(—py)

Zs us(p) ﬂs(p) :ﬂ+ m-, Zs Us(p) 7_}3(]?) :ﬂ_ m

Rules for gauge bosons:

- G —quav /(> — M2 «
culg) by i St D 0
qu qv
q

Zpol — Eie,u - _(g/w - QMQM/ME/)
For the photon, discard everything which is longitudinal (¢"¢")
above. Note that the trasversality of the photon implies: ¢,-¢" = 0.

—iey,(vy — asys)

f

V,u 7 Vf = (2[? — 4efs%,V)/(4chW) , af = 2[53/(4SWCW)
_ W vy =a;=1/(2v/2sw)
f

v ovp=ep,ar=0



2. Diracology: contractions and traces of v matrices
Basic relations:

{'Vu 3 ”YV} =YY + VWV = 29w and 7= p,uf)/ﬂ

[
%=1 %y and {75} =0

77 "V =iy
Tr(1) =4, Tr(y,) =0, Tr(ys) =0
Tr(A1Ag) = Tr(A2A;) , Tr(A1As--- Ay) = Tr(Ay- - AvAy)
Contractions of v matrices

v

YWY = 29, — v = A =0, =4
V%Y = Y2 — V) =27 — 4y = 27
YA Ay = (26" — ") (29 — 1,7
= A9 = 2" = 2" Ay = Ag™
Traces of v matrices:
Tr(y"9") = Tr (29" — "y") = 29" Tx(1) = Tr(y"y") = Tr(v/"y") = 4g"
Trace of an odd number n of v matrices (using 72 = 1):
Tr(y" - y#m) = Te(y"1 - - 4#y%y%) = (=1) Te(y" - - - 4°7Hy)
= (=1)"Te(y "y - Afny?) = = Ta(yy" - fy)
= Tr(y" - ykm) =0
Te(y"y5) = Te(y#9"y7y5) = Te(y" - - - 4#77°) = 0

1% 1 « 1% 1% [0
Tr(v*"y5) = =Tr (YY" v v5) = (1/4) Tr(ya Y v 157%)

4
= —(1/4) Tr(vaY" "7 y5) = =Tr(v"7"5) = 0
Using the same tricks as above, proof the trace of 4 v matrices:
Tr(v'9"v"7) = 4(g" 9" + 9" 9" — 9""9")
Tr(v'9"y"77s) = —4ie™"



3. Cross sections and decay widths

The differential cross section for a 2 x n process 115 — f1--- f, is

| M (iviy — fi..fo)|? &p; .
4(p1 - p2)? — mim3]|'/? (H”W) (27)°0%(Xp; — Xpy) S

e In the amplitude squared |M|?, one has to average (sum) on

do =

degrees of freedom (polarisation, color) of initial (final) particles.

e There is a symmetry factor S = 1/n! for n identical particles.

e The flux factor is 2(p;+p2)? = 2s for 2—n process with m; = my = 0.
It is 2M for the decay of a particle with a mass M (1 —n process).

Calculation of phase—space for a two—body process a +b — fi + fo:

1 d’pydps

dPS2 =
167T2 €1 €9

5 (pa + py — 1 — P2)

d’ P2 1

/ 54(10@ +pp—p1 —p2) = —d(eq + e, —ep — e3)
€92 €2

with :  |pa| = |pa + Dy — Pa| and 62 |po|* + m5

‘2

and d’py = dQ |p1[* d|py| with ef = [pi[* + m)

Dol

In the c.m. frame: w=e¢,+ ¢, W =e; + ey = (M3 +p2)%(m% + p?)2:

dw’ 11 1 1
— zp(—+—) :>dw’:pdp(—+—) =€1d6161+€2

dp e1 € e1 € €169
dQ | eide dQ | duw’ dQ |p|
= S(w—w') = o(w — = ———
1672 P €169 (w—w) 1672 P w' (w —w) 1672 +/s

(for the last equality, the integral over dw’ has been performed).
The differential cross section for a two body process is then:

do 1 . 1 p|
— = — x XM ’
10~ 35 % FM Uk = fuf)l X 3 (\/E) x5

Note that |p| = 3/sA = 3v/s[l — mi/s — m3/s)? — dmim3/s?]z.
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4. Calculation of loop integrals

e Measure of loop integral over internal momentum: [ d*k/(27)%.

(For fermion loops: take trace and factor (—1) for Fermi stats).

d*k ) 7
T = (4 2
‘ (ig) / 2m)* (p+ k)? — m? k2 — m?

T ,2/ d*k 1 1
=i
I 2m)* (p+ k)?> —m? k2 —m?

e Symmetrize the integrand using: 1/ab = fol dz/[a + (b — a)z]?

&'k ! 1
I'=ig” d
" / (27)4 /0 x(k2 + 2pkx + p?x — m?)?
e Shift variable & — k' = k + px (integrand becomes k? symmetric)

d'k [ 1
[ =ig” d
" / (2m) /0 R+ pa(l—x) —m)
e Wick rotation ky — iky to go to Euclidean space (k* — —k?)

'k ! 1
[=—g¢° d
I / (27)4 /0 x(k:Q —p?x(l —x) + m?)?
o Polar coordinates for d'k: [ d'k F(k?) = =2 [ dk® k* F(k?)
2 1 00
g 1
[=———— ] d d
1672 J, X/O Y y(y — p?x(1 — x) + m?)?
e Perform the integrals over the variables y and z:

— If integral divergent: cut-off at the energy A ( fOA2 dk?).

— Eventually, use the on—shell mass relation p> = m?.
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E2: Higgs production and decay mechanisms

1. Higgs bosons decays
1.1 Decays into fermions: H — ff

. < f(p1) —iM = @ (py) (im V)02 (—po)

f(=p2) +iMT = 0%2(—po)(—imy/v)u(p:)

STMM = N (L) ST o) (1) (o)

51,89 51,52
with N, = 3(1) for quarks (leptons). Only one polarisation for H.
(v/m)*/Ne x SIM[* = Ta(gh +m)(— po —m)
= Tr(yupy + m)(=vpy —m)
= —pipsTr(y,) — m*Tr(1)
= —dpy.py — 4m
Using ¢° = (p1 — p2)* = me — 2p; - po = M% and defining the velocity
of the final fermions (; = 2|py|/My = (1 — 4m3 /MF)'/?
= X|M|* = N. (my/v)* 2(Mjf; — 4m3) = 2N (m}/v*) Mj 55
The differential decay width is then simply given by:
dl’ 1 1 2|ps|
= Y| M|?
00~ oagy < EMEx s
Integrating over df) = d¢d cosf (and since there is no angular
dependence, f dQ) = 47), one obtains the partial decay width:

fMH

I'(H—f f )= 5f
H decays dominantly into heaviest fermlon and width o« Mp.
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1.2 Decays into massive gauge bosons

q %Vu@l) —iM = €;,(p1) (=2iMi /v g") €,(—p2)
V,(—ps) HMT = e(pr) (—20M3 /0 g"") €,0(—ps)

4M4 v ,7// % *
S P = g g S e 3 il -poles (o)
pol pol pol

(W /AME)S = " g (g —pmpw/Mﬁ)(gw — pavpa [ M)
= (g,uu’ - pl,upl,u’/M\Q/)(gM - p2p2 /MV>
= 4 —pi/My; — p3 /My + (pr - p2)* /My
= (Mp/4My) [1 - 4M12//M§1 + 12My /M)
The dlfferentlal decay width = X |M? x 22l g with

’ dQ 2M 3272 My
S = oy = 5 for two identical final 7 bosons. This finally gives

([ dQ = 4m):
Sy M3 AMEN ME ME
['(H 1 — 1 —4—Y 419V
= VV) = 62 ( M3, M
The dependence on My is hidden, since v = 2My /go = 2M ey / go.
For large enough My [recall that H — ff o Mpy], one has:

IH — VV)~6&M/8mv?) = T(H - WW)~2I(H — ZZ)

The decay widths grows like M3, i.e. is very large for My > My.
For small My, one (two) V bosons can be off—shell, the width is

L, [Mi dgi My Ty / Mp =i dgs My Ty
2l @ORPORT ) @M IR

2
P WMy e (124G (4 @\ A4
P 8m? My ) My M, M},

F:
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1.3 Decays into photons and gluons: H — 77, gg

H does not couple to massless particles at tree-level: loop induced.
We have vertex diagrams with fermion (top) and W exchange
for H — vy(Z7v); only top for H — gg: calculation complicated.
However it is simple if H momentum is small (i.e. My < Mp):

q=0
p D o
Pt () x (2)
]é—m(T)]zﬁ—m p—m

! p+k

, p p
Mﬁmzﬂ<(jzi@0£wm<:>Mw»Mv>mmz
v k

Let’s calculate the derivative of the fermionic photon self-energy:

1 1
—il(p N/ zeeffyu)k m(—zeef%)ﬂ i m

o) — i N2 d*k Try, (K + m)v.(f+ ¥ +m)
lalp) = =i e /@m (p-+ k)2 = m?(* — m?)

Using the rules for Diracology and loop integral calculations:

Do /1 dx _ /1 dx
o (K? 4 2pkx +p?x —m?)?  Jy [(k+ pz)?+ p?x(1 — ) — m?]?
N = Ty, (Wt K) +mPym] = K (k + p) Telym,m 70 + m 0]
= A2k, k, + (m* — k* — p.k)g,)
Shift £ — k£ + pr, Wick rotation ky; — tk; for Euclidean space =
k* — —k? and sym. integrand with [ d'k F(k?) = 72 [ dyyF (y)
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[also use of symmetry relation [ d'k(k.k,) = 1g., [ d*k(k?)]:

i 1 00

A X /0 dx 0 ydy

[%kQ +m® —x(1l— x)]?Q]gW + 2z(1 - :I:)[gpr — pupy|
y+m? —px(l —x))?

Because of gauge invariance, photon is transverse (x ng2 — Puby):

the first term (o< g, should vanish™ and we are left with:

Ne%e? 22(1 — x)
et
v v d d
47_(_2 (g,u p pMp / CU/ Y y y 4+ m2 pr(l . x)]Q

We can now calculate the Hvyvy vertex [photons to symmetrize
— 2; they are on—shell and p;, # p but p* = p; - p» = s ME]

M(p) =

M(p) =

0 4m? 0
Hyy _2@ —HW - _ HW
MW v om (pl pz) v Om2 (pl pz)
2m? Nc62 62( ) / q / —2x(1 — z)ydy
- D1.D2 — y T

Inside the integral, we can suppose m? > p*(M?7) and integrate
over z and y [[z(1 — z)dz =1/6 and [y/(y +m?)3dy = 1/2m?]
2 «
Mﬁ’yﬂ = o N, 6?@ p (gwP1-D2 — P1uD2)

Now we use the same machinery as for decays into gauge bosons:

4 o® M; oM o’
2 _ 2 4 H v _x 2 _ H A2 4
Integrating over phase space (Wlth factor % for identical photons):
M o, o’
Je
92" ¢ 1673

“This statement is not trivial to prove and we will come back to this discussion later on.

['(H —vy) =
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Several remarks to be made:

e The amplitude was of course finite (no tree level contribution)!
e The approximation m ;> M is in practice good up to Mg~ 2m !
e Only tops contribute, other f have negligible Yukawa coupling.
e Infinitely heavy fermions do not decouple from the amplitude:
a way to count the number of heavy particles coupling to the H!

e There are also contributions from W bosons. Also in the
limit My < My, (valid for My < 140 GeV), one has:

M} o? 21 2
(UH =) = 5 P Ner =

e The W contribution is larger (~ 4) than the ¢t quark contribution
and the interference of the two is destructive.

e With the same calculation, one can get the amplitude for H —
Z~. Only difference, Zf f, ZWW couplings and M, in phase space.
Here again, the W contr. is much ( £ 10) larger than that of top.

e The calculation holds also for gluons if we make the changes:
Qe — gsT, which means o — o, and N? — |Tv(T,T,)|* = |56u|* = 2
Mj; o
9v? 873

Decay width and branching ratios:

P(H — g9) =

The total decay width of the Higgs is the sum of partial widths:
Fit(H — all) =X 0(H — ff)+ SyT'(H — VV)
and the branching ratio for Higgs decay into a given final state is:

BR(H — X) =I'(H — X)/Tio(H — all)
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2. Higgs bosons production in e¢"e~ Collisions

2.1 The Higgs—strahlung process:

—1s —igu—auav/M7) < —py
2_M% N

. . . . —i(g" —q"'q" /M%) ,—2i M3 )
—iM = v(_ZQ)(—ze)%(ve — a€’y5)u(ll) Ry Z ( Zng)e,/
q 7 v

First thing to use for simplification is Dirac equation [/u(l) = m. ~ 0:
V(i) Vud w(yy = V(= B+ Ulug,y = 2me ~ 0= quq, — 0
where m, is supposed to be much smaller than /s = \/? Then:

2774
4e*Myv =2 s

2 s —s S
M = Tz a0 o Pl VulVe = @05)U(0 iy 1o (Ve = ac75)0

Average over polarizations of e* and sum on those of photon:

1 L v P p
PP = T (o = acrs )= ) — a0+ 5D

—Tr = (v + )Tt Uy By — 2a00Tr Uy s
— 402 + a})[liday + loplry — 11.Dog,w) — 8iacve 181 €nyusy

1 l1.p1)(1s. p?
[EIMP = k(0 + a?) [200) ol 1%(22 PU y10) + (1 d) 2L M2

Z
= k(’l)g + Clg) [—(11.12) — 2([1]91)([2]?1)/]\4%]
where we have used the fact that (¢,,3,) ¢"—p|p} is (anti)symmetric.
In the c.m. frame, one has (with £}, = M7 ;+[p|*) and [p| = /5/2)):

3

—(1,0,0,%1) and p12 = (Ezp,0,x|p|sind, £|p| cos )

lio=
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E% — |p|? cos? 0)
L(o? + a2 5 s(E7
= k(v + a?) [2—|— INE

The differential cross section is given by:

do 1 [462M§(U§ +a?)s <M§ N 1)\2 2 9>] A

dcosOdg 25 | v2(s — MZ?2Mz \ s 8 3272

with [d¢ =27 and [sin®fdcosf = 4/3 one gets the cross section

s [M% A2 sin? 9]

— k 2 2
] (Ue_‘_ae)M% S + 8

aMi  v?+ a?
1202 s(1 — M2%/s)?

olete” - HZ) = AN 4 12M3%/5)

A few remarks:

e The cross section drops like 1/s at high—energies (typical of an
s—channel process). The maximum is reached at /s = My + V2My.
e At the maximum LEP2 energy, /s = 209 GeV, the cross sec-
tion for My = (100) 115 GeV is given by (using the fact that o) =
4ma?(0)/3 = 86.8 nb with a(0) = 1/137, a(s) ~ 1/128 and sin® fy = 0.232):

o = 0.42 (0.16) pb for My = 100 (115) GeV

If we have an integrated luminosity of [ £ ~ 100 pb~!, this means
that we have N =0 x [ £ ~ 42(16) Higgs boson events.

e Since for My ~ 100 GeV, BR(H — bb) ~ 90%, the signal is
ete” — ZH — Zbb and the main background is e'e™ — ZZ — Zbb.

e At high energies s > MZ, one has a differential cross section

do ) aM? v’ + a?
~ in“ 0 with o ~ Z < __°
deos®  do 0 VT T g s(1—Mz/s)

3
5 A

the behaviour in sin®6 of the angular distribution and in \? of the
total cross section is typical for the production of two spin—zero
particles (here, the Z boson is almost a Goldstone boson).
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2.2 The vector boson fusion mechanism:

7S

u | by )
I q1 o
b 42
F(SZQ) ~P2 U(Sm)
N2 N2 i N2 ul \yu(v — avys)u? (g“ﬂ’—ﬂlgl)
M- i(—ie)*(—i)"(—2i My /v) (p1) 11 (1) M2

10 X
> A2y — M2) 5 (g
(a7 = My)ta; = My) 0oy WV = 0%5)0fy, (g -5 )

Using the relations ¢/'y, = ¢ =}{— 1 x m. ~ 0 and gW/g“”/g = gh:

R L
DiD; u(h) (v a75)u (1) Y(=p2) (v = a’%)z}( l2)
detMy /o*  Tr Yy (v — a%s) pryu(v — ays)
DIDZ Tt (v — avs) per(v — avs)
B 4e* My Jv* y (v? + a®)Tr Uy phy, — 20aTr Uy, iy
- D2D2 (v* + a*)Tr Iby” poy" — 2vaTr by pary™ s

Performing the trace and product using eWo‘ﬁeWO/ﬁ/ = (52‘,(55, — 5%65@

S| MJ* = X |gs(l1-p2)(l2.p1) + galli-lo)(p1.p2)]
4 D3iD3
with gs = (v2 4+ a?)? + 4a*v? and g4 = (v* + a*)* — 4a*v?

Let’s write the momenta of the particles in a convenient way:

L= (E.0,0,E) ,p1 = (/B2 + phy, prasin b1, pri cos by, 01 E)

lo = (F,0,0,—F) ,ps = (\/$%E2 + Pio, Dr2sin by, pry cos 01, —xo F)
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and assume high energies s > M‘Q/ so that pr o/ E are rather small:
l;.p; ~ p%i/Qa:Z-  lpy ~ 2E%xs | lopy ~ 2FE%x, , p1.py ~ 2FE 119
hold, together with 2/,.[y = s and the Higgs momentum squared:
Mp = (q—p1—p2)* = s — 2¢.p1 — 2¢.p2 + 2p1.p2 = s(1 — 21)(1 — z5)

Using these products, one has then for the amplitude squared:

1\M|2 32 My y AEY(gs + ga)z1ms
4 v? (P71 /71 + M)A (pro/ T2 + Mi)?
8et M (95 + ga)s”xias

X
v’ (P71 + 21 My )2 (g + 2o M, )?
Let us now deal with the three body phase space:
1 d’py PPpy dPp

dPS3 =
(27’(')5 2E1 2E2 2EH

5 q—p1—p2—p)

Defining 74 = M7 /s and using the known relation for ¢ functions:
d’p 4 2 2 4
—— = [ &pd(p — Mpy) = [ d'pd[s(l —z1)(1 — x2) — s74]
2Fy
and decomposing the momenta along the 3 directions, one obtains:
1 d(:ElE) 9 d(LEQE)
5 d"pr1
(27)° 22 E 200 F

Noting that [ dp3,/(p3; + v ME)* =« [;° dp?/(p* + v MP)? = 7/ (x:ME)
and using My = ev/(2sy ), the differential cross section is given by:

1 8O M 1 dzidey w2
do = — x [ —~ + 20303 % )
’ 25 <4M%/ %) (95 + ga)s" 2125 (27)° 2x1 229 X1 M

dPS3 =

d*pro 0[s(1 — 21)(1 — x2) — s7H]

043

7T M2, 5 (95 + 94) /dx1/dx2x1x255[ (1 —21)(1 — 22) — s7H]
it Sii
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Now perform the integrals using [ 0[f(z)] = |f'(z) with f(xy) =0

|2,

1= TH 1
Ao -+ = 1 — -
/d:m/ 9 /0 dxla:l( 1—x1> Ss(l—azl)

1=7n 1+ 7q TH 1
= [ duy|-14 + = (14 7)log— — 2(1 —
/0 x[ Sl (1_951)2] (1 il = 2(1 = 72

where the boundary conditions are obtained by requiring that
P1z = P2z = $172E =0= r1 = 0 and Lo = I—TH/(l—l’l) =0— T = l—TH.
Collecting all results, one obtains then the total cross section :

043

1
= 1 log— — 2(1 —

Let us now make a few remarks:

e The cross section rises as log(s/M?%): small at low /s and large
at high \/s. Dominant Higgs production process for s> M7.

e This approximation is good only within a factor of 2 and works
better at higher energies. It can be obtained in an easier way
using the effective longitudinal vector boson approximation.

e In the case of WW fusion, g, = 8/(2v/2)* = 1/8 and g4 = 0, one has:

@3

_ _ s

olete” — Hov) = m (1+ TH>10gM—%I —2(1 — 7y
e At LEP2 energies, /s ~ 200 GeV, the cross section is o ~ 5(2)-107%
pb for My = 100(115) GeV, i.e. less than one event for [ £ = 100

pb~!. This process is not very useful for Higgs searches at LEP2.

e For ZZ fusion with s¥, ~ 1/4, gs ~ g4 ~ a2 ~ 1/(16 x 9): the cross
section o(ete” — ete” H) is ~ 9 times smaller than for WW fusion.

“This calculation, including details is done in: G. Altarelli, B. Mele and F. Pitolli, Nucl. Phys. B287 (1987) 205.
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3. Higgs bosons production in hadronic Collisions

3.1 The gluon—gluon fusion process’

P X
9 _H
g
P X
The cross section of the subprocess, gg — H, is given by:
1 1 1

d’prr
— 2 T PH o Mshg
2§X2-8X2.8‘MH99‘ (27%)0" (¢ — pn)

Using the fact that [ d’py/(2Ey) = [ d*pud(pf, — M}) and that
| Mp,,|* = 32rMpl'(H — gg) calculated before, one obtains for ¢:

M
b= WSAHF(H s gg) (5 — M2)
S
Convolute with gluon densities to obtain the total cross section

1 1 WZMH
o :/ dx1/ dxo ¥ I'(H — gg9)g(x1)g(x2)d(s — MEI)
0 0

with § = szy19, implying s — M7 = s(x1x9 — 7) With 7y = M7 /s:

02/0 dm1/0 dzy——T(H — gg) g(x1)g(x2)3[s(x125 — 711)

do =

SMpy

We perform the integral on z, [[d[f(z)] = |f'(z)|,2,, with f(z) = 0]
e b da 1 o2 dL%
= ['(H — — ht
7= S (H — g9) 7 / s 9(x)g(w/ i) = ST
where the integration bounds are 7" =1,z = z;(for z, = 1) = 7.

At LHC, gg luminosity is large and gg — H dominant process!

*Calculation to be checked!!!
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3.2 The Higgs strahlung and vector boson fusion process

The cross sections for these processes are the same as in ete”

collisions, provided that the following changes are performed:

— The total energy /s is replaced by the subprocess energy s.
1.1

2 3 3°
— In the bremsstrahlung process, possibility of ¢q¢/ — W* — W H.
— The couplings of the electrons are replaced by those of quarks:

— The average over the quark colors is made: factor

in q¢ — VH: a2+ v? —>a?]+v§.
in qq — Hqq: gsa — [(v* + a®) (v + a?) £ 4(av)(a'V').
The cross sections for a given initial state, are given by:

2 2 2

7 — HV) = - M2+ 12M2 /3
7(4q ) = 5T 5(1— MZ/3)? A"+ 12My/5)
( H) Lo (95 +ga) [(1 4 7u)] : 2(1 — 7x)
o — = —— T log— — — 7

Summing over all possibilities for quark/antiquark initial states
and folding with the proper densities, the total cross sections are:

1 1
— H+ X| = d d / 7l — H+ X
olpp — H + X] Z / " / waf (1) fy(02) 5lag’ — H + X]

Remarks:
e At LHC, qq — Hqq is the dominant process but not as gg — H.

e The cross section for q¢— HV is OK for low My; o(HW)~2(HZ).
e At Tevatron, Higgs—strahlung (esp. ¢¢’ — HW) more important.
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E3: Divergences and Symmetries

1. Lagrangians and interactions

e Take QED Lagrangian for a fermion of charge ¢ and mass m:

1 — o
EQED — _ZF;WFW + Z¢7M8u¢ o mWP + €¢7ﬂAu¢

with A, and F,, = 0,A,—0,A,, the electromagnetic field and tensor.
U(1) gauge invariance: no A,A" term so that photon is massless.

e Let’s add a scalar field ¢:

Ly = 10,0 —mglo]® + No"o)?
which leads to a spontaneously broken symmetry (SSB), (¢) = %,
and we write ¢ = (H+v)/+/2 with H being the physical Higgs boson.

e And couple this field to a fermion f (a la Yukawa):

Lp=—Appg
After SSB, the fermion acquires a mass m; = Afv/\/?.

e Let us introduce two scalar fields ¢; and ¢-:
Liin = 10,1 + [8u02]* — mi|o1 P — m3| o]
they will have a coupling to the scalar field ¢ after SSB:
Ls = Xs|o[ (|1 ]* + [¢a]*) + 20As0(|¢1]* + ||

Plus, eventually, terms in ¢;¢, that we take zero for simplicity.
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2. Self-energy of the electron and photon

Electron self-energy g

d*k l —1g"

~i(p) = [ e (o) =
— Perform the Dirac Algebra: v,v, + .7, = 29, etc...
— Symmetrisation: 1/ab = fol dz/[a+ (b — a)x]*+change of variable.
— Switch to Euclidean space with Wick rotation k;— ik, k* — —k>.
— Integrate over momentum (symmetric integrand and regul.):

[72d F(k2) = 72 [ dk? k2 F(k?)

Definition of the correction to the mass: dm. = X.(¥)|p=m:

€

mee? [} A7
= dm, = — / dx(1l+ x) / dyyly + mz.:c2]_2
87'('2 0 0
mee? 31 A? N 3 | A? n
— —log—— ces = —Mlog—
8T |2 gmg dm gmg

UV divergence (at large k%) logarithmic.

In principle A = co = renormalization: mP™ = m™ 4 jm,.

But QED valid up to GUT (Mp) scale, i.e. A = Mqur(Mp).

Correction logarithmic AND proportional to m., therefore small:
dm,. ~ 0.2m, for A ~ Mp ~ 10 GeV.

More fundamental: correction small due to chiral symmetry:
if m. =0, Lqgep is invariant under the chiral transformation:

Y, — e’y and Yp — i with g = 1/2(1F 35)¢.
But m. breaks the chiral symmetry — correction x to the mass.

= Symmetry = protection for the mass.
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Photon self—energy

e
y «M/w/<>/vw/w7 = —iHZZ(pQ)
4k ‘ ‘ ‘
1177 = —1)Tr(—ie ! —1e !
S0 = [ G (<)o) (o)

We already made the calculation and we reached the level where:

AN
HZZ(P)-"LG X 4 x 27 x—x/dx/ ydy

[%yQ + 77?,2 T LE(l - x)p ]gul/ + 23: 1 — x)[g;wp p,upl/]
[y +m?2 — p2x(1 — x))?

using usual tricks and a cut—off A for integral on k?, one gets

1
om., = 4 WHW T
2

But we must have m., =0 at all orders because of gauge invariance.
Problem: the cut—off A? violates the QED gauge invariance.

y—|—2my «
(y + m?) T an

d$ A%

dy

Solution: dimensional regularization, preserves gauge invariance!
We work in a space—time of n = 4 — ¢ dimensions:
— Internal momentum in n dim: [d"k/(27)" etc...
— Dirac algebra in n dim: Tr(I) = n,v,~/" = nl, g = n, etc..
— UV divergence: poles in 1/(n —4) =1/¢ with € — 0.
In this case, one would have for the integral:
A(m?) = [[K* —=m? ™t ~am?/e+--- = m*IA/2m? ~ am?/e.
With this regularization, dm., = 0 at all orders: = massless photon.

Another example of a protection for a mass by a symmetry...
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3. Higgs boson self-energy

Fermionic contributions:

d'k iAp. i i 0
—i2 2N/——lTlr—f A
H(p) / (271')4( ) ( ﬂ)k{_m( \/Q)ﬂ+k{—m
Usual calculation. Simpler: p* = M? = 0 (fermion heavy compared
to My). Using a cut—off A for the integral on k“, one obtains:

Ao 1 1 M y(—y +m?)
Su(p? =0) = 4N ;ﬂ———/ci/Qd /
m(p ) f(\/ﬁ) 1672 J, X . Yy (y+m?)2

After the trivial integral on z and the one on y, one gets:

2 A

We have thus a quadratic divergence, M7 ~ A%

Divergence is independent of My, and does not disappear if My=0:
The choice My=0 does not increase the symmetry of Lq\.

Here, the cut—off does not break any symmetry and the problem is
not solved with dimensional regularization (though we have only
poles in 1/¢ and the quadratic divergence is not apparent).

If we fix the cut—off A to Mgyr or Mp: = My ~ 10" to 107 GeV!
The Higgs boson mass prefers to be close to the very high scale:

This is the hierarchy problem.
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But we want a light Higgs ( < 1 TeV) for unitarity etc... reasons
We need thus to make: MZ|Psical = N2 10 4 AMZ + countreterm
And adjust this counterterm with a precision of 10*° (30 digits)!

This is the naturalness problem.

In a complete theory, no problem formally: we adjust the bare
My and the counterterm which are infinite, to have the physical
finite mass. This is the case of the log divergence of m. in QED.

However, we want to give a physical meaning to the cut—off A and
the logarithmic and quadratic divergences are of different nature.

In the Standard Model:
besides the fermions, there are also contributions to My from the
massive gauge bosons and from the Higgs boson itself:

Total contributions of fermions and bosons in the SM at one—loop:
AM}y oc [B3(Mfy, + Mg + M) /A=~ mi)(A*/ M)

We can adjust the unknown My so that the quadratic divergence
disappears (would be a prediction for Higgs mass, My ~ 200 GeV).

However: does not work at two—loop level or at higher orders....

Summary: the problem of the quadratic divergences to My is there.
There is no symmetry which protects My in the SM.
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The contributions of (2) scalars

[T £
¢ e ¢ S
d*k l ?
AMG =Yu(p®) = (i)N, A
=S = ONs [ (o (irs) [ ]
d*k ? ?
Ns(idsv)
#Ns(ixse)? [ 0 [k —mi e pr =t T m]
And here, really simple calculation... We get after integration:
AsN A A
) SiVs 2 2 2
AMp = 62 [— 20N + 2m110g(a) + 2m210g(52)]
A5v* N A A 1
— — 2+ 2log(—) + 2log(— O —
2 2op() +2og()] + 0 ()
Again, quadratic divergences. But let us now assume:
e Scalar couplings related to fermion couplings: A\ = —\g (!).

e Multiplicative factors are the same: Ng = N; (nb: 2 scalars!).
e To simplify, the scalars have the same mass: m; = my = mg.
Let us now add the fermionic and scalar contributions:

AEN,

T o — milon( ) + amFlog (79)]

AMQ tot  __
2 — -

The quadratic divergences have disappeared in the sum!!
Logarithmic divergence still there, but even with A = Mp, contri-
bution small. It disappears also if in addition we have mg = m/ !

= Symmetry fermions—scalars — no divergence in A?
“Supersymmetry” no divergences at all: My is protected!
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E4: Higgs masses and couplings in the MSSM

1. The MSSM Higgs boson masses

To obtain the physical Higgs fields and their masses from V7,
Vig =my(|Hy|* + [H{' ") + (| Hy|* + [ Hy [*) — g (Hy Hy — Hy'Hj + he)
2, 2
9+ 9

8
develop H, = (H), H;) and H, = (H,, H)) into real (corresponding
to CP—even and charged Higgses) and imaginary (CP—-odd Higgs

and Goldstones) parts and diagonalize the mass matrices:

_I_

2
(HIP + | H [P = [HP = | Hy [P + 2| Hy HY + HY Hy

1
2 2 . .
Mij = 50V /OHOH | (pe(119,)) =y .t (1 )=, =0

To obtain the masses and mixing angles, two useful relations are:
Tr(M?) = M? + M}, Det(M?) = M2M?
2M12 Mll - M22

sin 20 = — cos 20 = >
\/(Mll — M22)2 + 4./\/112 \/(Mll — M22)2 + 4M12

where M, and M, are the physical masses and # the mixing angle.

The procedure in the case of the CP—even Higgs bosons:

The neutral part of the scalar potential is (drop subscripts ...):
Vir = ms| Hy|* + s Ho|* + 3 (Hy Hy + he) + (M3 /40*) (| Hy |* — | Hol?)?
First perform the first derivative of the scalar potential:

(9VH/(9H? = Qm%Hl + ngHQ + M%/UQ HI(H12 - H22)
OV /OHY = 2m2H, + 2m2H; + M2/v? Hy(H2 — H?)
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At the minimum, 0Vy/0H, 2 =0, leading to the two relations:
1 1
mi = —m3tan 3 — §M§ cos(28) , ms = —mjcot3 + §M§ cos(20)
Then make the second derivative with respect to H; and H:

9%V, M3
L = 2mi+ —L(H} — H} +2H\H)) = 2m} + M3(3¢; - 5})

82‘/;[ - M2 )

W — 2m3i + U—QZ(HQQ — H? +2H,H>) = 2m3 + M%(gs% _ c%)
82VH - M2 ) |

W = 2m; + U—2Z(_2H1H2) = 2mj3 — M5 sin 23

Using the previous relations for m; and my in terms of m3 and
My, we then obtain the mass matrix for the CP even Higgs bosons:

M2 — —m3tan 8+ MZcos? 3 m3 — MZsin 3 cos 3
R miMZsin Bcos 3 —micot + MZsin® 3

In the case of the CP—odd Higgs boson: use the same expressions

for 0°V/OH}OH] as above but set the fields to zero at the minimum:

M2 _ [ —m%—t;tnﬁ _7’727% ]
ms —mscot3
Since DetM? = (, one eigenvalue is zero (the Goldstone) while the
other one corresponds to the mass of the pseudoscalar Higgs:

M3 = —m3(tan 3 + cot3) = —2m3/ sin 23

The mixing angle 0 is, in fact, just the angle (:

s c 2 -2 62
sin 20 = zl(ﬁ——ﬁ> 44 2[ 264y
csg  Sp

D=

sgﬁ/él

0520 — (_S_ﬁ+c_ﬁ>[ ...... 112 (Cz_ﬁ> Foa5] = 29
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In the case of the charged Higgs boson, same excercice:

G=\ cos 3 sin(3 H
H* )]  \ —sinp cosf HY
with a massless charged (GGoldstone and a charged Higgs with mass:
M. = M3 + Mg,

Back to the CP—even Higgsses: inject expression of M3 into M%:
M2 M3sin* 3+ MZcos? 3 —(M3 + M2)sin 3 cos 3
Bl —(M2 + M2)sinBcos B M3 cos? B+ M2sin? 3
Calculating determinant and trace, one obtains for the masses:
Det M7, = (M3s°+Mc*) (M3 +Mys*) — (Mi+M3)s*c= MiM = M; My
TrM% = M3is* + Mac® + Mic® + M;s* = M3+ My = M + My
To obtain the CP—even Higgs masses, solve the equation:
My (M3+My—M;)=M3iMzcs5 = My —Mj(Mi+M3z)+MiMjcs;=0

with discriminant A= (M4 + M%)*—4M3iM?% cos* 23, the two solutions
are: M}, = 5(Mj+M; T VA) giving (h is the lightest Higgs):

1
M}%H =5 [Mi + Mz T \/(Mfl + M2)? — AM3M?Z cos? 23

The mixing angle o which rotates the fields is (—5 < a < 0)
2M12 _-(MA—FM%)SlHQﬁ MA+M2
My — My (MZ — M?)cos23 — M2

We see that we have an important constraint on the lightest h
boson mass in the MSSM:

My, < min(Ma, My) - |cos28| < My

26
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besides some other (alos important) relations:
My > maX(MA,Mz) and MHi > My
If we send M4 to infinity, we will have for the Higgs masses and a:

MhNMz‘COSQﬁ|,MHNMHiNMA, @Ng_ﬁ

This is the decoupling regime: all Higgses are heavy except for h.

The h boson is lighter than M, and should have been seen at LEP2
(we have \/s;ppy, ~ 200 GeV > M), + My ~ 180 GeV).

So what happened in this case? Maybe the MSSM is ruled out?

No! This relation holds only at first order (tree—level): there are
strong couplings involved, in particular the htt and hit couplings.
= Calculation of radiative corrections to ), necessary.

We have to include the important corrections due to top (s)quarks.

2. Calculation of radiative corrections to ),

Let us do the calculation, but with some simplifications:

— take the (decoupling) limit M4 — 0 and use tan 3 > 1 (M)
— assume no stop mixing and same masses, m;, = m;, = m;
— simple couplings: hit ~ hit ~ \;, hht*'t ~ \? with \, = v/2m, /v
— work in the limit M; < m;, m;.
In addition to two—point functions including fermion /scalar loops,
we have also tadpole contributions (counterterm corrections):
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e The calculation is almost already done: for two—point function:
3\? A m;
AM?, = 4—7;;[(7723 — m%)log(a) + Smflog(i)}

e For the tadpole contributions, the calculation is very simple:

SiM2ZN i A %1
AM2|, = iN; [ 28 2L (—dmi /
ph ! f( v ) —M? ( Z\/§ (—4mi) (2m)4 k2 —m?c

—iM? i d*k 1

2 2
AN /A Y Nshs /A Y
0 0

S +
V201672 Y+ m?c 1672 yy + m%
Using \s=-\}=-2m}/v and [ ... = A* —m’log(A*/m?), one obtains
3\? A A
AMZ, = —22t [m2log(—) — m2log(—
il 4202 m; Og(mf) my Og(mg)]

e The total correction to the A boson mass is then given by:

2
3m) . m; 3¢ m} m;

Llog—t = L Jog—
2202 Tmy 2m2 ME Tmi

AM? =

Its depends on m; and log(m?/mj), and is large: M}"™ — My + 40
GeV! This explains why the h boson has not been seen at LEP2.

28



3. The Higgs boson couplings

Trilinear and Quartic scalar couplings

The trilinear (3 fields) et quartic (4 fields) couplings among Higgs
bosons can be obtained from the scalar potential V; by making:

)\2 . 63‘/[—[
uk 8H¢8Hj8Hk’<H?>=v1,<H§>=v2,<Hfz>=0
2 OV
Aijkl = ’HO: H)=v, (HE,)=0
8H28H38Hk8Hl (HY)=v1,(Hy)=v2,(H] )

with the H; expressed in terms of the fields h, H, A, H* and G',G*
with rotations of angles 3 et a. Examples (unit: \g = —iM3%/v):

Appn = 3cos2asin(f + a) + rad. corr,
M = 3cos? oo/ M3 + rad. corr. (in units of \3)

In the decoupling limit, M, > M, we have a« — (§ — 7 /2:
)\hhh — 3(3082(26) = 3M;%/M§ = )\3|MS
)\hhhh — 3(3082(25)/]\4% = 3M2/M§ = >\4‘MS
= In the decoupling limit, M4 > My, the Higgs potential of the
MSSM becomes like the one of the SM: only one light Higgs with a

mass M), < 130 GeV and with standard interactions. All other Hig-
gsses are heavy and decouple (but self-couplings are non—zero).

Couplings to gauge bosons:
Higgs couplings to massive gauge bosons are obtained from the
kinetic terms of H; et H, in the SU(2); x U(1)y Lagrangian:

Ly, = (D"Hy)' (D, Hy) + (D" Hy)' (D, Hy)
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Develop D, and make the usual transformations on the fields:

. 7_-)a a YHZ-
D, =10, — g;WM —dq > B,

Wias, B — W= 2~ Hys— h,H A, H* G°, G* via rotations 3, «
gn,vv = coeflicientsde h;V,V, (g9u)

Inn,y = coefficients de h;h;V, (0 — py)
gnn,vy = coefficients de hih;V, V), (9)

Some very important couplings for Higgs phenomenology:

g M g M
Zngvh . 22 sin(f —a)g"” , ZMZ"H Wz cos(8 — a)gh”
cos Oy cos Oy
WHWYh @ igMy sin(8 — a)g"” , WHWYH : igMy cos(8 — a)g"”
9 COS(@ B O‘) / gSil’l(ﬁ B @) /
ZMhA v ZFHA . — a
2 cos Oy p+p)" 2 cos Oy p+p)

— v massless: no coupling with the neutral Higgsses at tree—level.

— CP invariance: no ZZA and Zhh, ZHh,ZHH couplings e.g.

— Couplings of h and H complementary: ¢7,, + g% ,, = gis!

— Decoupling limit (M4 — oo, a — §—7%): sin(B—a) — 1, cos(f—a) — 0:
= ghvv = GHysVV > 9avy = 0 (= gavy)

Yukawa couplings to fermions:
The Higgs couplings to fermions come from Superpotential W:

W= ) YiipHy.Q'+ Y dpH1.Q' +,

1Lj=gen

éiﬁqﬁlf/] + ,LL]:[LI:IQ

with Lyy = —3 3, [ 20y + h.c.] evaluated in terms of Hy, Hy.

82@-823'
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Take bilinears out, digagonal Y matrices Y with relations to masses,
and expressings H, Hy in terms of the physical fields, we get:

gmiy _ : .
- _ H — A
Ly My s [uu(H sina + hcos ) — itrysu A cos (]
_QMi/nzi)Sﬂ [dd(H cos a — hsina) — idysd Asin §]
oo L H almatan S(1-495) + o (1)l he
2\/§MW tan@

Couplings in termsof those of Hgy; [factor —(i)gms/2My = —imy/v]
and their values in the decoupling limit [cos a — sin 3, sina — — cos J]:

f gifh 9 grsa
u| cosa/sinf — 1 |sina/sinf — —tan( | cot

d|—sina/cosf — 1| cosa/cos — tan( |tan 3

— The couplings of H* have the same intensity as those of A.

— For tan 8 > 1: Cplgs to d enhanced, cplgs to u suppressed.

— For tan > 1: couplings to b quarks b (m;tan 3) very strong.

— For M, > My: h couples like the SM Higgs boson and H like A.

4. Summary of masses and couplings including RC

Radiative corrections very important in the MSSM Higgs sector
A large activity for the RC calculation in the last 15 years

e The full one—loop corrections have been calculated:
— the parameters u, A, and A, appear at the subleading level.
— the h boson mass is maximal (minimal) for A4; ~ 2M(0).

e Approximate calculation for the dominant two—loop QCD RC:
— dominant QCD RC large but absorbed by m,[P® — m,|>.
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— Yukawa corrections rather small in the limit M, = 0.

e Recently, complete corrections in effective potential approach:
— O(azag): including squark mixing and gluino loops.
— O(a?): including mixing and O(ayas), Oa,ag).

500 T T T T 200 T T T T
Mg [Ge\/} Mg [Ge\/]
X, =0 X, = V6Mg
300 - ¢ — 300 - -
tan 8 = 3 —— 2 tan 8 = 3 —— 4
tan 8 =30 «----- tan 8 =30 ===---:
200 - ~ 200 |- i
150 150 | H B -

.
---------------------------------------------

100 100 -

MA [GGV]

50 I I I I 50 L I I I I
50 100 150 200 300 500 50 100 150 200 300 500
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