MA3203 - PROBLEM SHEET 2 - 2006

Problem 1. Let k ba a field. Find the representations corresponding to the mod-
ules Ae; for the different possible values of ¢ and for the different cases of A listed
below.

(a) A = kT, where T is the quiver:

B

1—2>92-—"-3

(b) A =kT'/{p), where T is the quiver:
L

and p = {Ba}.
(¢) A =kL/{p), where T is the quiver:

1—>92—=x3

and p = {Ba}.
(d) A =EkT/{p), where T is the quiver:

o
—
1==2 Ok
and p = {ya,7"}.
Problem 2. Find a composition series for the following representations:

(a) Ae; where A is as in (c) above.
(b) Aey where A is as in (d) above.

Problem 3.

(a) Given a ring A. Show that a A-module M is decomposable if and only if
its endomorphism ring Endy (M) = {f: M — M | f A-homomorphism}
contains a nontrivial idempotent (i.e. there is an f in Enda (M) such that
f2=fand f#0,1).

(b) Use (a) to show that Ae; where A is as in (b) in Problem 1 is indecompos-
able.

(c) Given A = kT'/(p), where T" is a quiver with vertices {1,...,n} and p is a
set of relations. Assume that J¢ C (p) C J? for some t.

Show that the endomorphism ring Endy (Ae; )P is isomorphic to e;Ae;.
Conclude (using (a)) that Ae; is indecomposable for each i.
(d) Given aring A and two simple A-modules S and S’. Show that if f: S — S’

is a nonzero A-homomorphism, then f is an isomorphism.

Problem 4. Let T' be the quiver with relations as in (b) in Problem 1, and let V'
be its representation over k given by: V(1) =k, V(2) = k%, V(3) = k?, fo = (1)
and f5 = (5 %' )-

Determine if V' is decomposable, and if it is, find its decomposition into a direct
sum of indecomposable representations.

Furthermore, find a composition series for V.



