Note to the reader: Due to air flight problems this talk was never given.
The PDF file contains all slides and some additional yellow stickers @
which contain supplementary comments. Some of the slides were actually
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The talk was meant as an informal introduction to the mini-symposium on teaching of  mathematical modelling.

Harald E Krogstad
Like this one


SIAM report on Mathematics in Industry
(http://www.siam.org/mii):

E Most needed skill:
 mathematical formulation of problems

* modelling and simulation

E Most important lesson:
"Problems never come formulated as mathematical problems”
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The managers' view

Harald E Krogstad
The mathematicians


MATHEMATICAL MODELLING - OBJECTIVES

The main objectives of the course should be to teach the students

» a professional attitude towards problem solving using methods
requiring insight

* how to ask colleagues the right questions, - questions that
force them to think again about what is really the problem!

« simple techniques to check model consistency and do the
Important primary analysis

The real challenge:
To teach the student to think before (and while) they compute!
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& “There are no general recipes which can be taught
In lectures for direct applications to different classes
of modelling problems”

F. Y. M. Wan: Mathematical Models and Their Analysis,
Harper and Row Publ. 1989.
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Harald E Krogstad
A somewhat negative view we do not agree upon


5 THREE GENERIC TOOLS OF MATHEMATICAL MODELLING

Technique

Importance

Related mathematical
techniques

Dimensional analysis

* reduce the number of parameters
» check whether a model is
appropriate

e [ab. work
* experimental design
* numerical experiments
* data analysis

Scaling
« systematic model analysis
* basis for perturbation methods

o forces the modeler to think!

* perturbation/multiple
scale/asymptotic techniques
« selection of numerical

Conservation laws
» basic requirement of models!

» models conform to nature
* develop numerical models
« understand shock behavior

techniques
* hyperbolic PDEs
« diffusion equations
» shock tracking num. schemes
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Harald E Krogstad
Of course, there are numerous others, but these are classic!


DIMENSIONAL ANALYSIS

* is a basic law in physics!
e requires all valid relations to be unit independent

e gives a minimal number of parameters to be used in
experimental and numerical work

* may prove that a suggested model is impossible

 suggests suitable dimensionless parameters

There are phenomena in nature where dimensional analysis
gives information we have not yet been able to explain directly!
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SCALING

* The scale is a "natural measuring stick" for the variable
» Scaling forces problem insight!
e Scaled equations show what is important and what is not

« Scaled equations are important for revealing
the behaviour of numerical algorithms

* No scales? - similarity solutions!
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= OIL COOLING OF A WATER PUMP

A

Temperature (degs)

Heat exchanger

Oil

pump

What determines the maximum oil temperature?
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A small "fairytale":

The offshore supply company gave this problem to a numerical analyst. Who got lost in his numerical simulations and went to a statician to get help using experimental design.

Some time after, the problem was suggested as an exam problem in the modelling course. It was then realized that it  was trivial...

The offshore supply company probably never got to know that...


ECMI2000

VARIABLES AND PARAMETERS
position
time
oil/water temperatures
length of heat exchanger
Sea water temperature
oil, water specific heats
oil, water cross sections
oll, water densities
oil/water turbulent heat diffusivities
water velocity
oll velocity

heat exchange coefficient
heat production in the water pump

4 variables and 14 parameters !
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After scaling and showing that turbulent heat diffusion is
negligible, we end up with a linear system and 3 dimensionless
parameters for the stationary temperature distribution:

dT,
> :u(To_TW) = al
X AUP.C,
dT
—W = e(T, - T,) e = PIPCo
dx AWp,C,
1,00 =¢AT,T,0)=0 AT = Q
AT =T,(1) —T,(0) AUP.C,

Exact solution:

@ —¢
T, =g AT
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More subtle aspects of scaling:

Lack of scales leads to similarity solutions, - and almost lack
of scales leads to solutions close to similarity solutions:

Intermediate Asymptotics

 the fundamental solution of the heat equation is the intermediate
asymptotic solution for all localized initial data.

e the first eigen-function dominates away from the initial condition

e stable front solutions of e.g. Burgers equation.

Simple and idealized analytic solutions have a broader
range of applicability than often recognized.
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E Two "infinite” slabs with different, but constant
temperatures are brought into contact:

Material 1 Material 2

t>0

~T1 ~T2

What is the temperature for T> O, in particular at the interface?
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Harald E Krogstad
The example is adapted from
Fowkes and Mahoney: Mathematical modelling.


No separate scales forx and t =

T=T+(T, Tt

1= T(X1t1p1’cl’k1’p2’02’k2) = To(rl’a’ b)’

ﬂ=—x ) Ki:L

Kl 1y
a:ﬁ, h=X2
K, )
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1. Temperature at the interface: 71(0,t) = 75(0,a,b) =
constant!

2. The partial heat diffusion equations reduce to
ordinary differential equations, e.g.,

ﬂ_K& 1 - 1 dTO_dZTO
ot 1ax? 21 dn  dn?
3. It follows from the solution that
T.wW, + Tow
TOt) =222 w =_[ock
O == W, | =PiCk
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T2 . g .
Wood Metal
Wl >> W2 Wl << W2
T(0,1)=T, T(0,1) =T,
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Harald E Krogstad
A nice explanation of a phenomenon well known to every Northern kid during cold winter days: Never touch metal with wet fingers (not to say the tongue!).


WALKING ON BURNING COAL

plkg/m3] | c[JkgK] | k[W/mK] T[°C] |w[m2Ks9]
= Foot 1000 4000 6 37 1550
Burning coal 150 800 .04 600 70

Contact temperature:

~ 37°Cx1550 +600°C x 70

Tk =62°C!

1550 + 70

How long can we rely on the similarity solution ?

Time scale:
2
. C
S — l';skln — pflo(ot foot LSkinZ — 1OOOOX64'OOO (_5)(10_3)25 — 165
foot foot )

KEEP WALKING!
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Harald E Krogstad
When this was lectured, a Swedish physics professor was teaching students at NTNU how to walk on a hot coal bed. 

(The explanation is not quite recognized by the "Fire-walkers association"!)


THE UNIVERSAL CONSERVATION LAW

% [PxDAV * [0 o = [a(x. )V

Change of content  Transport across Production (g>0)
In control volume the boundary or destruction (q<0)

/

1. Identify what is density, flux, and sources

2. Use Reynold’s Transport Theorem to transform the
first term when necessary.
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INTEGRAL FORM DIFFERENTIAL FORM

Gauss' theorem etc.

< [POOI + [i(xtp)ndo = [alxt.p)dV = "pg’t(’t) +00(x,tp) = A, t,p)
R
- independent of coordinate system - classic theory of differential equations
* direct connection to physics (analytical solutions, series expansions,
* required for discontinuous solutions integral transforms, perturbation techniques)
» basis for conservative numerical e conventional numerical a|gorithms
schemes  cannot treat discontinuous solutions properly
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THE MATHEMATICAL MODELLING COURSE AT NTNU

4. year students from the Industrial Mathematics program.
* Ph.d. students from other faculties.

* No advanced background in PDEs.

e Focus on generic tools with applications to case studies

e Introductory book: Lin and Segel. =

» Case studies from from Fowkes and Mahoney, Logan, [5
Fowler etc., and specially prepared material.

* Atwo week modelling seminar (Similar form as the ECMI Modelling
Week, but less requirement for reporting)
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Harald E Krogstad
A classic!

Dares to give not-so-successful examples!



Harald E Krogstad
Fowkes and Mahoney have very good case studies.

Fowler is excellent but too difficult for the present course.




POPULATION MODELS
(Based on material from Robert M. May)

* the basic models (logistic, Lotka-Volterra...)
* logistic model with delay

e fish harvesting

e moose hunting

» whales and krill, inclusive whale hunting

 Species having mutual dependence

Nice field, interesting results, easy to do numerical experiments
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Examples from the modelling seminars


5] THE COUNTER-FLOWING CATALYCTIC REACTOR

(Adapted from R. Aris: Mathematical modelling Techniques, Dover)

Fluid with
AogP ——— »

A

‘I Separator
A

REACTOR

Regeneration
of catalyst K
A<=B »p

a
o

Catalyst with B Fluid with dissolved A
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Harald E Krogstad
A very "rich" model in terms of special cases.


Differential equations:

0a” ,y9al_ 9 5 937 -\ ax(B,-b¥)+k,b*

ot* ox* ox* °ox*

db —Vab _0 obab = +k.a* (B, —b*) —k,b* -k b*

ot* ox* ox* =~ ox*

op* op* 0 op*

+U — o =kb*, a*(0,t*)=a,.

ot * ox* ox* Pox* 0. =2
Scales:
For a*: ag, Kq/ky
For b*: B, ag

Length scales:

Time scales:
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L.k /U, Jou(L/U),--
1/k, ,1/ Bpky, L/ U, L/V, -
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SOME SPECIAL CASES:

Well-mixed reactor:

e ordinary DESs in time
* linearization, phase plane analysis

Stationary flow:

 ordinary DE in space. Special initial conditions
* possibility for shock solutions

Reaction equilibrium:

« first order PDE. Characteristics, shocks
e singular perturbatjons
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B THE SELF-BAKING ELECTRODE
(Provided by Elkem Research, Norway)

%
Air for Electrode
temp.. W4 paste
control ' T=60°C Downward
— Graphite velocity V
core
" Electrode
Current Mass \ Outflow
supply in
water cooled Steele casing Baking

Cu-tubes

/Operation

4« Consumed

Charge
T=2000° C
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Harald E Krogstad
The 1999 modelling seminar


Elkem asked us to consider the following two main problems:

(A) How can we “shape” the temperature isotherms in the upper
region of the electrode when the slip velocity, V, and the temperature
on the circulating air change?

(B) The current is entered radially into the electrode. Since

the electric conductivity of the electrode paste is strongly temperature
dependent, is it possible that this arrangement becomes unstable,
that is, that one develops hot and cold regions in the electrode?

(For more info: See the Proc. ECMI Modelling Week 2000 from Lund)
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Harald E Krogstad
The problem was taken to this year ECMI  modelling week in Lund with a somewhat changed focus.


THE STUDENTS' EXPERIENCE:

Mathematics: Difficult methods applied to simple problems!

Modelling: Simple methods applied to difficult problems!

The future challenge is:

*To teach the students to think before (and while) they
computel!

*To teach the students to use the computer tools in a
meaningful way (“The numerical laboratory”)

E
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Harald E Krogstad
The present course focuses on analysis and analytical methods.

It is time for a change to an increased  use of multi-physics tools like Matlab's "Femlab". 


EXPERTS IN TEAM

A new interdisciplinary one term project for all 4th year
engineering students (First full scale run: Spring 2001).

Our Industrial Mathematics students have the
Mathematical Modelling course just in front of the project.

How will they manage to apply what
they have learnt?
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Addendum


