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Introduction

Ahlfors (1963): A Jordan domain D admits a
quasiconformal reflection in its boundary if and only
If It 1S a quasidisk.

Ahlfors (1966): A Jordan domain D with oo € 0D
admits a bilipschitz reflection if and only if it Is a
quasidisk.

1 \f(Zl) - f(Zz)’
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Introduction

Ahlfors (1963): A Jordan domain D admits a
quasiconformal reflection in its boundary if and only
If It 1S a quasidisk.

Ahlfors (1966):. A Jordan domain D with co € 9D
admits a bilipschitz reflection if and only if it Is a
quasidisk.

Gehring and Hag (2001): A domain D C R2 admits
a reflection in its boundary If and only If it Is a Jordan
domain.
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Main result

John disks are often considered to be one-sided
quasidisks.
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Main result

John disks are often considered to be one-sided
quasidisks.

Is there some result describing John disks in terms of
reflections?

Theorem
A Jordan domain D with oo € dD Is a John disk If
and only If 9D admits a reflection f such that

f(2) = ¢ < L|z—(
forall z € D, € 9D.
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Let D C R? simply connected, proper subdomain.
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John disks

Let D C R? simply connected, proper subdomain.

D isalJohndisk if: 4¢ > 1 such thatall z¢, 29 € D
may be joined by an arc o C D such that for every
A

min £(alzj, 2]) < cd(z,0D)
J=1
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Plan
In this talk | will

o describe a general construction of reflections

s construction is based on hyperbolic geodesics

In D and D*

» give examples of how to use the construction
s prove main result (characterize John disks)
» characterize quasidisks

» describe auxiliary results about hyperbolic
geodesics in John domains

Assumption: D is Jordan domain in R2
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Reflections: construction

z, for z € 9D
oo, for z = oc.

Voo, gl N[t ¢?), for 2 € D
w = Rp(z) = {
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» Rp does not depend on conformal maps involved
» Connection with welding maps and extensions:

D

/\
H N D*

K//?
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Reflections: construction
® Rpisareflection
» has to be verified (tedious)
» Rp does not depend on conformal maps involved
» Connection with welding maps and extensions:

E=g'oRpof D
/JC\ RD
H N D*
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Main result
A concrete example:

29 '
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Hyperbolic geodesics in John disks

Theorem [Gehring-Hag 1987] Simply connected

proper subdomain D C R? is K-quasidisk if and only
If 4 ¢ > 1 such that

1
—min |z; —w| < |z —w| < cmax |z; — w|
Cc j=1,2 j=1,2

Vz € v|z1, 22|, YVw € D.
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Hyperbolic geodesics in John disks

Theorem Suppose that D is a Jordan domain in R?.
Then D is an a-John disk if and only if there Is a

constant b such that for z;, zo € D

min |z; — w| < bjz — w|,
j=12

for every w ¢ D and every z € [z, z3].
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Hyperbolic geodesics in John disks

Theorem Suppose that D is a Jordan domain in R?.
Then D is an a-John disk if and only if there Is a

constant b such that for z;, zo € D

min |z; — w| < bjz — w|,
j=12

for every w ¢ D and every z € [z, z3].

Theorem Jordan domain D is a John disk if and only
if there is a constant b such that for z;, 2o € D

milré)\p(zj,w) < bAp(z,w),
j=1,

for every w € 0D, every z € v[z1, z3].
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Internal distances

Ap(z1,29) = inf (),
« rectifiable curve joining z; and z5 In D.
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Hyperbolic geodesics in John disks

Theorem Let D C R? Jordan domain. D* is a John
disk if and only if there Is a constant b such that for

any two 2,z € D and any w € D,

|z —w| < bmax |z; — w|
j=1,2

for every z € |z, 29].
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Hyperbolic geodesics in John disks

About the proof
May use hyperbolic geodesics as “John curves”.
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Proof of main result

Recall main result:

Theorem
A Jordan domain D with oo € 9D 1s a John disk If

and only if 9D admits a reflection f such that
f(z) = (] < L]z~
forall z € D, € 0D.

Necessity Is the hard part of the proof: prove that a
John disk admits such a reflection.
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Proof of main result

Recall main result:

Theorem

A Jordan domain D with oo € 9D 1s a John disk if
and only if 9D admits a reflection f such that

f(2) = ¢l < L]z — (]
forall z € D, € 9D.

Necessity Is the hard part of the proof: prove that a
John disk admits such a reflection.

Use construction, min-max properties and
guasisymmetry:

f:HH(Da)‘D)
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Proof of main result (sufficiency)
Suppose that 9D admits a reflection f: D — D* with

f(z2)—C¢| < L|z—¢(|, Vz€ D, € OD.
Let [(q, (o] be straight cross cut in D.
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Proof of main result (sufficiency)
Suppose that 9D admits a reflection f: D — D* with

f(z2)—C¢| < L|z—¢(|, Vz€ D, € OD.
Let [(q, (o] be straight cross cut in D.

Thus

diamD’ S 2 L ‘Cl — C2’
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Quasidisks

A quasidisk Is the image of a disk or a half plane
under a quasiconformal map
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Quasidisks

A quasidisk Is the image of a disk or a half plane
under a quasiconformal map

Construction can also be used to characterize
quasidisks:

Jordan D with oo € 0D is quasidisk if and only If 0D
admits reflection f with

L If(2) ]
L= 2-¢ "

forevery z € D, € OD.
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Questions

o |Is Rp lipschitz whenever D is a John disk?

Rp(z1) — Rp(22)| < L |2 — 29
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Questions

o |Is Rp lipschitz whenever D is a John disk?
[Rp(21) — Bp(22)| < L|z1 — 2

o |Is Rp quasiconformal if D is a quasidisk?
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Questions

o |Is Rp lipschitz whenever D is a John disk?
[Rp(21) — Bp(22)| < L|z1 — 2

o |Is Rp quasiconformal if D is a quasidisk?
o Can Rp be used to study other domains as well?
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