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Abstract

In a market driven by Lévy processes, we consider an optimal portfolio problem for
a dealer who has access to some information in general smaller than the one generated
by the market events, in this sense we refer to this dealer as having partial information.
For this generally incomplete market and within the non-Markovian setting, we give
a characterization for a portfolio maximizing the expected utility of the final wealth.
Techniques of Malliavin calculus are used for the analysis.
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1. INTRODUCTION

During the last decade there have been many applications of Malliavin calculus
to finance in the literature. So far the applications have essentially been within
one of the following two areas:

(i) Explicit formulae for the replicating portfolios or closest hedge of given
claims essentially based on the Clark-Ocone formula (see e.g. [KO], [BDLOP])

(ii) Numerically tractable formulae for the computation of the ”Greeks” in
finance, for example the d-hedge (see e.g. [FLLLT]).
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The purpose of this paper is to present a different type of financial application of
Malliavin calculus, namely in the problem of finding an optimal portfolio. More
precisely, we are given a utility function and we seek a portfolio (within an admis-
sible class of portfolios) which maximizes the utility of the corresponding terminal
wealth. This is a stochastic control problem. Traditionally there have been two
approaches to this type of problem:

(a) A dynamic programming or stochastic maximum principle approach. These
approaches require that the system is Markovian. See e.g. [YZ], and ref-
erences therein, for more information about these methods.

(b) The martingale approach or duality approach. This is an efficient method
if the financial market equations have a special “multiplicative” form and
the market is complete. An advantage is that the system need not be Mar-
kovian. We refer to e.g. [KS], and references therein, for a presentation
of the martingale method.

There are, however, many situations where the problem of finding the optimal
portfolio cannot be approached by any of the two methods (a) and (b) above.
For example, if the information &; available to the agent at time ¢t > 0 is strictly
less than the information F; that can be obtained by perfect observations of the
processes driving the market prices up to time ¢, then the system may be neither
Markovian nor complete. This is the case if, for example,

St = f(t—5)+7 t Z 0,

where § > 0 is a fixed information delay.

In this paper we will show that Malliavin calculus can be used to solve optimal
portfolio problems also in such partial information cases.

We emphasize the distinction between the partial information control problem
studied in this paper and the partial observation control problem, where the
control is based on noisy observations of the state. The latter problem has been
studied by many authors, but the methods and results of the partial observation
problem do not apply to our situation.

Our main result (Theorem 3.1) gives an explicit equation for the optimal port-
folio 7, if it exists. This equation relates m to the coefficients in the market
equations and to the Malliavin derivatives of a certain function of the optimal
terminal wealth X (7).

2. SOME BASIC DEFINITIONS AND RESULTS

We first recall that a Lévy process n = n(t) = n(t,w), (t,w) € [0,00) X €, on a
complete probability space (€2, F, P) is a process with stationary and independent
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increments and cadlag paths (i.e. right continuous paths with left sided limits).
We assume that 7(0) = 0. The (possible) jump of 1 at time ¢ is defined by

(2.1) An(t) =n(t) —n(t").

The jump measure N of 7 is defined by

(2.2) N((a,b),U) ==Y 1y(An(t)),
te(a,b]

i.e. by the number of jumps of size An(t) € U for t € (a,b]. Here 0 <a < b < o0
and U € B(Ry), i.e. U is a Borel set with U C Ry := R\ {0}. The differential
form of this random measure is denoted by N(dt,dz). The Lévy measure of n is

defined by
(2.3) v(U) := E[N((0,1],U0)], U € B(Ry)

and the compensated jump measure (or compensated Poisson random measure)
of n is defined by

(2.4) N(dt,dz) = N(dt,dz) — v(dz)dt.
In the sequel we assume that
(2.5) E[p*(t)] < oo, t>0.

The Lévy-Ito decomposition theorem states that if (2.5) holds, then there exist
constants a and b such that

(2.6) n(t) = at + bB(t) + /t/ ZN(ds, dz), t>0,

where B is a standard Brownian motion independent of N. In view of this we
see that it is natural to study processes which have the form

27)  X(t) = X(0) + /0 ta(s)ds+ /0 tﬂ(s)dB(s)+ /0 t /R (s, 2)N(ds, dz),

or, in differential form,

(2.8) dX(t) = a(t)dt + B(t)dB(t) + / v(t, z)N(dt, dz).

R
The processes a = a(t), B = ((t) and v = ~(¢,2), t > 0, z € Ry, are predictable
with respect to the right continuous filtration F on (Q2, F, P). Here F := {F;,t >
0}, is generated by B and N and Fj is augmented of all P-null events. Moreover
it is assumed that
(2.9)

E/o {|oz(s)| + 3%(s) + /RO ’72(S,Z>V(dz)}d8 <oo P-—a.s. for all ¢ > 0.
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In particular, solutions of stochastic differential equations of the form

(2.10) dX(t) = a(X(1))dt + BX())dB(t) + / WX (t7), 2)N(dt, d2)

are called jump diffusions. We refer to [A] and [S] for more information about
Lévy processes and [()S2] for the stochastic control of jump diffusions.
Since B and N are independent we may assume that

(2.11) Q=0 xQ, F=FYUxrF® p.=p xP

where (Q;, F@, P)), i = 1,2, are the probability spaces generated by B and N ,
respectively. Correspondingly we may consider F() := {ft(i),t >0}, 1= 1,2,
as the flow of events generated respectively be B and N and augmented of the
events of null probability P%, i = 1,2, correspondingly. Then we can set F, :=
FY % 7@ ¢ > 0.

From now on we fix a terminal time 7" > 0 constant.

In this context we will use two types of Malliavin derivatives of an Fr-measurable
random variable F' = F(w) = F(w,ws), w = (w1, ws) € 1 X Q-

(i) The Malliavin derivative D,F = 2E (1), with respect to B

T Ows _
(ii) The Malliavin derivative D, ,F' = g—i(t, z), with respect to N.

Both derivatives are defined in terms of the respective chaos expansions (see [I])
of I

(i) For any wo € € fixed, if =" I,(f,) is the chaos expansion of F €
Ly(P) in terms of iterated integrals I,,(f,,) of f,, f. being deterministic
symmetric functions in Ly(A"), with respect to B and F € DP,, i.e.

(2.12) IIFII%EZ = | fullZ,my < 00,
n=1
then we define
(2.13) D,F =Y nl(fu(-t),  t€[0,T].
n=1

Here A\ denotes the Lebesgue measure on [0,7]. It is easily seen that if
F € DY, then

(2.14) 1D Fl[Z2aepy = Yl fullz, o = IFllp,.
n=1

(ii) For any wy € @ fixed, if F'=)">° , I,(f,) is the chaos expansion of F €
Lo(P) in terms of iterated integrals I,,(f,) of f., f. being deterministic



symmetric functions in N
Lo((A x v)"), with respect to N and F' € D%, i.e.

(2.15) IFI25, = D~ nnllfallf o < o,
’ n=1
then we define
(2.16) Di.F =Y nl_(fu-t,2),  (t,2)€[0,T] x Ry
n=1

In this case we get that if F' € ]D)fg, then

@17 PP P = 30wl fald s = IF I35

n=1
In this paper we will use the following two basic properties of the Malliavin
derivatives:
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Theorem 2.1. Duality formulae.

(i) (Cf. [N]). Let F' € DY, and let p(t), t € [0,T], be an F-predictable process
satisfying

E[/OT @Q(t)dt} < 0.

Then
(2.18) E[F'/OTgo(t)dB(t)} _ E[/OT ol1) - DyF di].

(i) (Cf. [BL], [DMQ@P]). Let F € DY, and let ¢(t,2), t € [0,T], z € Ry, be

an F-predictable process satisfying

E[/OT : VA(t, z)l/(dz)dt] < 00.

Then
(2.19) E[F /0 i i D(t, 2)AN (¢, z)] - E[ /0 ' [ (t2) D F v(dz)de].

We refer to e.g. [M], [N] for more information about Malliavin calculus in the
Brownian motion case, and to e.g. [BL], [DMOP] and the forthcoming mono-
graph [DOP] for the general Lévy process case. Different approaches to Malliavin

calculus in the case of N are given in e.g. [NS] and [LSUV].

3. AN OPTIMAL PORTFOLIO PROBLEM UNDER PARTIAL INFORMATION

We consider a market model on the complete probability space (2, F, P) (see
(2.11)) with finite time horizon 7" > 0 where two investments possibilities are
available:

e a risk free asset with price dynamics

{dso<t> = p(t)So(t)dt, € (0,T],

(3.1) S0 — 1

e a risky asset with price dynamics

(3.2) dS\(t) = Sy(t7) [p(t)dt + o(t)dB(t) +fp0(t, 2)N(dt,dz)], te(0,T],
' S1(0) > 0.



7

The driving noises in the model are the standard Brownian motion B(t), t € [0, T,
and the compensated Poisson random measure N (dt,dz), (t,z) € [0,T] x Ry,
where Ry := R\ {0}. Recall that E[]V(dt, dz)?] = v(dz)dt, where v(dz), z € Ry,
is a o-finite Borel measure which we assume to satisfy

/ 2*v(dz) < oo
Ro

- cf. (2.3)-(2.5). The parameters p(t), u(t), o(t) and 6(t, z), t € [0,T], z € Ry, are
measurable, caglad (i.e. left continuous paths with right sided limits) stochastic
processes, adapted to the filtration F := {F; C F,t € [0,T]}, see (2.11). We also
assume that 0(t, z) > —1, v(dz)dt-a.e. and that

B[ (o) + ol + oo +

Ro

92(t,z)u(dz)}dt < 0.

In this section we consider a dealer who has access only to some partial in-
formation of the market events. At any time t the o-algebra & C F; repre-
sents the information at his disposal. We consider the collection of g-algebras
E :={&,t €[0,T]} to be a filtration.

We would like to note that dealers who are subjected to delays in receiving the
information can also be regarded as having partial information. For example, in
case 0 > 0 is a fixed time delay, at any time ¢ > § the actual information available
would be & = F;_s, while it would be & = &, for t < 0.

In view of this lack of information, the portfolio 7(¢) resulted from the dealer’s
decisions taken at time t is an &-measurable random variable.

Taking the point of view of such a dealer we are interested in studying the
optimization problem

(3:3)  u(x):= sup B [U(Xx(T)[Xx(0) = 2] = E[U (X7 (T))[ Xz (0) = 2],

for a given wutility function
U: [0,00) — [—00,00)

that is an increasing, concave and lower semi-continuous function and which we
assume to be continuously differentiable on (0, 00). The process X, (t), t € [0,T7,
given by

A (1) = X (6] [plt) + (u(t) = p(t)) ()]

+r(t)o(t)dB(t) + / w(t)e(t,z)ﬁ(dt,dz)},

Ro

(3.4)
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represents the value process of the portfolio . The initial capital X (0) =z > 0
is fixed. Moreover we put

(3.5) F.(T)=U"(X.(T))X,(T), for m e A,

where U'(u) = LU (u), u > 0.

We asssume that for all ¢ € [0,7] there exists a family A; of bounded &;-
measurable and Malliavin differentiable random variables a such that the o-
algebra generated by A, coincides with &. Note that this is satisfied for example
in the case of delayed information, i.e. & = F;_s, fort > 0, and & = &, for t < 6.

The set A of admissible portfolios in (3.3) is characterized as follows:

(i) All the portfolios 7 € A are measurable caglad stochastic processes adapted
to the filtration E

(i) B[ J {lu(s) — p(s)|[n(s)] + 02 ()2 (s) + for?(5)6%(s, v(d2) }ds] < oo,
for all m € A,

(iii) for all m € A, w(t)0(t,2) > —1 + &,, v(dz)dt - a.e. where e, > 0 may
depend on 7

(iv) for all 7 € A, F(T') is Malliavin differentiable both with respect to the
Brownian motion and with respect to the compensated Poisson random
measure

(v) all the buy-hold-sell portfolios j, i.e.

ﬁ(S,W) = a(w)X(t,t+h](s>7 s € [OaTL w €,

with ¢, h such that 0 <t <t+h <T and a € A, belong to A.

(vi) For all portfolios 7, 3 € A with 8 bounded, there exists § > 0 such that
T+ylB € Aforall y € (=6,0).

(vii) Moreover we assume that for all 7, 3 € A, with # bounded, there exists a
0 > 0 such that the family

{U/ (X 05(T) X (1) V95 (T)| }ye(_w)

is uniformly integrable. Here the stochastic process Y (t), t € [0,T], is
defined as

Y (t) = /0 t{u(s)—p(s)—UQ(s)W(s)— / m(5)6°(s, 2) y(dz)}ds

Rl + 7(5)0(s, 2)

+/O o(s)dB(s) + /0/11@01 —i—7€r<(z’);zs,z)ﬁ(ds’dz)’ te0,7].

Our forthcoming discussion aims at giving a characterization of the locally
optimal portfolios in (3.3).
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Let us suppose that 7 gives a local mazimum for the problem (3.3), in the sense
that

E[U(Xr1ys(T))] < E[U(XA(T))]

for all bounded 3 € A and all y € (—0,d) where § > 0 is such that (vi) and (vii)
hold. Let 8 € A bounded and § > 0 such that (vi), (vii) hold. Then we have
that 7 +yB € A for y € (—0,0). For convenience let us define

g(y) = E[U(XW-H/B(T))L Yy e (_5a 5)7

where, by the Ito formula,
XalT) = & exp { / ' [p<s> + (1) = ) 7(5) — S0 () (s)] s
/ /]R —In (1 + 7(s)d(s, z))} v(dz)ds

+/O (s)o //Roln + ()00, 2)) N (ds, d2) }

is the solution of (3.4). Since the function g is locally maximal at y = 0, thanks
to (vi), we have that

d
0= d—yg(y)|y=o

—E[U'( (0 / B(s) [1(s) — p(s) — 0*(s)m(s)

0(s
{6’ 8, 2) 1+7TE )s Z)} (dz)}ds

/ﬁ / RO1+W S(EEZ)N(“"ZZ')H'

Let us choose the portfolio g € A to be of the form
5(5) = al(t,t—l—h](s)u 0<s<T,

with « as an arbitrary random variable in A, for ¢ € [0,7") and h > 0 such that
t+ h <T. Then from the equations above we have

0= B[O mNXum) - { [ [0~ o) - i)~ [ I

oo 1+ 7(s)0(s, 2)
+/tt s)dB(s /t+h/RoHisz )N(ds,dz)H
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which holds for all & € A,. Thus we obtain that
(3.7) E[Fo(T)(Ya(t+h) = Ya(1)) -a] =0

for the process Y (t), t € [0, 7], defined in (3.6) and F(T') given in (3.5). By the
duality formula, see Theorem 2.1, we have:

(3.8) E[FW(T) /t o aa(s)dB(s)] - E[ /t o aa(s)DS(Fﬂ(T))ds}.

and
/Hh/RO 1+Of - 2 N(ds, dz = /Hh/RO aeHW 5 () ))I/(dz)ds].

Substltutlng these two equatlons into (3.7) and noting that (3.7) holds for all
a € Ay, we obtain

th 6%(s T
E[/t {ZORVO () (T /R (1175(3)9)(3,2)) (dz)+
sz(F ) _
o(5) Do (Fo(T)) +/RO 1+7r( o) (dz)}ds 54 ~0
Since this holds for all ¢, A such that 0 <t <t+ h < T, we conclude that

(3.10)

E [(u(s) — p(s) — 2(s)7(5)) Fo(T) + 0(s) Do (Fo(T)) 55}
+E[/R H(Saz)Ds,z(lzwiT;)(s— 7(?( )?2(5 BT J=0. sen

On the other side the argument can be reversed as follows. If we assume that
(3.10) holds for some m € A, then

B[F(T)(Ya(t + h) — Yo (1)) |E] =0

which is equivalent to

' : r()62(s, 2
1) [ 805} n(s) = o) = () - . (o lda]ds
V0(s,2) B
) s+ [ [ Tty 2] =0

for B(s) = alwun(s), 0 < s < T, with « € A;. Thus the function g(y) =
EIU(Xesys(T)), y € (~6,0), satisfies

§10) = 290}y = E[U'X(T) 5 Xera(Thyo] =0
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for all 8 € A. This is enough to conclude that y = 0 gives a local maximum for
g and hence that m € A is locally optimal for the problem (3.3). In fact, fix

= [ {00) + (1(s) = o)1) +8(5)) = 5o*(3)m(s) + ()
[ 6+ 60805, 2) o1+ (n(5) + 09005, ) o)

+A<m+w< v/éf% )+ yB)0(s, 2)) N (ds, dz).

Since U is increasing, the equation ¢’(0) = 0 gives that
d

dy

which in particular leads to A'(0) = 0 and also
2

dy?

Xrays(Djy—o = " V'(0) = 0

X7r+y5(T)|y:0 - eh(O)h/l(O) < 07

being

R(0) = — / (5)52(s) ds—/ /R 1+7r $)0% SSZZ)))QN(ds,dz)SO

Then we can conclude that
d? 2
" ,
g'(0) = Wg(y)lyZO = E[U (X (T) - d_yQwaﬁ(T)y—o] <0

Y
for all g € A.

Hence we have proved the following result.

Theorem 3.1. A portfolio m € A is a local maximum point for the problem (3.3)
if and only if it satisfies the equation (3.10).

Example 3.2. Let us consider the case with logarithmic utility, i.e.
(3.11) U(u) = logu, u > 0.
In this case we see that
F(T)=U'"(X.(T)X.(T) =1
and (3.10) simplifies to
(3.12)

fis) = p(s) = &> (s)7(s) — () E [/R ] +i<(§59z<)8 ?)

v(dz)

55] —0, sel0,T],
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where,

for convenience in notation we have put f(s) := E[u(s)|&], p(s) =

E[p(s)|&s], 7%(s) := E[0?(s)|Es], s € [0, T]. This result is a synthesis of Corollary
2.13 and Theorem 3.12 in [S], where the logarithmic utility case is studied in
the framework of an anticipative environment.

(i)

In particular, if # = 0 and o > 0, then the process

7T*<S) = M? s € [OaT]a
a%(s)

if belonging to A, is an optimal portfolio for the problem (3.3) with loga-
rithmic utility.

On the other hand, assume we have a price dynamics (3.2) driven by a
Brownian motion and a centered Poisson process, i.e. o > 0, v(dz) =
01(dz) and 6(t,z) = z. In the case of logarithmic utility, the equation
(3.10) gives

fi—p—o’m—

1+
Thus the processes
R N =
= n) -1 ) + ot 1] o),

if belonging to A, are optimal for the problem (3.3).
In particular, in case the price dynamics of the risky asset was driven by

the centered Poisson process only, i.e. o = 0 in this example, then (3.10)
would lead to

Hence if B
* mw—=p — —
T=—F7—<€A (m—p#1),
1—(n—p)
then it is optimal for (3.3).

Ezxample 3.3. Next let us consider the case with power utility, i.e.

(3.13)

1
Uu) = —u?, u>0,
gl

where v € (—00,1) \ {0} is a constant. In this case we get F(T') = X(T), thus

and

D2 Fe(T) = (Xa(T) + Dy . X(T))" = X7(T)
2(T) [exp {7y Dy, log X (T) } — 1].
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Therefore (3.10) becomes
E[X(T)(n(t) - p(t) - o ()m(t)

(3.14) + /R 0 %(mp (YD log X,(T)} — w()8(t, 2) — 1)v(dz)
+ o (t)D, log XW(T)>

gt} —0.

In particular, if the coefficients u(t), p(t),o(t) and 0(t, z), t € [0,T], z € Ry, are
all deterministic and we would like to have a 7(t), t € [0, 7], deterministic also,
then m must satisfy the equation

(315) u(t)=p(t)+ (=1 On(0)+ | 0t 2)[(1+m()6(t, )" ~1]w(dz) =0,

Remark 3.4. The main feature of equation (3.10) is that it gives an explicit
relation petween the optimal portfolio 7 and the corresponding optimal terminal
wealth X (T') = X,(T). The following examples illustrate this.

Ezample 3.5. In the price dynamics, let us assume that § = 0, o(t) # 0, t € [0, 7]

and
E[exp{%/o (%)2&9}] < 00.

Moreover we set & = JF;, for all ¢. In this context the market model is complete.
It is known that the optimal terminal wealth X (T) is given by

(3.16) Xa(T) = I(Y(x)Ho(T)),

where I := (U’)7" is the inverse of U'(u) = LU(u), and Y(z) = X~!(z) is the
inverse of the function X defined by

(3.17) X(y) = E[Ho(T)I(yHo(T))],
with
(3.18) Ho(T) = exp{—/o %dfﬁ’(s)—/ﬂ [p(s)—l—%(%)ﬂds}

- see e.g. [KS], Chapter 3. Hence
Fo(T) = U'(Xo(T)) X (T) = Y(2) Ho(T)1(Y(x) Ho(T))
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(cf. (3.5)) is known in this case and, if Hy(T') € Df,, we can solve (3.10) for 7 as
follows:

p(s) = pls) | E[DsFr(T)|F]
o2(s) o(s)E[Fr(T)|Fs)’

Thus, if 7 € A, then it is optimal for the problem (3.3).

(3.19) 7(s) = s €10,T).

Example 3.6. Here we consider an extension of Example 3.5 to the general case
(3.1)-(3.2) where o(t) # 0, 0(t,z) # 0, t € [0,T], z € Ry, and hence the market
is possibly incomplete. As in the previous case we assume & = F;, for all t.

Let u(z) be as in (3.3) and consider the associated dual problem

d
(3.20) v(y) == Qiel}\]gra E[V(y%)], y >0,
where
(3.21) V(A) :==sup {U(€) — XS, A >0,
¢eR

is the Legendre transform of U and M, is the set of measures () absolutely
continuous with respect to P.

Then - under certain conditions - the optimal terminal wealth X, (T) is given
by

(3.22) XA (T) = I(y(x)%;x)))

where I := (U’)~! (as in Example 3.5). Here z > 0 is related to y = y(x) > 0
via u/(z) = y or, equivalently, z = —v/(y), and the measure Q = Q(y) € M, is
the optimal measure for the dual problem (3.20). We refer to e.g. [KSch| and the
survey [Sch] and the references therein for more details. Therefore, in terms of Q
we get

Fo(T) = U'(XA(T) X(T) = y(%)%[ @(@%)

- cf. (3.5). With this expression for F,(T") in hands, we can see that an optimal

portfolio 7 € A must satisfy the following equation (see (3.10)):

(3.23)

(1) = p(s) = o*(8)7(5)) E[Fo(T)| 7] + 0(s) E[Ds (Fr (1)) | ]

N / 0(s, 2) E[Ds.: (Fa(T)) 7] — 7(5)6%(s, 2) E[Fa (T)| ]
Ro

1+ 7(s)d(s, 2) v(dz) =0, sel0,T].
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