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A MAXIMUM PRINCIPLE FOR STOCHASTIC
CONTROL WITH PARTIAL INFORMATION

FOUZIA BAGHERY' AND BERNT @KSENDAL??

ABSTRACT. We study the problem of optimal control of a jump diffusion, i.e.
a process which is the solution of a stochastic differential equation driven by
Lévy processes. It is required that the control process is adapted to a given
subfiltration of the filtration generated by the underlying Lévy processes. We
prove two maximum principles (one sufficient and one necessary) for this type
of partial information control. The results are applied to a partial information
mean-variance portfolio selection problem in finance.

1. INTRODUCTION

Let B(t) = (Bi(t),...,Br(t))T (where ()T denotes transposed) and n(t) = (n1(t),
()T be n-dimensional Brownian motion and n independent pure jump Lévy
martingales, respectively, on a filtered probability space (2, F, {F:}i>0, P).
If N;i(dt,dz) denotes the jump measure of 7;(.) and v;(dz) denotes the Lévy mea-
sure of 7;(.), then we can write

(1.1) ni(t):/t/zﬁ,;(ds,dz)
0 R

where

N;(ds,dz) = N;(ds,dz) — v;(dz)ds
is the compensated jump measure of 7;(.), 1 <i<mn ; Ry =R — {0}.
For simplicity we assume that

(1.2) /zQVZ-(dz) < 00 fori=1,....n

Ro

Suppose the state process X (t) = X(®(t) € R" is given by a controlled stochastic
differential equation of the form

dX (t) = b(t, X(t),u(t))dt + o(t, X (1), u(t))dB(t)
/HtX (t),z)N(dt,dz); 0<t<T

X(0) =z eR"
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Here b:[0,T] xR" x U —- R", 0:[0,T] x R" x U — R™ "™ and
6 :00,T] x R" x U x Rg — R™™ are given functions, C'' with respect to = and u,
and T > 0 is a given constant. The process u(t) is our control process, required to

have values in a given set U C R* and required to be adapted to a given filtration
{gt}tzoa where

(1.3) & C F, forallt
For example, & could be the §-delayed information defined by
(1.4) &=Fusy+ ; t=0

where § > 0 is a given constant delay.

We let A = A¢ denote a given family of &-adapted control process
u(t) = u(t,w) : [0, 7] x Q@ — U.

Suppose we are given a performance functional

T
(1.5) J(u) = B /f(t,X(t),u(t))dt—i—g(X(T)) L ucA
0

where f: [0,7] x R* x U — R and g : R® — R are given C! functions satisfying the
condition

T
(16) B| [ 15X, u)ldt + g(X(T))| <00 5 ueA
0
The partial information control problem is to find ®¢ and u* € A such that
(1.7) Oc = supJ(u) = J(u").
ueA

We emphasize that because of the general nature of the partial information filtration
&, we cannot use dynamic programming and Hamilton-Jacobi-Bellman (HJB) equa-
tions to solve the problem. Thus our problem must be distinguished from partial
observation control problems. For such problems there is already a rich literature
and versions of a corresponding maximum principle have been developed by many
authors. See e.g. [1, 2, 5, 7] and the references therein.

It is the purpose of this paper to prove that, in spite of the non-Markovian nature
of the partial information, it is possible to establish a maximum principle for such
stochastic control problems. In Section 2 we will prove a maximum principle version
of sufficient type (a verification theorem) and in Section 3 we prove a (weak) version
of necessary type.

Our paper is related to the paper [3], where a (sufficient) maximum principle for
complete information optimal control of jump diffusions is proved.

We refer to [6] for more information about stochastic control in jump diffusion
markets.

2. A PARTTAL INFORMATION SUFFICIENT MAXIMUM PRINCIPLE

In this section we state and prove a sufficient maximum principle for the partial
information control problem (1.6).

Let R denote the set of functions r: [0,7] x Ry — R™™" such that
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(2.1) /\Gij(t,a:,u,z)rij(t,z)hjj(dz) <oo foralli,jt,x
Ro

Define the Hamiltonian H : [0,7] x R" x U x R" x R"*"™ x R — R by

H(t,x,up,q,r) = f(t,z,u) + b7 (o, w)p + tr(o” (t,2,u)q)
(2.2) + Z /01] (t,x,u, 2)r(t, 2)vj(dz).
INES 1R

The adjoint equation in the unknown Fi-predictable processes p(t), ¢(t), r(t, z) is the
following backward stochastic differential equation :

(23)  dp(t) = — va H(E X (), u(t), p(t), a(t), r(t, )dt + q(t)dB()
+/r(t,z)ﬁ(dt,dz); 0<t<T
Rg
(2.4) p(T) = vg(X(T))
where 7y¢(.) = (%,...,%)T is the gradient of ¢ : R® — R with respect to
y= (Y1, ¥n)-

We can now state our first main result :

Theorem 2.1 (Partial information sufficient maximum principle).

Let u € A with corresponding state process X(t) = X@(t) and suppose there exists
a solution (p(t),q(t),7(t,z)) of the corresponding adjoint equation (2.3) and (2.4)
satisfying

(1) {ad" (1) + / rrT (1, 2)u(d2) X (1) = X (0)dt] < oo

Rg

o\ﬂ

T
/ Mool (t, X (t),u(t)) + / eaT(t,X<“>(t),u(t),z)y(dz)}p(t)dt} < o0
0

Ro
forallue A
and
T
(27) B[ [19 H(t X000, 500 (0). (0. )] < .
0

Moreover, suppose that for all t € [0,T],

(2.8)  H(t,z,u,p(t),q(t),7(t,.))is concave in x,u and g(x) is concave inz,
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and

(2.9) (the partial information mazimum condition)
E[H(ta X(t)v ’L)(t),ﬁ(t), (j(t)a f(ta )) |gt]

= max E[H(t, X (£), u, p(1), 4(1), 7(,.)) 1]

Then 4(t) is a partial information optimal control.

Proof. Choose u € A and consider J(u) — J(u) = I + I,

where
T
(2.10) b= B[ {6 X(0).u(0) - £(6.X(0)a(0) ]
0
and
(2.11) I = B [9(X(T)) - g(X(7)|
Note that
L=hi1—Lpo—TL3z— 114,
where
T
@12) L= B[ [ (HEX0u0.50).40),7¢.)
0
— H(E (), (), 5(0),d(6), 7, )}t
T
(213)  La=E| / [b(t, X (8), u(t)) — blt, X (), a(t)}"p(t)dt]
- OT
(214)  ng=E| / tri{o(t, X (0), u(t) - o(t, K(2), a(t)} a(e))at]
- On 7
(215)  Lu=F / {6:5(t, X (£), u(t), 2)
=1 gy

(2.16) H(t, X (t),u(t), p(1), 4(0), #(t, ) — H(t, X (8), a(t), p(t), (), (1))
< VL H(t X (1), a(t), 5(t), 4(1), #(t, )T (X (£) = X (1))
+ VuH (8, X (1), a(t), p(t), (), #(t,.)) " (u(t) — alt))



Since u — E [H(t, X (), u, p(t), d(1), 7 (t, .))yf;t} . w € U is maximal for u = a(t) and
u(t), u(t) are &-measurable, we get by (2.7)
@11 02 VB [HE X050 0.7 8] () = i)

= B [V H (8 X (8),a(t),5(0),4(8),7(t, )T (u(t) — al)|&:]
Combining (2.3), (2.5), (2.12), (2.16) and (2.17), we obtain

T
B < B[ [ o 200,600,500, 7(2.) (X(0) - R (o)

0
T
= _E[/(X(t) - X'(t))Tdﬁ(t)} =:—Jp, say.
0

Similarly, since g is concave we get, by the It6 formula,
I, = B [g(X(T)) = g(X(T))] < Blvg(X(T)"(X(T) - X(1))]

= B[(X(1) - X(1)"5(7)]

T
= B[ [(X(0) - R0 (- 72 HE R0, a0),5(0). d(0),7(¢..))dt]
0
T

_|_

Tty T —y T —

B(t)" {bt, X (1), u(t) — bk, X (), (1)) } dt

+ tr[{a(t, X (1), ult) — a(t,)?(t),a(t))}TQ(t)}dt

w3 [ {Bs X0, ut),2) — 0 R0, 60, 2) } 2w

=1
=Ji+ Lo+ 113+ 114
Adding the above, we get
Jw)—J@)=h+ILh=hy—La—Lz+ 1>
<-N—ho—Lzs—hLha+i+hLo+Li3+114=0.
Since this holds for all u € A, the result follows.

3. A PARTIAL INFORMATION NECESSARY MAXIMUM PRINCIPLE

In the previous section we proved that (under some conditions) an admissible control
4 satisfying the partial information maximum condition (2.9) is indeed optimal.
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We now turn to the converse question : If 4 is optimal, does it satisfy (2.9)7 The
purpose of this section is to give at least a partial confirmation that this is the case.

In addition to the assumptions in Section 2 we now assume the following :
(A1) For all t,h such that 0 <t <t+h < T,alli=1,...,k and all bounded
&-measurable a = a(w), the control 3(s) := (0,...,5(s),0,...,0) € U C R* with

Bi(s) == qiXpppn 3 s € [0,T]
belongs to Ag.

(A2) For all u, 3 € Ag with 8 bounded, there exists § > 0 such that u+yg € Ag
for all y € (—94,9).

For given u, 8 € Ag with 3 bounded we define the process Y (t) = Y (%P (t) by

L X (1), = (Vi(0), ..., YalD))".

(3.1) v =g

Note that Y (0) = 0 and

(3.2) dY;(t) = \i(t)dt + zn: & (1)dB;(t) + Zn: / Cij(t, )N (dt, dz),
j=1

j=1 Ro
where
(3.3) Ailt) = abi(t, X (1), u(t) Y () + 7ubi(t, X (£), u(t) B(t),
(3.4) &ii(t) = Vaoij(t, X (1), ut)TY (1) + 7uoi; (t, X (), u(t)T B(t)
and

(3.5) Gij(t,2) = 7aii (t, X (1), ()Y (£) + 7ubij (t, X (£), u(t)) T B(2).

Theorem 3.1 (Partial information necessary maximum principle).
Suppose that i € Ag is a local mazimum for J(u), in the sense that for all bounded
B € Ag there exists 6 > 0 such that 4+ yf € Ag for all y € (—=4,5) and

is maximal at y = 0.

Suppose there exists a solution p(t), q(t), 7(t,.) of the associated adjoint equation
(2.3)-(2.4), i.e.

(3.7) dp(t) = — Vo H(t, X (), a(t), (1), d(t), 7(t, ))dt + G(t)dB(t)
+ [ r(t,2)N(dt,dz) ; 0<t<T
/
(3.8) H(T) = vg(X(T)), where X = X®),

Moreover, suppose that, if ?(t) =Y @A(t) and S\i,g}j and éij are the corresponding
coefficients (see (3.2)-(5.6)), then

(3.9) EveT e+ / T (4 2)w(dz) $ V@)t | < oo

Ro
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T

(3.10) E l/ﬁ(t)T {ggT(t,X’,a(t)) +/HHT(t,X(t),a(t),z)y(dz)}ﬁ(t)dt] < 0.

0 Ro

Then u is a stationary point for E[H | &), in the sense that for a.a.t € [0,T] we
have

(3.11) E [VUH(tJA((t)aﬁ(t)jﬁ(t),d(t),f(t, -))\St] =0

Proof. Put X(t) = X(®(t). Then with & as in (3.6) we have

(312)  0="H(0 / Vo f(t, X(t X @B (1)],—o dt

By (3.8), (3.9), (3.10) and the It6 formula,
(3.13)

E [w(}%(T))Tf/(T)] — B [5"(1)V(T)]
n T . ~
B[S [ {Bi(t) (wabilt, X (0),a())TY (8) + wabilt, X (), ()T (2)

=10 R
+Y;( )(_ Vz ( 7X( )’a(t)aﬁ(t)@(t)vf(tv')))i
(

+ i Gij (t) (V201 (t, X (£), a(t))TY () + Vuoi; (t, X (£), a(t)T B(¢))
oy H{w (t,2) (Vi (t, X (1), (1), 2)TY (t) + by (8, X (1), a(t), 2)TB(t)) dt].

J=1

Now

n

n
VeH(t,2,u,p,q,1) = Vaf (tx,u) + Y Vebj(tz,0)p + D Vaok;(t, 2,u)qe
j=1 k,j=1

(3.14) + Z / Valrj(t, x,u, 2)r;(t, 2)vi(dz),

k,j= 1R0

and similarly with <7, H (¢, z,u,p,q,r).
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Combined with (3.12) and (3.10) this gives

T n ~
0 = £ ;{%(t,X(t),ﬂ(t))

+ i(ﬁ;-(t)%(tﬁ(t% (1)) + 3 ldy (1) 52 (8, X (1), (1))
(3.15) J=1 A oo =l
+ f 1 (T z)aT’“j(t,X,u(t),z)uj(dz)]}ﬁi(t)dt]

Ro
T o~
= E[{VuH(t7X(t),ﬂ(t),ﬁ(t),é( ), 7(t, )" B(t)dt].
Fix t € [0,T] and apply the above to 8 = (0,...,0;,...,0) where

(3.16) Bi(s) = aiX(ti+n)(s); s €[0,T]
where t + h < T and a; = a;(w) is bounded, &-measurable. Then (?7) leads to
t+h

/auZ (s, X (5), a(s), p(5),d(s), 7(s,.))aids | =0

Differentiating with respect to h at h = 0 gives

o H( R (0,0, p(t),qm,f(t,,))ai} .

Since this holds for all bounded £;-measurable «;, we conclude that using (2.7),

E

B | H (R (0,000,500).400). 7 Dl | =0

as claimed. O

4. AN APPLICATION TO FINANCE

To illustrate our results, we give a partial information extension of Example 3.1 in
[3]. See also [4] for a paper of related interest.

Suppose we have a market with the following two investment possibilities :

(i) a risk free asset, where the unit price Sy(t) at time t is given by

(4.1) dSo(t) = peSo(t)dt ; So(0) =1

(ii) a risky asset, where the unit price S1(t) at time t is given by

(42) dSl(t) = Sl(ti) atdt + ﬁtdBt + /"}/(t, Z)N(dt, dZ)
Ro

51(0) >0

Here py, ay, By and ~(t, z) are bounded deterministic functions and we assume that

(4.3) o; > py and A; = 62 + /72(t,z)l/(dz) >e>0 foralltel0,T)
Ro

for some € > 0, where T' > 0 is a given constant.
We assume that

(4.4) Y(t,z) > =1 forallt,z.
8



This ensures that S;(t) > 0 for all ¢.
Let & C F; be a given sub-filtration.
A portfolio in this market is an &-predictable process w(t) = (ug(t), u1(t)) € R? giv-

ing the number of units held at time ¢ of the risk free and the risky asset, respectively.
The corresponding wealth process X (t) = X (*)(t) is defined by

(4.5) dX ) () = ug(t)dSo(t) 4 u1 ()dS ().
Let
(4.6) u(t) = ui(t)S1(t)

denote the amount invested in the risky asset at time ¢ and write X (¥ (¢) = X (@) (¢)
from now on.

We say that the portfolio u(t) is £-admissible if u(t) is &-predictable and the wealth
process {X® (t)}eefo,r) is lower bounded. The set of all £-admissible portfolios is
denoted by Ag.

If u € Ag¢ then the corresponding wealth equation can be written
(4.7) ax(t) = {p X (1) + (o — pyu(t) } dt + Bru(t)dB(t)

+ / v(t, 2)u(t)N(dt,dz) ; X (0) =z > 0.
R

The partial information mean-variance portfolio selection problem is to find the
portfolio 4 € Ag which minimizes the variance

(4.8) VarX®W(T) = E [(X(“) (T) — E[X® (T)])ﬂ
under the constraint that
(4.9) E [X(“) (T)} — A,

where A is a given constant. By means of the Lagrange multipliers method we see
that the problem is equivalent to minimizing

E [(XW (T) - a)ﬂ

for a given constant a, without constraints.
This again is equivalent to the problem to find @ € A, such that

(4.10) sup B [—%(X(“’) (T) — a)ﬂ - E [—%(X@) (T) — a)ﬂ .

To solve this we first write down the Hamiltonian

(411)  H(t,z,u,p,q,7) = {px + (o — pr)u} p + Brug + u / V(t, 2)r(t, z)v(dz)
Ro

and the adjoint equation

dp(t) = —pip(t)dt + q(t)dB(t) + [ r(t,2)N(dt,dz) ; t € (0,T)
Ro

p(T) = =X(T) +a

(4.12)
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We follow the approach in [3] and try a solution p(t) of the form
(4.13) p(t) = o X (t) + ¥y,

where ¢; and 1, are deterministic, differentiable functions. Then by the It6 formula

(4.14) dp(t) = [@epe X (t) + @i(ar — pr)u(t) + X (t) e} + i) dt
Feudu(t)dB(E) + o(t) [ (22N (at,do).
R,
Comparing (4.13) and (4.14) we get
(4.15) pepe X (t) + pi(ar — pr)u(t) + X (8)@) + 9y = —pe(0e X (1) + 1),
(4.16) q(t) = euBru(t)
and
(4.17) r(t,2) = ory(t, 2)u(t).

Let a(t) € A. be a candidate for an optimal control and let X (£), p(t), G(t) and (¢, z)
be the corresponding solutions of (4.7) and (4.12).
Then

B [ H(t, X(2), u,5(8), a(0), 7(t, ))|E] = [fm)ﬁ(tnst]
(o0 = P90+ 5001+ J 1 (dz)|8t].

Since this is a linear expression in u, we guess that the coefficient of v must vanish,
i.e.

+uF

(@ = BB | &+ BE1A0) | &1+ [ (6. 2)E(i(0,2) | &]vldz) =0
Ro
i.e., using (4.16) and (4.17),

(e = po) (P EIX (8) | &] +1x) + () [B7 + /72(757 z)v(dz)] = 0.
Ro
This gives the solution candidate

—(ou — p) (@ E[X(t) | &] + )
tAt

(4.18) at) =

with A; given by (4.3).
As in [3] we can now proceed to determine ¢; and ;. The result is

(4.19) Yt = —€exp /{(as;ps)Q—st}ds ; 0<t<T
t
T 2

(4.20) Wy = aexp /{W—ps}ds . 0<t<T.
t

We now verify easily that @(t) given by (4.18) - (4.20) satisfies all the requirements
of Theorem 2.1 and we conclude that u(t) is indeed the optimal portfolio based on

the information flow &;.
10



Theorem 4.1. The optimal portfolio U

We have proved:

Ag for the partial information mean-

S
variance portfolio selection problem (4.8)—(4.9) is given by (4.18)—(4.20).

1]
2]
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