Lecture 11
Expander Graphs

In this lecture we will study expansion properties of finite graphs. Throughout, G = (V, E) will be a graph with vertex
set V, and edge set E. Moreover, we assume that G is d-regular, i.e., every vertex in G has degree d, and we let n
denote the size of V: n :=|V]|.

11.1. Edge and Vertex Expansion

For two subsets S and T of the set of vertices of G we denote by E (.5, T') the set of edges with one endpoint in S and
one endpoint in 7"
E(S,T)={(u,v) e E|ue S,veT}.

In particular, E(S,S) is the set of edges that connect vertices in .S to vertices in S. Denoting by S the complement of
S'in V, we denote by 95 the set E(.S,.S) and call it the boundary of S. The vertex expansion of the graph G is defined
as
03]
h(G) = —

)= B T3]

The vertex expansion thus measures the minimal flow of any subset of vertices to its complement.
For nonempty .5, the set I'(.S) denotes the set of vertices in S that are connected to a vertex in S. In other words,

[(S)={ueS|Ies: (uv)eE}
The vertex expansion of the graph G is defined as

. LS
G):= min ——*.
wG) = i s
The vertex expansion measures by how much any set of vertices in G expands. Sometimes, we would like to limit the
size of the sets .S under consideration. We therefore define the a-expansion of GG as

o L)
#a(G) = 1<181%an |S]
so that y1(G) = p11/2(G). Note that o (G) > 11/2(G) if o < 1/2, and that

h(G
w(G) > 7(d )7 (11.1)
since G is d-regular.
For various applications, in particular in coding theory, it is desirable to construct sequences of d-regular graphs
with small d which have large edge and vertex expansion.
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11.2. Random Graphs

Theorem 11.1. Let G be a random d-regular graph on n vertices, and (3 be a constant with 1 < 3 < d — 1. Then,
there exists effectively computable constants o = o) and p = p(8) such that the probability that 11, (G) > [ is at
least p.

Proof. Let G be sampled uniformly from the set of d-regular graphs on n vertices. For subsets S and T of the vertex
set of G with |S| = s and |T| = s, let 7(S,T) denote the event that all the neighbors of the vertices in S are
contained in T'. The event ., (G) < [ is then the union of the events 7(.S, T'), where .S runs over all nonempty subsets
of size < an and T runs over all nonempty subsets of size 3| 5| of the vertex set of G. Therefore, by the union bound

Pilia(@ > A2 1- Y Pafr(s.T)].
0<|S|<an
0<|T|<BIS|

Since Pr[7(S, T)] = (|T|/n)%5!, we have

Prlpa(G) >8] > 1— Y Prr(S.7)]
0<|S|<an
0<|T|<B]|S]|

-S5O

s=1

Y

We now use the estimate () < (ne/k)* to obtain

P> > 1-55(2)" () (1)
S ey

Y
—_

where v = ﬁd’ﬁeHﬁ. Noting that s/n < «, we further obtain

an

Pria(G) > B > 1= 3 (a?7-1)".

s=1

If ad=#=1y < 1/2, then

It therefore suffices to have

1 ﬁ
< | = .
° (%)

For # < d — 1 the right hand side of the above inequality is positive, and this gives us the desired upper bound for
o. O

Unfortunately, the performance of random graphs cannot be quite matched with explicitly constructed graphs, in
the sense that the latter type does not exhibit as much an expansion as random graphs. (Or, at least, they cannot
provably match the expansion of random graphs.)

How could we find a bound on the expansion of a given graph? Clearly, computing the expansion of all subsets of
vertices is not an efficient method. Instead, we can use techniques from linear algebra, as described in the next section.
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11.3. Elements of Spectral Graph Theory

Let A denote the adjacency matrix of GG. It is an n X n matrix which is symmetric and in which all rows and all
columns sum up to d. We denote by L the matrix A/d. Then L is doubly stochastic, i.e., the sum of each row and each
column of L is 1.

Since L is symmetric, all its eigenvalues are real. Let Aj,_1 < A\j,—o < -+ - < A1 < \g denote the n eigenvalues of
L, sorted in descending order. Then we have

Proposition 11.2. The following assertions hold for the eigenvalues of L:
(1) The largest eigenvalue of L is 1, i.e., \g = 1.
@ Pl < L.
(3) A\n—1 = —1ifand only if G is bipartite.
4) A\ = lifand only if G is not connected.
(5) If G is bipartite, then the eigenvalues are symmetric around 0.

Proof. We will only prove (1), and leave the proofs of the other assertions to the reader. Let || - ||; denote the 1-norm
on R™, ie., |||l = Y., |=;|. It suffices to show that for all z we have ||Lz|[; < [|z||;. Index the coordinates of
x by the vertices v € V, so that z = (z, | v € V') (we assume a fixed ordering on V). Then (Lz), = >, ., Tu/d,
where u ~ v is a short-hand notation for (u,v) € E. We therefore have

Izl = 2313wl

veV u~v

HD S

(u,v)EE
= Dl
ueV
= |z[1

IN

This concludes the proof. O

Since L is symmetric, all the eigenspaces of L are one-dimensional, and the space R™ can be decomposed into
these eigenspaces. Moreover, these eigenspaces are mutually orthogonal with respect to the standard scalar product,
denoted (-, -, ).

We will use the following notation. First, we index the eigenvalues of L by the vertices of GG. In this notation the
eigenvalues of L are \,, v € V. Next, we denote by f,, v € V, eigenvectors for these eigenvalues. We also assume
that these eigenvectors are normalized, i.e., ||f,||2 = /{fv, fv) = 1. By a slight abuse of notation, we denote by
f1 the eigenvector for eigenvalue 1. Note that f; = 1//n, where 1 is the vector all of whose entries are 1. We will
sometimes also abuse notation and talk about the eigenviaues of G which are to be meant as the eigenvalues of L.

The edge and vertex expansion of G can be related to its second largest eigenvalue, denoted \(G):

AMG) = max |\

1<i<n—1
Proposition 11.3. If G is connected and not bipartite, then we have for all v € R™ such that x L 1:

[, (1 = D)w)]

(z, )

:E:vafv.

v#1
It follows that |(z, (I —L)z)| = [ 32, 25 (1=A\)[ = 30,4, 25(1-X(G)) = (z,2)(1-A(G)), and we are done. [J

1-AG) <

Proof. If x is orthogonal to 1, then

Theorem 11.4. Let A := A\(G). Then we have

h(G) > 21— ).
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Proof. Let S C V be such that |3S|/|S| = h(G). Clearly, S and S are not empty, where S denotes the complement
of S'in V. Further, let z be a vector that takes the value 1/|S| on S and —1/|S| on S. We will index the positions of =
with the elements of V/, and thus z = (2, | v € V), so that 2, = 1/|S| of v € S and =, = 1/|S| if u € S. Note that
x is orthogonal to 1.
We will show that
2h(G)  [{x, (I = L))
d ~ (x, ) '

Using Proposition 11.3, this proves the theorem. To this end, note that

(x,(I = L)x) = é Z T (T, — ).

u,veV
(u,v)EE

If u and v are both in S of both in S, then z, — z, = 0. If u € Sand v € S, then (2, — =,) = & (i + i)

andif u € Sand v € S, then 2, (2, — 7,) = ﬁ (ﬁ + ﬁ) Thus,

1) = S (4 )
x, - r) = — 5 T e 5
d 151 18]
where F(S, S) is the number of edges in F with exactly one endpoint in .S, and hence h(G) = |E(S, S)|/|S|. On the

other hand, (z, ) = (ﬁ + ﬁ), so that

S~ d

[z, (I — L)=)| _ |E(S,9)] (1 n 1) < 2E(S8,9)| _ 2n(G)
(z,2) d IS1 181/~
which completes the proof. O

The following result follows immediately from (11.1).
Corollary 11.5.
1
p/a(G) 2 5(1=A).

11.4. Example: Eigenvalues of Codes

Let C be an [n, k, d]a-code, and let T = (x1 | 22 | -+ - | ,,) be a generator matrix for C, where z; € F5. Let G be the
graph (F5, E), where E = {(z,2 + ;) | € F§,i = 1,...,n}. In other words, the vertices of G are the elements
of F% and two vertices are connected if and only if they differ by one of the z;’s. In this section we determine the
eigenvalues of this graph, which we call the eigenvalues of C.

The adjacency matrix A of G is a 2¥ x 2*-matrix. We index the rows and the columns of this matrix by the
elements of IE"Q‘c Then, at row u € IE‘]QC , the matrix has ones only at positions u + z1, ..., u + x,, and otherwise it has
Zeros.

For u € F%, let X,, be the vector which at position v € F§ has value (—1)(*), where (u,v) = 3.F_ u;v;. Then
we have

(AX,), = 3 (Xu)osa,

I

&
Il
-

(_1)(%11-&-3:7:)

|

@,
Il
—

= (=1)fww Z(_l)w,m
i=1
- Z(fl)w’xi) (Xu)ov,
=1

so that X,, is an eigenvector of A with eigenvalue 6, := >, (—1)¢®=i) Since the vectors X,, are all different, they

form an orthogonal basis of R", and the ,,’s form all the eigenvalues of A.
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These eigenvalues can be related to the weight distribution of C. Note that ul'’ = ((u,z;) | ¢ = 1,...,n), and

hence
n

Z(—l)@"“> =n — 2wgt(ul).
i=1
If A,, denotes the number of codewords of weight w in C, then the eigenvalues of C' are n — 2w and each such

eigenvalue has multiplicity A,,. If C contains the all-one codeword, then the second largest eigenvalue of C' is —1,
and the next eigenvalue is n — 2d where d is the minimum distance of C'

11.5. Families of Expanders

Let o and ¢ be positive real numbers. A sequence G, G, ... of graphs is called a sequence of (d, «, €)-expanders if
1. The number of vertices of the graphs goes to infinity,
2. each G, is d-regular, and
3. pa(G;) > eforalli.

From Corollary 11.5 it is clear that to satisfy the third property for some positive ¢, it suffices to have \(G;) < 1—4¢
for some fixed positive 9.

There are many known sequences of expander graphs. We will introduce some of them in this section, without
proving their expansion properties.

1. Let V,, := Z/mZ x Z/mZ, and E,, C V,2 be such that ((z,y), (z,u)) € E,, if and only if

m

(Zvu) € {(.Z‘ + yvy)a (JJ - yvy)7 (x,y + J?), ('rax - y)}

Then the sequence of graphs G,,, = (V;,,, E,,,) is an expander sequence of degree 4.

2. LetV,, :=Z/mZ x Z/mZ, and 01, . . ., 0 be transformations of V,,, into itself defined as
oi(z,y) = (z,y+2z),
oa(z,y) = (z,y+2z+1),
o3(xz,y) = (z,y+ 2+ 2),
os(z,y) = (z+2y,y),
os(z,y) = (z+2y+1Ly),
os(z,y) = (z+2y+2,y).

Let E,, C V2 be such that (u,v) € E,, if and only if u = 0;(v) of v = 0;(u) for some i. Then the sequence
of graphs G,,, = (Vi E,,) is an expander family of degree 12. It can be shown that \;(G,,) > (2 — v/3)/3.

3. [Ramanujan graphs] Let p be a prime congruent to 1 modulo 4. Let ¢ be another prime congruent to 1 modulo

4, and u be an integer such that u? = —1 mod ¢ (such a u always exists). It can be shown that there are exactly
(p+1) 4-tuples v = (a, b, ¢, d) of integers such that a > 1, and b, ¢, d are even. To each such v we associate the
matrix

_ a+ub c+ud

0= < —etud a—ub > € GL(2,F,).

These matrices can be seen as distinct matrices in PGL(2, F, ), from which we obtain a set S of (p + 1) distinct
matrices in PGL(2,F,). The Ramanujan graphs G,, , have vertex set PGL(2,F,) and edge set E, where
(x,y) € E if and only if y = 20 for some ¢ € S. These graphs are (p + 1)-regular, and it can be shown that

MGp.q) = 2y/p/(p +1).

11.6. A Lower Bound on \(G)

What is the minimum value for A\(G)? We state two results in this direction, of which we prove only one.
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Theorem 11.6 (Alon-Boppana). We have

d—1
liminf A\(X,, 4) > 2

n— o0 d ’

where the limit is over all d-regular graphs X,, q with n vertices.

This theorem shows that Ramanujan graphs introduced in the last section are optimal in terms of their eigenvalues.
We will not prove this theorem here, but instead show the following weaker version.

Theorem 11.7. We have

1
liminf A\(X,, 4) > —
n—00 (nd) Vd

where the limit is over all d-regular graphs X,, 4 with n vertices.

Proof. Let G be a d-regular graph on n vertices, and A be its adjacency matrix. Let Tr(A?) denote the trace of A2.
On the one hand, this is the sum of the diagonal entries of A2 e, Tr(AQ) = nd, since G is d-regular. On the other
hand, Tr(A?) is the sum of the eigenvalues of A2, so Tr(A%) = d®> 37" A2 < d?(1 + (n — 1)A2), where A = A(G).
This show that

1 /n—d

NG) 2 /i

As n goes to infinity, the right hand side converges to 1/ V/d, and we are done. O



