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INTRODUCTION 
 
 At present, one of the actual problems of seismics is to improve correctness of 
description of reflection and transmission processes at curvilinear interfaces in terms of 
surface integrals. Therefore in analytical and numerical methods for solving realistic inverse 
geophysical problems in composite media they use splitted interpretation algorithms [25, 39]. 
Such algorithms are oriented to the sequential reconstruction of the geometrical and physical 
parameters of the isolated and spatially localized elements of a complex medium. Within the 
bounds of such approach, the algorithms for restoration of the local heterogeneities [14, 34], 
the algorithms for restoration of the reflector form [17] and the algorithms for estimation of 
the reflection coefficient at a target interface [24] are intensively developing. 
 
 Because of new directions of research, there arises a problem of switching from using the 
plane-wave reflection and transmission coefficients to integral algorithms that allow more 
realistic description of multiple scattering processes. Most of the true migration algorithms are 
oriented to the integral Kirchhoff-type operators that construct reversed continuations of the 
wave fields. Existing reflection coefficient restoration algorithms use its rough approximation: 
the plane-wave reflection and transmission coefficients that do not allow taking into 
consideration influence of the incident wave front curvature and local heterogeneity of the 
medium. 
 
 To develop more accurate algorithms, it is desirable to obtain exact description of the 
reflection/transmission process in terms of integral operators. Numerous attempts were made 
to use strong statements of boundary problems of mathematical wave theory to construct such 
operators. By now, next results are achieved. In [42] the differential Ricatti-type equations for 
the reflection operators are obtained. In [22] the integral equations for reflection and 
transmission operators are obtained and for the case of plane interface between homogeneous 
half-spaces their explicit form is obtained. In [29] they obtained analogous integral equations 
for elastic reflection and transmission operators. For the case of homogeneous media, in [38, 
41] they give heuristic approach for construction such operators, which is based on 
decomposition of Green functions in Helmholtz integral over system of plane waves. 
 
 The long standing joint research on the mathematical simulation of the wave fields in a 
stratified inhomogeneous medium was carried out by the researchers K.D. Klem-Musatov and 
A.M. Aizenberg from Institute of Geophysics SB RAS and H.B. Helle and J. Pajchel from the 
Research Center of Norsk Hydro (Bergen, Norway). They worked out the algorithms of the 
Tip Wave Superposition Method for implementation in the inverse problem algorithms 
restoring the reflecting and scattering properties of the local elements of the target interface 
[11, 32]. Since in these algorithms they also used the plane-wave reflection and transmission 
coefficients as an approximation of the reflection and transmission operators, the wave fields 
contained artefacts, which were generated by critical points of the plane-wave reflection and 
transmission coefficients. Such artefacts have wave properties, therefore it is difficult to 
interpret the wave picture. To remove artefacts, it is necessary to construct exact description of 
the reflection and transmission operators at a separate curvilinear interface. Within the bounds 
of initiative project �Development of theory of seismic wave propagation and diffraction� 
(supervisor K.D. Klem-Musatov, RFBR grants 97-05-65197 and 00-05-65397) they developed 
a modified system of boundary integral equations for the Cauchy data (limit values of the 
wave fields) at curvilinear interface between heterogeneous acoustic media, which contains 
unknown earlier exact integral reflection and transmission operators [31]. Within the bounds 
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of the project of RFBR grant 03-05-64941 they continue the research on generalization this 
theory for the case of elastic waves. 
 
 Starting from September 2000, this research has been implemented in Institute of 
Geophysics SB RAS as a part of above-mentioned RFBR projects and was supported by 
RFBR grant for young scientists 02-05-06136. Numerical experiments on simulation of scalar 
wave fields were made during summer practice of the author in the Research Centre of Norsk 
Hydro (Bergen, Norway) in August-September 2002 [10]. In this thesis we derive unknown 
earlier integral reflection and transmission operators for plane interface between homogeneous 
elastic media. Their form is similar to common reflection and transmission operators for 
acoustic waves [31]. To make analysis of new operators easier, we give derivation and 
analysis of such operators for both acoustic and elastic waves. The subject of investigation is 
reflection and transmission operators for acoustic and elastic waves. Basic results of the thesis 
are: 1) representation of operators in the form of effective (functional) coefficients; 2) 
universal algorithm of their numerical realization; 3) improving correctness of simulation of 
single scattered wave fields in the vicinity of critical ray and overcritical zone when using the 
effective reflection coefficient. 
 
 Basic results of the research are represented at International Scientific Conference for 
Students �Student and Scientific-Technical Progress� (Novosibirsk, 2001, 2002, 2003) on the 
section Mathematics (subsection Differential equations) and section Geology (subsection 
Geophysics), International Conference for Young Scientists, Specialists and Students 
�Geophysics 2001� (Novosibirsk, 2001), International Conference �Acoustics of 
Inhomogeneous Media V� (Novosibirsk, 2002), 5th International Conference for Young 
Scientists on Mathematical Modeling and Data Technologies (Novosibirsk, 2002), seminar of 
the Research Centre of Norsk Hydro (Bergen, Norway, 2002) and Scientific Council of 
Institute of Geophysics SB RAS (Novosibirsk, 2003). Basic results are published in [1-9]. 
 
 Thesis consists of Introduction, three Sections and Conclusions. In Section 1 we give 
analytical properties of the reflection and transmission operators for acoustic waves, introduce 
corresponding effective coefficients and give their properties. In Section 2 we give analytical 
properties of matrix transmission operator for elastic waves, derive matrices of effective 
reflection and transmission coefficients and give their properties. In Section 3 we give 
examples of using effective coefficients for simulation of scattered fields in acoustic and 
elastic cases. In Conclusions we give basic results of the research, estimate their novelty and 
contribution of the author, explain possible domains of usage of effective reflection and 
transmission coefficients. 
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1. REFLECTION AND TRANSMISSION OPERATORS 

IN THE TRANSMISSION PROBLEM FOR ACOUSTIC WAVES 
 
 In this Section we discuss analytical properties of the reflection and transmission 
operators for acoustic waves, derive corresponding effective coefficients and bring their 
properties. In Subsection 1.1 we introduce exact statement on the canonical transmission 
problem, which describes scattering of stationary acoustic waves at infinite plane interface of 
two homogeneous half-spaces. In Subsection 1.2 solution of the problem is represented as sum 
of unknown source field as volume integral and unknown scattered field. In Subsection 1.3 the 
space scattered field is introduced as result of action of the Weyl-type propagation operator 
over unknown scattered field trace at the interface. In Subsection 1.4 we introduce 
transmission transform that transforms source field trace into scattered field trace and has form 
of matrix transmission operator. Analytical properties of the transmission operator are 
analyzed. Its scalar elements, which are represented by reflection and transmission operators 
of convolution type, are introduced through the Fourier transform in the domain of space 
frequencies and classical plane-wave reflection and transmission coefficients (Fresnel 
coefficients). In Subsection 1.5 we discuss properties of the convolution kernel and give 
figures of real and imaginary parts of the kernel for arbitrary velocity contrasts. In Subsection 
1.6 action of the reflection and transmission operators over the source field trace is reduced to 
the pointwise multiplication with the corresponding effective coefficients. It is shown that 
effective coefficients tend to corresponding plane-wave coefficients when angular frequency 
tends to infinity. Pictures of the effective reflection coefficient for various density contrasts are 
brought. 
 
 
 
1.1. Statement of the canonical problem 
 
 By a transmission problem it is usual to mean wave scattering by an infinite curvilinear 
interface Σ  between two inhomogeneous half-spaces 3R , 1, 2j jΩ ⊂ = . Let 

( ) ( ) ( ) ( ){ }2 2
2, 0 1 x , 2j j Rj jH u H B R u L

η α
η α−
− Ω = ∈ Ω ∀ > + ∂ ∈ Ω ≤I  be the weighted 

Sobolev space, and ( )*
jB Ω  be denotation of the Besov space, which is a class of elements u  

belonging to ( )2 , 0j RjL B RΩ ∀ >I  and satisfying relation 

( )*

2 2

1 x , x

1sup x
j

j

B
R R

u u d
RΩ

> < ∈Ω

= < ∞∫∫∫ , where { }x xRj jB R= ∈Ω < . In [37, 43] it was shown 

that the unique solution of this problem for scalar waves exists in the class of functions 
( ) ( )2 * , 1 2j jH Bη η− Ω Ω >I . 

 
 In this Subsection we consider canonical medium model: plane interface Σ  divides two 
homogeneous half-spaces 1Ω  and 2Ω  (Fig. 1.1). Let ( ) 3

3x x, Rx= ∈  be system of Cartesian 

coordinates, where ( )1 2x ,x x= ∈Σ  and the axis 3x  is directed into 1Ω . Introduce denotation 

for limit points ( ) ( ) 1x x, 0 , 1 j
j j j jε ε −= ∈Ω = − . 
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Fig. 1.1. Medium model. 
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 For such medium model, the transmission problem can be reduced to determination of 
two complete wave fields ( )1 xu  and ( )2 xu . Each field ( ) ( ) ( )2 *xj j ju H Bη−∈ Ω ΩI  satisfies 
the stationary wave equation 
 

( ) ( ) ( )2 x x z , xj j j j jk u f∆ + = − − ∈Ω ,     (1.1) 
 
where /j jk cω=  is the wave number, ω  is the angular frequency, jc  is constant wave 
propagation velocity in jΩ , and the radiation condition at infinity in jΩ  is 
 

2

x , x

1lim x x x 0
j

j j jR
R

u ik u d
R→∞

∈Ω <

⋅ ∇ − =∫∫∫      (1.2) 

 
Let us assume that the volume density of sources ( )x zj jf −  is given in the domain 

supp j jf ⊂ Ω , where z j  is an arbitrary point with fixed position inside supp jf . 
 
 Pair of complete wave fields ( )1 xu  and ( )2 xu  satisfy the transmission conditions at the 
interface Σ  
 

( ) ( ) ( ) ( )1 1 2 2 3 1 1 3 2 2x x , x xu u u uβ= ∂ = ∂ ,     (1.3) 
 
where 1 2β ρ ρ=  is the given constant coefficient, jρ  is the medium density in jΩ , 

3 3x∂ = ∂ ∂  is the normal derivative to the interface. 
 
 
 
1.2. Space source field 
 
 Represent solution of the problem (1.1)-(1.3) in the form of sum 
 

( ) ( ) ( )x x xj j ju u u− += + ,       (1.4) 
 
where ( )xju−  is the given partial solution of the problem (1.1)-(1.2), ( )xju+  is the scattered 
field, which is solution of the problem (1.1)-(1.3) with the homogeneous equation (1.1). 
 
 Partial solution ( )xju−  can be introduced by the volume integral [35] 
 

( ) ( ) ( )
supp

x x, x x z x
j

j j j j
f

u g f d− ′ ′ ′= −∫∫∫      (1.5) 

 
and represents the source field, if the fundamental solution ( )x, xjg ′  of the problem (1.1)-
(1.2) has the form of spherical wave [40] 
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( ) ( ) ( )x, x exp x x 4 x xj jg ik π′ ′ ′= − −      (1.6) 
 
 Introduce operator of the twofold Fourier transform F  by the formulas 
 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

2

3 3 3
R

1
3 3 3

R

1� �x, , , exp x ,
2

1� , x, x, exp x x
2

x F x x i d

x F x x i d

ϕ ϕ ϕ
π

ϕ ϕ ϕ
π

−

= =

= = −

∫∫

∫∫

ζ ζ ζ ζ

ζ ζ
   (1.7) 

 
with the Weyl transform ( ) ( )3 3 3

� , expj j jE x i xε ζ± = ±ζ  and arithmetical square root 
2 2

3 ,j jkζ ζ ζ= − = ζ  [23]. Further, we will omit the argument ζ  to simplify notations. 
 
 Introduce spectral representation of the source field (1.5). For that, let us represent the 
fundamental solution (1.6) when 3x R \ j∈ Ω  in the form of the Weyl representation over the 
complete system of plane incoming waves 
 

( ) ( ) ( ) ( )1

3 3 3
�x;x 4 exp xj j jg F i E x x iπ ζ

− − ′ ′ ′= − −  
ζ     (1.8) 

 
Substituting (1.8) in (1.5), we obtain the source field (1.5) in the form of Weyl representation 
 

( ) ( )3
��xj j ju F u E x− − − =   ,       (1.9) 

 
where 
 

( ) ( ) ( ) ( )1

3 3
supp

�� 4 exp x x z x
j

j j j j ju i E x i f d
ϕ

π ζ
−− − ′ ′ ′ ′= − − −∫∫∫ ζ    (1.10) 

 
In particular, when x x j→  in (1.9), we obtain the source field trace at the interface 
 

( ) �xj j ju F u− −=         (1.11) 
 
 
 
1.3. Space scattered field 
 
 Introduce spectral representation of the scattered field ( )xju+  when x j∈Ω  in the form of 
Weyl representation over the complete system of outgoing plane-waves 
 

( ) ( )3
��xj j ju F u E x+ + + =          (1.12) 
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 In the limiting case x x j→  the formula (1.12) gives the scattered field trace at interface 
 

( )xj j ju F u+ +=         (1.13) 
 
From (1.13) it follows 
 

( )1� xj j ju F u+ − +=         (1.14) 
 
 Substitution of relation (1.14) into representation (1.12) gives desired form of the space 
scattered wave field 
 

( ) ( ) ( )1
3

�x xj j j ju F E x F u+ + − + =         (1.15) 

 
In spite of the formula (1.15) defines solution (1.4) when the source field (1.5) is given, the 
scattered field trace ( )xj ju+  still remains unknown. 

 From the relation (1.15) it follows that operator ( ) 1
3

�
jF E x F+ − , which transforms the 

trace ( )xj ju+  into the space scattered field ( )xju+ , is a propagation operator. This operator 
may also be introduced with help of double layer potential. 
 
 
 
1.4. Transmission transform at interface of half-spaces 
 
 Let us determine dependence between pair of unknown traces (1.13) and pair of given 
source field traces (1.11) with help of the transmission conditions (1.3). Consider spectral 
form. Let us substitute representation (1.4) into the transmission conditions (1.3) and apply 
operator 1F −  to both equalities. As a result we obtain spectral form of the transmission 
conditions 
 

( )
1 1 2 2

1 1 2 2

� � � � ,

� � � � ,

u u u u

u u u uβ

− + − +

− + − +

+ = +

′ ′ ′ ′+ = +
       (1.16) 

 
where ( )1

3� � xj j ju F u+ − +′ = ∂  and ( )1
3� � xj j ju F u− − −′ = ∂ . 

 
 System (1.16), which consists of two equations, contains four unknown spectra � ju+  and 
� ju +′ . It is necessary to add two linearly independent relations, which are based on properties of 

solutions of the problem (1.1)-(1.2) and are not connected with the transmission conditions 
(1.3). To obtain such additional relations, let us prove next lemma. 
 
 Lemma 1. The impedance type relations hold true 
 

3 3� � � �,j j j j j j j ju i u u i uε ζ ε ζ+ + − −′ ′= = −       (1.17) 
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 Proof. Differentiate representations (1.12) and (1.9) in the line 3x , let x x j→  and apply 
operator 1F −  to obtained equalities. As a result we obtain desired impedance relations. Lemma 
is proven. 
 
 Inspite of the fact that the system (1.16)-(1.17) contains six relations for four unknown 
quantities, it is compatible by definition. Substituting impedance relations (1.17) into 
conditions (1.16), we reduce the system (1.16)-(1.17) to the system of two linearly 

independent equations for two unknown quantities � ju+ . Represent its solution in the matrix 
form 
 

+ �� �u K u−= ,         (1.18) 
 
with spectral vectors 
 

( )1 2� � �u ,u u± ± ±=          (1.19) 
 
and a spectral matrix 
 

11 12

21 22

� �
�K=

� �
k k

k k

 
 
  

         (1.20) 

 
The elements of the matrix (1.20) are reflection 11 22

� �,k k  and transmission 12 21
� �,k k  coefficients 

for plane waves (Fresnel coefficients) [18] given by the formulas 
 

31 32
11 12 11 21 11 22 11

31 32

� � � � � � �, 1 , 1 ,k k k k k k kζ βζ
ζ βζ
−= = − = + = −
+

   (1.21) 

 
 Introduce vectors of the scattered field traces and source field traces at the interface 
 

( )1 2u ,u u± ± ±=          (1.22) 
 
and a matrix operator 
 

0
F

0
F

F
 

=  
 

         (1.23) 

 
Applying the operator (1.23) to the equality (1.18) and letting 1�u F u− − −=  in its right part, we 
obtain a transmission transform at the interface 
 

+u K u−= ,         (1.24) 
 
where the matrix transmission operator has the form 
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11 12

21 22

K
K K
K K
 
=  
 

        (1.25) 

 
mnK  are reflection operators (when m n= ) and transmission operators (when m n≠ ), which 

according to formulas (1.20) have the form 
 

1�
mn mnK F k F −=         (1.26) 

 
The transmission operator (1.25) is a particular case of the more common transmission 
operator obtained in [31]. 
 
 Let us note some mathematical properties of the operator (1.25). Letting in (1.4) x x j→ , 

introduce vector of the interference field traces u u u− += + . Then the next lemma holds true. 
 
 Lemma 2. Vector u  is the fixed point of the transmission operator K . 
 
 Proof. From the definitions (1.21) it trivially follows that 2K I= . Taking into 
consideration this property and applying K  on the relation (1.24) from the left, we obtain 
u K u− += . Summarizing this relation with (1.24), we obtain the identity u K u= , which 
shows that the vector of the interference field traces f  is the fixed point of the operator K . 
Lemma is proven. 
 
 
 
1.5. Reflection and transmission operators 
 
 By virtue of the definitions (1.21), the transmission operators may be represented as 
 

( )3 jjj jK I K− = + ,        (1.27) 
 
where I  is the operator which acts by the rule ( ) ( ) ( )x x ,j j j ju I u− −= ⋅ ⋅ . Based on the 
representation (1.27), we will consider only reflection operators jjK . Represent these 
operators in the form 
 

1
1jj jK I Qβε
β

 −= + + 
,       (1.28) 

 
where 
 

( ) 1� ;pQ F q Fη −= ,        (1.29) 

( )
2 2 2 2

2 2 2 2

cos sin 1� ;p
1cos sin

q
ψ η β ψ η βη

βψ η β ψ η
− − − −= −

+− + −
,    (1.30) 
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kη ζ=  is a dimensionless variable, 2 2
1 2k k k= +  is a mean-square wave number for acoustic 

interface, ( )p ,ψ β=  is a vector of the model parameters, ( ) ( )2 1 1 2arctg arctgk k c cψ = = . 
From the definition of the coefficient (1.30) it trivially follows 
 

( ) ( ) ( )1� �;p ;p , p 2 ,q qη η π ψ β−′ ′= − = −      (1.31) 
 
Therefore we will assume that the function (1.30) varies on the parametric set 
[ ] ( ]p 0, 2 0,1π∈ × . 

 
 Note that, by definition, the operator (1.29) has an equivalent convolution form Q q= ∗  
with the kernel ( ) 1 �2q F qπ −= , which varies on the set [ ] ( ]p 0, 2 0,1π∈ × . From the formal 
standpoint, these two representation forms are equal. However, for the numerical realization 
the convolution form is preferable because of the next reasons. Disadvantage of the spectral 
form of the operator (1.29) appears in practical problems where the trace ( )xj ju−  is given as a 
mesh function with a grid step defined by experimental data. At the same time realization of 
the spectral representation of the operator (1.29) brings essential inaccuracies in denumerable 
trace of the scattered field. Advantage of the convolution form consists in the fact that the 
kernel q , based on symmetry of the coefficient (1.30) on ζ -plane, may be represented as one-
dimensional integral and tabulated on the set [ ] ( ]p 0, 2 0,1π∈ × . 
 
 If we permute the operators F  and 1F −  in (1.29), the action of the operator (1.29) over 
the trace ( )xj ju−  may be written as a two-dimensional convolution 
 

( ) ( ) ( ) ( )
2R

x y;p x y yj j j j jQ u q k u d k− −= −∫∫      (1.32) 

 
with a dimensionless kernel 
 

( ) ( ) ( )
2R

1 �y;p ;p exp η y η
2

q k q i k dη
π

= ∫∫      (1.33) 

 
and a dimensionless vector η k= ζ . Since the coefficient (1.30) has the order of decreasing 

( )2O η−  at infinity, the integral (1.33) converges in the classical meaning and does not contain 
generalized functions. 
 
 It is easy to show that in vicinity of singular points cosη ψ=  and sinη ψ=  function �q  
belongs to the Hölder class 1 2C  with respect to the variable η  [15]. Therefore the integral 
(1.33) exists only in terms of principal value and integration in (1.33) should be realized using 
spherical or rectangular method [28]. Taking into account the polar symmetry of the 
coefficient �q , it is naturally to choose the spherical method of integration. In two-dimensional 
case this corresponds to transferring to the polar coordinate systems ( ),r θ  at the interface 
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( )y , cos , sinr θ θ= =i i        (1.34) 
 
and ( ),ζ τ  at the plane of space frequencies 
 

( ), cos ,sinζ τ τ= =ζ j j        (1.35) 
 
Letting the parameter k  be fixed, introduce also dimensionless variables 
 

,kr kρ η ζ= =         (1.36) 
 
and definition of the Bessel function in the notations (1.36) by the formula [26] 
 

( ) ( )
2

0
0

1 exp cos
2

J i d
π

ρη ρη τ θ τ
π

= −  ∫      (1.37) 

 
 Taking into consideration the formulas (1.34)-(1.37), the dimensionless kernel (1.33) can 
be represented as the direct Bessel transform of the zero order 
 

( ) ( ) ( )0
0

�; p ;pq q J dρ η ρη η η
∞

= ∫       (1.38) 

 
Notice that the improper integral (1.38) depends on the parameter ρ , which may take the 
value 0ρ = . We assume that the integral (1.38) is a continuous function of the variable ρ  
when ( )0,ρ ∈ ∞  and ( ) ( )

0
0;p lim ;p

r
q q ρ

→
= . To justify the continuity of the function (1.38) let 

us prove the next lemma. 
 
 Lemma 3. The integral (1.38) uniformly converges on the parametrical set 

( ) [ ] ( ]{ }0, , p 0, 2 0,1ρ πΠ = ∈ ∞ ∈ × . 
 
 Proof. Rewrite the integral (1.38) in the form of sum 
 

( ) ( ) ( ) ( ) ( )
0 00, ,; p ;p ;pq q qη ηρ ρ ρ∞= + ,        

 
where 0η  is an arbitrary fixed number, 0η ρ> , and 
 

( ) ( ) ( ) ( )0, �; p ;p
B

A B
A

q q J dρ η ρη η η= ∫         

Notice that in this form only integral ( ) ( )
0 , ; pq η ρ∞  is improper. Because of this reason, further 

study reduces to its uniform convergence. For enough big 0η  and [ )0 ,η η∈ ∞ , the coefficient 
(1.30) allows expansion to the asymptotic series 
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( )
( )

( )2 4
2

cos 2� ;p O
1

q β ψη η η
β

− −= − +
+

        

 
Therefore the function ( )� ;pqη η  on the set Π  does not increase on the interval [ )0 ,η η∈ ∞  
and uniformly converges with respect to all parameters to zero with η →∞ . At the same time, 
with regard to the Bessel function properties, for all ( )0,ρ ∈ ∞  and [ )0 ,η η∈ ∞  the relation 
holds true 
 

( )
0

0J d const
η

η

ρη η ≤∫          

 
Then by virtue of the Dirichlet criterion [33] the integral ( ) ( )

0 , ; pq η ρ∞  uniformly converges on 
the parametrical set Π . Lemma is proven. 
 
 Since the integral (1.38) can not be computed in an explicit form, it is necessary to 
estimate the order of its decreasing at infinity. To obtain such estimation we carried out series 
of the numerical experiments for wide enough range of varying of the main parameters. Tests 
show that the kernel (1.38) has asymptotic behavior at infinity 
 

( ) ( ) 3 2; p P ;pq ρ ρ ρ−= ,         

where the non-decreasing oscillating function ( )P ;pρ  is bounded in absolute value by some 
function of parameters. 
 
 For computation of the Bessel transform (1.38), we used the Newton-Cotes scheme (of 
closed type) 26.4.16 from [26]. To make numerical integration stable, we applied combination 
of method of integration by parts in neighborhood of critical points and method of adaptive 
grids. Real and imaginary parts of the kernel ( );pq ρ  with 1β =  and ( )tg 0.2,0.8ψ ∈  are 
shown at Fig. 1.2. 
 
 
 
1.6. Effective reflection and transmission coefficients 
 
 Since in applied problems of acoustics they multiply the source field traces by the plane-
wave coefficients to describe the reflection and transmission processes at interface, we rewrite 
the transmission transform (1.24) in the form of pointwise multiplication. To give the 
convolution (1.32) this form, it is necessary to represent operators (1.28) in the form 
 

1
1jj j jK Iβε ξ
β

 −= + + 
       (1.39) 

 
To define the coefficients jξ , let us prove the auxiliary lemma. 
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Fig. 1.2. Real and imaginary parts of the kernel. 
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 Lemma 4. The trace  ( )xj ju−  can be represented in the form 
 

( ) ( )x , v ,j j j j ju k L kR ψ− = ,         
 
where ( ), v ,j j jL kR ψ  is a function which depends only on the dimensionless arguments 

x zj j jR = − , ( )v , ,j j j jklγ δ=  is a parametrical vector, jγ  and jδ  are polar and latitudinal 

angles of the spherical coordinate system with the center at the point z j , jl  is a specific linear 
size of the support supp jϕ . 
 
 Proof. Introduce change of variables y x z j′= −  in (1.10) and substitute the stating to 
(1.10). We obtain the trace in the form 
 

( ) ( ) ( ) ( )
2

32
3R

� , , �x exp x z
8

j j
j j j j j

j

k kliu E z i d
ψ

π ζ
− −

Φ
 = − − ∫∫

ζ
ζ ζ ,    

 
where 
 

( ) ( ) ( ) ( )3
supp

�� , , exp y y y
j

j j j jk kl E y i f d
ϕ

ψ −Φ = − −∫∫∫ζ ζ      

 
is a dimensionless function. Introducing a dimensionless vector η k= ζ , in the integral 
representation of the trace, we obtain the desired relation, where 
 

( ) ( )
( )2

2 2 2R

� η, ,
, v , exp η η

8
j j

j j j j j j

j

kliL kR i kR d
k k

ψ
ψ

π η

Φ
 = ⋅ 

−
∫∫ i ,     

( )2 2η η,j jk k η = − − 
 

,         

 
1 2cos , sink k k kψ ψ= = . Lemma is proven. 

 
 Using Lemma 4, introduce the normalized source field trace by the formula 
 

( ) ( )
( )

x y
y ; , v ,

x
j j j

j j j j
j j

u
N k kR

u
ψ

−

−

−
=       (1.40) 

Taking into consideration the definition (1.40), the convolution (1.32) may be written in the 
variables (1.34) and (1.36) in the form of multiplication 
 

( ) ( ) ( )x ; v ,p xj j j j j j jQ u kR uξ− −= ,      (1.41) 
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where the desired coefficient jξ  is defined in the form of normalized convolution 
 

( ) ( ) ( )
0

; v ,p ;p ; , v ,j j j j j jkR q D kR dξ ρ ρ ψ ρ ρ
∞

= ∫ ,    (1.42) 

 
with an integral of averaging of the normalized trace (1.40) over the polar angle 
 

( ) ( )
2

0

1; , v , ; , v ,
2j j j j j jD kR N kR d

π

ρ ψ ρ ψ θ
π

= ∫ i     (1.43) 

 
 Taking into account (1.22), substitution of (1.39) and (1.27) into (1.24) gives 
representation of the scattered field traces as 
 

( ) ( ) ( ), ,x x xj j j r j j t ju u u+ + += + ,       (1.44) 
 
where the traces of reflected ( ), xj r ju+  and transmitted ( ), xj t ju+  fields have the form 
 

( ) ( ) ( ) ( ) ( ), , 3 33x x , x xj r j jj j j j t j j jj ju u u uχ χ+ − + −
− −−= = ,   (1.45) 

 
and coefficients are given by the formulas 
 

( ) ( )

( ) ( ) ( )3

1; v ,p ; v ,p ,
1

;v ,p 1 ; v ,p

jj j j j j j j

j j jj j jj j

kR kR

kR kR

βχ ε ξ
β

χ χ−

 −= + + 

= +
     (1.46) 

 
Although the formulas (1.45) have the form of linear transformation, they cannot be 
considered this way. The reason is the coefficients (1.46) are expressed through the 
normalized convolutions ( ); v ,pj j jkRξ , which depend on the distribution of the traces ( )xj ju−  
over the interface. The scheme of action of the effective coefficients is shown on Fig. 1.3. 
 
 To validate the representation (1.45), let us consider the limiting case jkR →∞  in 
coefficients (1.46). From the formulas (1.40), (1.42) and (1.43) it follows that it is enough to 
realize such limiting transfer immediately for each trace ( )xj ju− . 
 
On the assumption k const=  and jR →∞ , the source field trace ( )xju−  transfers to the plane 

wave with the wave vector k j j jk= i , where ( ) ( )x sin ,cosj j j j j jγ γ= =i i e  and 

( ) ( )x cos , sinj j j j jδ δ= =e e . The source field trace ( )xj ju−  transfers to the plane wave trace 
 

( ) ( )x exp xj j j ju i kσ− = ⋅e ,       (1.47) 
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Fig. 1.3. Scheme of action of effective coefficients. 
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where jkσ  is the module of the horizontal component of k j , ( ) 1 22 2
1 2sinj j jc c cσ γ

−− −= + . 

Introduce notation for the critical angle { }( )* arcsin min tg ,ctgjγ ψ ψ= . In these assumptions, 
let us prove the next lemma. 
 
 Lemma 5. With jkR →∞  and *

j jγ γ≠  the coefficients (1.46) take the form 
 

( )

( ) ( ) ( )

2 2 2 2

2 2 2 2

3

cos sin
;v , p ,

cos sin

;v , p 1 ;v , p

j j
jj j j

j j

j jj jj j

ψ σ β ψ σ
χ ε

ψ σ β ψ σ

χ χ−

− − −
∞ =

− + −

∞ = + ∞

    (1.48) 

 
 Proof. If we substitute the plane wave trace (1.47) to the definition (1.40), we obtain 
 

( ) ( ); , v , expj j j jN iρ ψ σ ρ∞ = − ⋅i e i         
 
Hence, taking into consideration the Bessel transform definition and (1.43), we obtain a 
relation 
 

( ) ( )0; , v ,j j jD Jρ ψ σ ρ∞ =          
 
Substituting the last relation into (1.42) and using the definition of the inverse Bessel 
transform, we will obtain limiting value of the normalized convolution 
 

( ) ( ) ( ) ( )0
0

�; v , p ;p ;pj j j jq J d qξ ρ σ ρ ρ ρ σ
∞

∞ = =∫       

 
Then from the relations (1.46) with jkR →∞  we obtain the desired result. Lemma is proven. 
 
 From Lemma 5 it follows that the limiting values of coefficients (1.46) coincide with the 
plane wave reflection and transmission coefficients. Therefore coefficients (1.46) may be 
considered as effective reflection and transmission coefficients. From the formulas (1.48) it 
follows that plane-wave coefficients do not depend on frequency ω . This effect can be 
explained by the fact that the limiting case jkR →∞  may be realized in two ways. The first 
technique was considered before. 
 
 The second technique of the realization of this limiting case corresponds to letting 
k →∞  with fixed jR . Notice that the case k →∞  corresponds to switching form the exact 
description of the reflection/transmission phenomenon to the high-frequency asymptotic 
approximation. Therefore the formulas (1.44)-(1.45) together with coefficients (1.46) may be 
considered as theoretical explanation of the asymptotic ray theory assumption that for high 
frequencies arbitrary incident wave is reflected and transmitted as locally plane. 
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 Below we give graphs of effective reflection coefficient ( )11 1 1; v , pkRχ  for the point 

source field. For comparison we give corresponding coefficient ( )11 1; v , pχ ∞  for the plane 
wave, which is tangent to the spherical wave at each point. 
 
 Computations are carried out for the medium model with typical for observed seismic 
waves velocities. The only one source of the spherical wave is situated in the point 

( )1z 0, 0, h=  of the half-space 1Ω  and generates the trace ( ) ( ) ( )1 1 1 1 1x exp 4u ik R Rπ− =  at the 

interface Σ . The parametrical vector is ( )1 1v , 0, 0γ= , where ( )1 1arctg x hγ = . Modules of the 
source field ( )1 1xu−  and corresponding reflected field ( )1 1xu+  are shown on Fig. 1.4 
(correspondingly). The medium model parameters are: 1 2c km s= , 2 4c km s= , 1β = , 

200 Hzω = , 0.5h km= . 
 
 Fig. 1.5 shows graphs of module of the effective reflection coefficient for various values 
of the parameter kh : 010kh =  (A), 110kh =  (B), 210kh =  (C), 610kh =  (D), kh→∞  (P). On 
figures the first graph corresponds to 1β = , i.e. to absence of the density contrast at the 
interface, the second graph corresponds to 2β = , i.e. to the absence of the acoustic resistance 
contrast since tg 1β ψ = . 
 
 Graphs show that the effective reflection coefficient essentially depends on the dominant 
frequency and curvature of the wave front of the incident wave. This fact can be seen from 
deviation of the effective coefficient from the plane-wave coefficient in the pure reflection 
domain ( 0

1 30γ < ). Notice that this deviation is stronger for small dominant frequencies. 
Oscillations of the effective coefficient in overcritical domain ( 0

1 30γ > ) are generated by 
interference of reflected and head waves. For high frequencies the interference domain 
diminishes and, consequently, the head wave effect decreases. From graph it follows that, 
when frequency tends to infinity, the effective coefficient tends to the plane-wave coefficient. 
However, it remains to be smooth and differ from the plane-wave coefficient. Thus, if we 
multiply the source field trace by the effective coefficient, we keep smoothness of the 
scattered wave field. 
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Fig. 1.4. Distribution of the source and reflected fields over the interface. 
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Fig. 1.5. Effective reflection coefficient. 
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2. TRANSMISSION OPERATOR 

IN THE TRANSMISSION PROBLEM FOR ELASTIC WAVES 
 
 In this Section we discuss analytical properties of the matrix transmission operator for 
elastic waves, introduce matrices of the effective reflection and transmission coefficients and 
give their properties. In Subsection 2.1 we give exact statement of the stationary transmission 
problem for elastic waves. In Subsection 2.2 solution of the problem is represented as sum of 
given source field and unknown scattered field. In Subsection 2.3 the space scattered field is 
introduced as result of action of a propagation operator over scattered field trace at the 
interface. In Subsection 2.4 we derive integral transmission transform at interface. In 
Subsection 2.5 we derive matrix transmission operator. Analytical properties of the 
transmission operator are analyzed. Its scalar elements, which are represented by reflection 
and transmission operators, are introduced through the Fourier transform in the domain of 
space frequencies and linear combinations of classical elastic plane-wave reflection and 
transmission coefficients. In Subsection 2.6 action of this operator over the vertical and 
horizontal components of the source field trace is reduced to the pointwise multiplication with 
the matrix of corresponding effective coefficients. It is shown that the effective coefficients 
tend to corresponding plane-wave coefficients when angular frequency tends to infinity. 
Graphs of vertical and horizontal components of the effective coefficient of monotype 
reflection for various density contrasts are brought. 
 
 
 
2.1. Statement of the canonical problem 
 
 Let notations for coordinates and unit normal be the same as is Subsection 1.1 (Fig. 2.1). 
The propagation of elastic waves in half-space 3R , 1, 2j jΩ ⊂ =  is usually expressed in terms 

of the displacement vector ( ) ( ),1 ,2 ,3u x , , , xj j j j ju u u= ∈Ω  and the stress tensor 

( ) ,T uj j j mnT =    [36]. For isotropic elastic solid jΩ  with Lame constants jλ  and jµ , the 
stress tensor is connected to the displacement vector by the relation 
 

( ) ( )T u u I u uj j j j j j j= λ ∇ ⋅ + µ ∇ + ∇       (2.1) 
 
and has scalar components 
 

( ) , ,
, u u j m j n

j mn j j mn j j
n m

u u
T

x x
∂ ∂ 

= λ δ ∇ ⋅ + µ + ∂ ∂ 
     (2.2) 

 
Introduce additional notation for the traction vector 
 

( )t T u nj j j j=          (2.3) 
 
 The canonical transmission problem consists in finding pair of the displacement fields 
( ) ( )1u xj loc jH∈ Ω , which satisfy the stationary equation of wave motion 
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Fig. 2.1. Medium model. 
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( ) 2T u u fj j j j j∇ ⋅ + ρ ω = − ,       (2.4) 
 
where jρ  is the medium density and ( )f xj  is vector of the volume density of sources, 
concluded inside the support suppf j j⊂ Ω . We will consider partial case of the volume 

density of sources. Introduce ort ( )e sin ,cos ,0θ = − θ θ . Let the density ( )f xj  in equation (2.4) 
have the form of sum of two directed forces: the first one has normal direction to the interface 
Σ  and generates P and SV waves, the second one generates only SH waves. Then the volume 
density takes the form 
 

( ) ( ) ( )3f x x e x ej zj jf fθ θ= +        (2.5) 
 
 Additionally we require the displacement field to satisfy radiation conditions when 
x →∞  [21] 

 
( ) ( )1u 1 , u x u xj j j jo ik O −

α α α= ∂ ∂ − = ,     (2.6) 

 
where the index ,P Sα =  corresponds to longitudinal and shear waves, j jk cα α= ω  are the 

wave numbers, ( )2Pj j j jc = λ + µ ρ  and Sj j jc = µ ρ  are constant P and S wave 

propagation velocities in jΩ  correspondingly. The complete wave fields satisfy the 
transmission conditions at interface 
 

1 2 1 2u u , t t= = −         (2.7) 
 
 There exist unique solution of the problem (2.4)-(2.7) (see corresponding references in 
[21]). 
 
 
 
2.2. Space source field 
 
 Solution of the problem in each half-space may be represented as sum of given source 
field and unknown scattered field 
 

( ) ( ) ( )u x u x u xj j j
− += +        (2.8) 

 
Taking into account representation (2.5), the source field has form of sum of one longitudinal 
and two shear waves 
 

( ) ( ) ( ) ( )u x u x u x u xj Pj SVj SHj
− − − −= + + ,      (2.9) 

 
where 
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( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

3
suppf

3
suppf

suppf

u x x e G x, x x ,

u x x e G x, x x ,

u x x e G x, x x

j

j

j

Pj zj Pj

SVj zj Sj

SHj j Sj

f d

f d

f d

−

−

−
θ θ

′ ′ ′=

′ ′ ′=

′ ′ ′=

∫∫∫

∫∫∫

∫∫∫

     (2.10) 

 
 In (2.10) we introduced the fundamental tensor ( ) ,G x, xj j mnG′  =    as two-point 
function of space coordinates 
 

( ) ( ) ( ) ( )2
2

1G x, x x, x I x, x x, xj Sj Sj Pj Sj
j

k g g g ′ ′ ′ ′ = − ∇ − ∇  ρ ω
  (2.11) 

 
In component-wise notations, the tensor (2.11) has form 
 

( ) ( ) ( ) ( )2
, 2

1x, x x, x x, x x, xj mn Sj Sj mn Pj Sj
j m n

G k g g g
x x

 ∂ ∂′ ′ ′ ′ = δ − −  ρ ω ∂ ∂ 
 (2.12) 

 
Components of the fundamental tensor may be expressed through the scalar fundamental 
solutions defined by formulas ( ) ( )x, x exp x x 4 x xj jg ikα α′ ′ ′= − π − , as in Subsection 1.2. 
 
 Introduce notation for the Weyl transform 
 

( ) ( ) ( )2 2 2
3 3 1 2

� exp ,j j j j jE x i x k±
α α α α= ± ε ζ ζ = − ζ +ζ     (2.13) 

 
and introduce representation for the scalar fundamental solutions ( )x, xjgα ′  over the complete 

system of elastic plane waves, outgoing from Σ  into half-space 3R jΩ , 
 

( ) ( ) ( )3 3
��x, x xj j jg F g E x x−

α α α ′ ′ ′= −        (2.14) 

 
In (2.14) spectra of the fundamental solutions are given by the formulas 
( ) ( )1 1 2 2� x exp 4j jg i i x xα α′ ′ ′ = − ζ +ζ πζ  . 

 
 Introduce also notation for the wave vectors of longitudinal and shear waves 
 

( )1 2k , ,j j j
±
α α= ζ ζ ±ε ζ         (2.15) 

 
In these assumptions, the fundamental tensor (2.11) may be rewritten as sum of two tensors, 
which correspond to longitudinal and shear waves, 
 

( ) ( ) ( )G x, x G x, x G x, xj Pj Sj′ ′ ′= + ,      (2.16) 



 27

where 
 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

3 32

2
3 32

� x �G x, x k k ,

� x �G x, x I k k ,

Pj
Pj Pj Pj Pj

j

Sj
Sj Sj Sj Sj Sj

j

g
F E x x

g
F k E x x

− − −

− − −

 ′
′ ′= ⊗ − ρ ω  

 ′
′ ′= − ⊗ − ρ ω  

   (2.17) 

 
dyads k kj j

− −
α α⊗  are given by the formulas 

 
2
1 1 2 1

2
1 2 2 2

2
1 2

k k
j j

j j j j

j j j j j

α
− −
α α α

α α α

 ζ ζ ζ −ε ζ ζ
 ⊗ = ζ ζ ζ −ε ζ ζ 
 −ε ζ ζ −ε ζ ζ ζ 

     (2.18) 

 
 Substitution of (2.17) into relations (2.10) gives spectral representations for all the 
components of the source field in the form 
 

( ) ( )3
��u x p , , ,j j j jF a E x P SV SH− − − −

α α α α = α =  ,    (2.19) 

 
where ( ) ( ) ( )3 3 3

� � �
SVj SHj SjE x E x E x− − −= = , p j

−
α  are polarization vectors of incident P, SV and SH 

waves. Taking into account normalization condition for the angular component ( )u xSHj
−  from 

(2.10) [13], the spectral amplitudes � ja−α  are 
 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )

32
suppf

32
suppf

2

32
suppf

�� �x x x ,

�� �x x x ,

cos �� �x x x

j

j

j

j Pj Pj
Pj zj Pj Pj

j

j Sj
SVj zj Sj Sj

j

j
SHj j Sj Sj

j

k
a f g E x d

k
a f g E x d

a f g E x d

− −

− −

− −
θ

−ε ζ ′′ ′ ′= −
ρ ω

ε ζ ′′ ′ ′= −
ρ ω

ε ζ ϕ−θ ′′ ′ ′= −
ρ ω

∫∫∫

∫∫∫

∫∫∫

   (2.20) 

 
 In polar coordinates 1 2cos , sinζ = ζ ϕ ζ = ζ ϕ  at the plane of space frequencies ( )1 2,ζ ζ , 
the polarization vectors for incident and scattered P, SV and SH waves may be introduced as 
 

( )

( ) ( )

( )

3

1 1p k cos , sin , ,

1 1p k e k cos , sin , ,

1p k p sin , cos ,0

Pj Pj j Pj
Pj Pj

SVj Sj j Sj Sj Sj j
Sj Sj

SHj Sj SVj j
Sj

k k

k k

k

± ±

± ± ±

± ± ±

= = ζ ϕ ζ ϕ ±ε ζ

= ×ε × = ζ ϕ ζ ϕ ε ζ
ζ

= × = ε ϕ − ϕ

m m

m

  (2.21) 
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2.3. Space scattered field 
 
 Let us seek an unknown scattered field in the form of sum of one longitudinal and two 
shear waves 
 

( ) ( ) ( ) ( )u x u x u x u xj Pj SVj SHj
+ + + += + +       (2.22) 

 
By analogy with the representation of the source field through the waves incoming to the 
interface, it is reasonable that we represent the scattered field in the form of the Weyl 
transform over the complete system of the elastic plane waves outgoing from the interface Σ  
into half-space jΩ , i.e. 
 

( ) ( )3
��u x pj j j jF a E x+ + + +

α α α α
 =          (2.23) 

 
 Let us obtain the desired representation of the space scattered wave field as action of the 
propagation operator on its trace at the interface. For this aim, we compose six-dimensional 
vectors of the source fields and scattered fields is each half-space, which contain Cartesian 
coordinates: ( ) ( )1 2x u , u± ± ±=u  and corresponding spectral vectors ( )1 2� � �u , u± ± ±=u , 

( )� � � �u , ,j Pj SVj SHju u u± ± ± ±= . Introduce also six-dimensional vectors of spectral amplitudes of P, SV 

and SH waves ( )1 2� � �a ,a± ± ±=a , ( )� � � �a , ,j Pj SVj SHja a a± ± ± ±= , which are connected with the vectors � ±u  by 
the formula 
 

� �� ± ± ±=u A a ,         (2.24) 
 
where 
 

{ }1 2
� � �A , Adiag± ± ±=A ,        (2.25) 

( )
( )
( )

1 1 2

, 2 2 1
� �A e ,p

0

Pj Sj Sj j

j j m m j Pj Sj Sj j

j Pj Pj j Sj

k k

A k k

k k

± ± ±
α α

 ζ ζ ζ ζ ε ζ ζ
 

    = = = ζ ζ ζ ζ −ε ζ ζ     
±ε ζ ε ζ  

m

 (2.26) 

 
 Introduce six-dimensional matrix consisting of the Weyl transforms for scattered waves: 
( ) { }3 1 2

� � �E , Ex diag+ + +=E , ( ) { }3
� � � �E E , E ,Ej Pj Sj Sjx diag+ + + += . In such notations, from formulas (2.22)

-(2.24) it follows that 
 

( ) ( ) 1� �� �x F
−+ + + + +=u A E A u        (2.27) 

 
From the relation (2.27) when 3 0x →  it trivially follows that ( ) �x j F+ +=u u . Evaluating the 

spectral vector � +u  and substituting it to (2.27), we obtain 
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( ) ( )x x j
+ + +=u P u ,        (2.28) 

 
where the operator 
 

( ) 1 1� ��F F
−+ + + + −=P A E A        (2.29) 

 
is a propagation operator, which allows to regenerate unknown scattered field ( )x+u  using its 

trace ( )x j
+u  at the interface. Notice that, as in acoustic case, this trace is an unknown 

function. 
 
 
 
2.4. Transmission transform at interface of half-spaces 
 
 Express the unknown trace ( )x j

+u  through the given trace ( )x j
−u  with help of the 

transmission transform. Since the Lame equation (2.4) and conditions (2.6) are taken into 
consideration for derivation of the relation (2.28), to derive the transmission transform it is 
necessary to turn to the transmission conditions (2.7). Substituting solution (2.8) in the 
transmission conditions (2.7) and applying the inverse Fourier transform to both parts of the 
transmission conditions, we obtain spectral form of the transmission conditions 
 

( )1 1 2 2 1 1 2 2
� � � �� � � �u u u u , t t t t+ − + − + − + −+ = + + = − +      (2.30) 

 
 To reduce spectral conditions (2.30) to a system of equations for �u j

+ , let us consider the 

dependence between vectors �u j
±  and corresponding spectral analogue of the traction vectors 

( ),1 ,2 ,3
� � � �t , ,j j j jt t t± ± ± ±=  in Cartesian coordinates. Substitution of the Fourier representations for the 
components from (2.9) and (2.22) in the definition of the traction vector (2.3) gives the desired 
interconnection in the form 
 

�� �t Q uj j j
± ± ±= ,         (2.31) 

 
where the matrices 
 

( )
( )( )

( ) ( )
( )( )

2 2 2

2 2

2 2 3 2 2

2 2

2
0

cos

2 2 2 2�Q 0
cos

0 0

j j Pj Sj Sj j Pj Sj

Pj Sj Pj Sj

j Pj Sj j Pj Sj j j j Pj j Pj j Pj
j

Pj Sj Pj Sj

j Sj

i i k

i k i k

i

±

 ε µ ζ − ζ ζ + ζ − ζ µ ζ
 − ±

ζ + ζ ζ ϕ−θ ζ + ζ ζ 
 
 λ ζ + µ ζ ζ + µ ζ ε ζ −λ − µ ζ + µ ζζ

= ± − 
ζ + ζ ζ ϕ−θ ζ + ζ ζ 

 ± µ ζ 
 
  

(2.32) 
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are spectral analogues of the operator ( )T nj j⋅ . 
 
 Substitute (2.31) in (2.30) and move the unknown spectra �u j

+  to the left-hand part of the 

system (2.30), and the given spectra �u j
−  to its right-hand part. Then the system takes matrix 

form 
 

� �� �+ + − −=L u L u ,         (2.33) 
 
where 
 

1 2

I I�
� �Q Q

±
± ±

± 
=  
± 

L
m

m
        (2.34) 

 
Owing to the fact that determinant of the matrix �+L  is not equal to zero, we multiply the 

equality (2.33) by ( ) 1� −+L  from the left. Then we obtain desired dependence between vectors 

� +u  and � −u  in the form 
 

�� �D
+ −=u T u ,         (2.35) 

 
where 
 

( )
( ) ( )

( ) ( )

11 1

2 1 1 21

11 1

1 2 1 2

� � � �I Q Q Q Q
� � �

� � � �Q Q I Q Q
D

−− −+ + + +

−+ −
−− −+ + + +

  − −    = =
  − −    

T L L     (2.36) 

 
 Substituting the Fourier transform ( )1� y jF− − −=u u  and ( )1� x jF+ − +=u u  in the relation 
(2.35), we obtain the desired transmission transform at the interface in the form 
 

( ) ( )1�x yj D jF F+ − −=u T u        (2.37) 
 
 
 
2.5. Transmission operator 
 
 Let us show that the scalar elements of the spectral matrix (2.36) may be expressed 
through the classical coefficients of elastic plane waves. For that substitute corresponding 
relations from (2.24) in the left-hand and right-hand parts of (2.35). As a result we obtain 
 

�� �+ −=a K a ,         (2.38) 
 
where 
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( )
11 121

21 22

� �K K� �� �
� �K K

D

−+ −
 

= =  
  

K A T A ,      (2.39) 

� � 0
� ��K 0

�0 0

mn mn
P P P SV

mn mn mn
SV P SV SV

mn
SH SH

k k

k k

k

 
 
=  
 
  

,      (2.40) 

( )( ) ( )( )
( )( ) ( )( )

( )
( )( ) ( ) ( )

( )
( )

2
1 2 1 2 1 2 2 111

2
1 2 1 2 1 2 2 1

2 211 1
1 2

1 1 2 1 2 1 2 2 1

2 211 1
1

1 1 2

� ,

� 2 ,

� 2

P P S S P S P S
P P

P P S S P S P S

P SP
SV P S

S P P S S P S P S

P SS
P SV S

P P P S

bw cw bw cw a dw w a dw w
k

bw cw bw cw a dw w a dw w

ab cdw wck w
c bw cw bw cw a dw w a dw w

ab cdw wck w
c bw cw bw

− + −η + −
=

+ + +η − −

η +
= −

+ + + η − −

η +
= −

+ ( ) ( ) ( )
( )( ) ( )( )
( )( ) ( )( )

2
1 2 1 2 2 1

2
1 2 1 2 1 2 2 111

2
1 2 1 2 1 2 2 1

11 1 1 2 2

1 1 2 2

,

� ,

� ,

S P S P S

P P S S P S P S
SV SV

P P S S P S P S

S S
SH SH

S S

cw a dw w a dw w

bw cw bw cw a dw w a dw w
k

bw cw bw cw a dw w a dw w

k

+ +η − −

+ − −η − +
= −

+ + +η − −

µ ζ −µ ζ=
µ ζ +µ ζ

  

( )( ) ( )( )
( )

( )( ) ( )( )
( )

( )( ) ( )

12 1 22
2 2 2

1 1 2 1 2 1 2 2 1

1 212 2
2 2 2

1 1 2 1 2 1 2 2 1

2 112 2
2 2 2

1 1 2 1 2 1 2

� 2 ,

� 2 ,

� 2

S SP
P P P

P P P S S P S P S

P SP
SV P P

S P P S S P S P S

P SS
P SV P

P P P S S P S

bw cwck w
c bw cw bw cw a dw w a dw w

a dw wck w
c bw cw bw cw a dw w a dw w

a dw wck w
c bw cw bw cw a dw w a

+= ρ
+ + +η − −

η −
= − ρ

+ + +η − −

η −
= ρ

+ + +η − ( )

( )( ) ( )( )

2 1

12 2 1 2
2 2 2

1 1 2 1 2 1 2 2 1

12 11

,

� 2 ,

� �1 ,

P S

S P P
SV SV S

S P P S S P S P S

SH SH SH SH

dw w
c bw cwk w
c bw cw bw cw a dw w a dw w

k k

−
+= ρ

+ + +η − −

= −

  

( ) ( ) ( )( )
( )

( ) ( ) ( )( )
( )

( )( ) ( )

21 1 21
1 1 2

2 1 2 1 2 1 2 2 1

2 121 1
1 1 2

2 1 2 1 2 1 2 2 1

1 221 1
1 1 2

2 1 2 1 2 1 2

� 2 ,

� 2 ,

� 2

S SP
P P P

P P P S S P S P S

P SP
SV P P

S P P S S P S P S

P SS
P SV S

P P P S S P S

bw cwck w
c bw cw bw cw a dw w a dw w

a dw wck w
c bw cw bw cw a dw w a dw w

a dw wck w
c bw cw bw cw a dw w a

+= ρ
+ + +η − −

η −
= ρ

+ + +η − −

η −
= − ρ

+ + +η − ( )

( )( ) ( )( )

2 1

21 1 1 2
1 1 2

2 1 2 1 2 1 2 2 1

21 11

,

� 2 ,

� �1 ,

P S

S P P
SV SV S

S P P S S P S P S

SH SH SH SH

dw w
c bw cwk w
c bw cw bw cw a dw w a dw w

k k

−

+= ρ
+ + + η − −

= +

 (2.41) 
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( )( ) ( )( )
( )( ) ( )( )

( )
( )( ) ( )( )

( )
( )

2
1 2 1 2 1 2 2 122

2
1 2 1 2 1 2 2 1

1 122 2
2 2

2 1 2 1 2 1 2 2 1

1 122 2
2

2 1 2 1

� ,

� 2 ,

� 2

P P S S P S P S
P P

P P S S P S P S

P SP
SV P P

S P P S S P S P S

P SS
P SV S

P P P S

bw cw bw cw a dw w a dw w
k

bw cw bw cw a dw w a dw w

ac bdw wck w
c bw cw bw cw a dw w a dw w

ac bdw wck w
c bw cw bw

− + +η − +
= −

+ + +η − −

η +
=

+ + +η − −

η +
=

+ ( ) ( )( )
( )( ) ( )( )
( )( ) ( )( )

2
2 1 2 2 1

2
1 2 1 2 1 2 2 122

2
1 2 1 2 1 2 2 1

22 11

,

� ,

� �

S P S P S

P P S S P S P S
SV SV

P P S S P S P S

SH SH SH SH

cw a dw w a dw w

bw cw bw cw a dw w a dw w
k

bw cw bw cw a dw w a dw w

k k

+ +η − −

+ − +η + −
=

+ + +η − −

= −

  

 
In the formulas (2.41) we introduced notation η = ζ ω, parameters 
 

( ) ( )
( ) ( )

2 2 2
2 2 1 1 2 1

2 2
2 1

2 , ,

,
S Sd c c a d

b d c d

= ρ −ρ η = ρ −ρ − η

η = ρ − η η = ρ + η
     (2.42) 

 
and expressions 
 

2 2 2 2
1 1 1 1 1 1

2 2 2 2
2 2 2 2 2 2

, ,

,

P P P S S S

P P P S S S

w c w c

w c w c

− −

− −

= ζ ω = −η =ζ ω = −η

= ζ ω = −η =ζ ω = −η
   (2.43) 

 
 Coefficients �mnkαβ  from (2.41) coincide with the classical elastic reflection and 
transmission plane-wave coefficients [13, 16, 19]. Symmetry relations for elastic coefficients 
�mnkαβ  are brought in [30]. The superscript ( ), 1, 2mn m n =  corresponds to reflection inside of 

the medium nΩ  when m n= , and transmission from the medium nΩ  into the medium mΩ  
when m n≠ . The subscript ( ), , ,P SV SHαβ α β =  corresponds to conversion of the wave of 

type β  to the wave of type α . Therefore it is natural to term matrices �Kmn  as the reflection 
matrices when m n=  and transmission matrices when m n≠ . Notice that the reflection and 
transmission matrices �Kmn  have block-diagonal structure, which shows that P and SV waves 
participate in the reflection/transmission process independently on SH waves. 
 
 Draw attention on the fact that the matrix �K  has the property 2� =K I . Therefore, by 
analogy with the acoustic case, from (2.38) it follows that ( ) ( )�� � � �− + − ++ = +a a K a a . The vector 

� �− ++a a  is an eigenvector of the matrix �K  for the eigenvalue 1λ = . However, in contrast to 
the acoustic case, this property does not have any physical interpretation since the vector 
� �− ++a a  contains only amplitudes of P, SV and SH waves and does not take into consideration 
polarization vectors. 
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 The matrix �
DT  does not have block-diagonal form similar to �K . Therefore we impart it 

such structure with help of switching to cylindrical coordinates ( ), ,z r θ  in 3R , which are 
defined by the formulas 
 

2 2
3 1 2 2 1, , tgz x r x x x x= = + θ =       (2.44) 

 
 Denote vectors of traces of the displacement fields in cylindrical coordinates as 
( ) ( )1 2x v , vj

± ± ±=v , ( ) ( ), , ,v x , ,j j j z j r jv v v± ± ± ±
θ= . Corresponding spectral vectors in cylindrical 

coordinates have the form ( )1 2� � �v , v± ± ±=v , ( ), , ,� � � �v , ,j j z j r jv v v± ± ± ±
θ= . It is evident that each 

component ,� j zv± , ,� j rv±  or ,� jv± θ  may be obtained from the scalar product of vector �u j
±  and orts 

( )e 0,0,1z = , ( )e cos , sin ,0r = θ θ  or ( )e sin ,cos ,0θ = − θ θ  of the cylindrical coordinate 

system. Thus, the connection between vectors � ±u  and � ±v  has form 
 

� �± ±=v C u ,         (2.45) 
 
where 
 

( )
0 0 1

C 0
, C e ,e cos sin 0 , , ,

0 C
sin cos 0

qm q mC q z r
 

     = = = = θ θ = θ          − θ θ 

C  (2.46) 

 
Notice that the dependence between vectors ±u  and ±v  is 
 

± ±=v C u          (2.47) 
 
 Substitution of (2.45) in spectral formula (2.35) gives 
 

�� �+ −=v T v ,         (2.48) 
 
where 
 

( ) ( )
11 1211
21 22

� �T T� �� � �
� �T T

D

−− + −
 

= = =  
  

T C T C CA K CA ,    (2.49) 

� � 0
� � �T 0

�0 0

mn mn
zz zr

mn mn mn
rz rr

mn

t t
t t

tθθ

 
 =  
  

       (2.50) 

 
The superscript ( ), 1, 2mn m n =  corresponds to reflection inside of the medium nΩ  when 
m n= , and transmission from the medium nΩ  into the medium mΩ  when m n≠ . The 
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subscript ( ), , ,pq p q z r= θ  corresponds to conversion of the component with index q  to the 

component with index p . The structure of �Tmn  in (2.50) shows that in the 
reflection/transmission process vertical and radial components of the displacement fields are 
connected and do not mix with angular components of these fields. Physically it means that P 
and SV waves interfere during transmission at the interface independently on SH waves. 
 
 Substituting Fourier transform in relation (2.48), we obtain the transmission transform in 
the cylindrical coordinates 
 

( ) ( )x yj j
+ −=v T v ,        (2.51) 

 
where 
 

11 12
1

21 22

T T�
T T

F F −  
= =  

 
T T ,       (2.52) 

1

0
�T 0 ,

0 0

mn mn
zz zr

mn mn mn mn mn
rz rr pq pq

mn

T T
T T T F t F

T

−

θθ

 
 = = 
  

     (2.53) 

 
 Since scalar elements �mn

pqt  of the matrix (2.49) are linear combinations of the plane-wave 
reflection and transmission coefficients, it is reasonable that we term operator (2.52) as the 
transmission operator. 
 
 
 
2.6. Effective reflection and transmission coefficients 
 
 Since in applied problems of geophysics they usually multiply source field traces by the 
plane-wave coefficients to describe reflection and transmission phenomenon, let us reduce the 
transmission transform (2.51) to the form of pointwise multiplication. 
 
 For that represent the identity matrix as 
 

{ }
, ,

I 0
, I , ,

0 I P SV SH
P SV SH

diagα
α α α α

α= α

 
= = δ δ δ 

 
∑I ,    (2.54) 

 
where αβδ  is the Kronecker symbol. Substitute the matrix �I K  instead �K  into relation (2.49). 
Then elements (2.53) of the transmission operator (2.52) take the form 
 

, ,

T T Tmn mn mn
SH SH

P SV
αβ

α β=

= +∑ ,       (2.55) 

 
where 
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1 1� �� �T J , T J , , ,mn mn mn mn mn mn
SH SH SH SH SH SHF k F F k F P SV− −

αβ αβ αβ= = α β = ,  (2.56) 

( ) ( )

( ) ( )

1

,

, ,
1

, ,

0 0 0
� ��J CA I CA 0 0 0 ,

�0 0

� � 0
� �� � �J CA I CA 0 , , , ,

0 0 0

mn
SH SH m SH SH n

mn
SH SH

mn mn
zz zr

mn mn mn
m n rz rr

J

J J

J J P SV

−+ −

θθ

αβ αβ
−+ −

αβ αβ αβ αβ

 
 

= =  
 
  

 
 

= = α β = 
 
  

  (2.57) 

{ }I 0,0,1 , I , , , , ,SH SH diag P SVαβ αγ ηβ = = δ δ α β γ η =     (2.58) 
 
 Thus, we introduced operators Tmn

αβ  of reflection (when m n= ) and transmission (when 

m n≠ ) for P, SV and SH waves. Obtained form of the operator Tmn  allows to represent the 
relation (2.51) in the form of pointwise multiplication 
 

( ) ( )x xj j
+ −= ⋅v Χ v ,        (2.59) 

 
where 
 

11 12

21 22
, ,

, mn mn mn
SH SH

P SV
αβ

α β=

 Χ Χ
= Χ = Χ + Χ Χ Χ 

∑Χ ,    (2.60) 

( )
( )

( )
( )

( )
( )

, ,
, ,1

, ,
, ,

,1

,
,

0
y y� �J , ,0 0 ,
x x

0 0 0

0 0 0
y� 0,0, 0 0 0
x

0 0

mn mn
zz zr

n z j n r jmn mn mn mn mn
rz rr

n z j n r j

n jmn mn
SH SH m n SH SH

mnn j
SH SH

v v
F k F diag

v v

v
F k F diag

v

− − αβ αβ
−

αβ αβ αβ αβ αβ− −

−
θ−
−
θ

θθ

 χ χ    Χ = = χ χ   
     

     Χ = ε ε =   
    χ 

 (2.61) 

 
Since each element ,

mn
pqαβχ  of the matrices (2.61) may be expressed through corresponding 

plane-wave coefficient �mnkαβ , we will refer to these functions as effective elastic reflection and 
transmission coefficients. From the formulas (2.61) it follow that the effective coefficients 
functionally depend on the normalized source field traces. Therefore we may term the matrix 
Χ  as matrix of effective reflection and transmission coefficients. The scheme of action is 
shown on Fig. 2.2. 
 
 Consider behavior of elastic effective coefficients when nkR →∞ . It is not difficult to 
show that Lemma 5 from Subsection 1.6 may be generalized for the case of elastic 
coefficients. We give this result without proof. 
 
 



 36

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2.2. Scheme of action of effective coefficients. 
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 Lemma 6. Coefficients (2.61) tend to corresponding plane-wave coefficients when 
nkR →∞  and the incidence angle nγ  does not coincide with critical angle, i.e. 

 
{ } { }� �lim 0,0,1 , lim 1,1, 0

n n

mn mn mn mn
SH SH SH SHkR kR

k diag k diagαβ αβ→∞ →∞
Χ = Χ =   (2.62) 

 
 Consider behavior of the effective coefficient of monotype reflection for a point source 
field of spherical wave and finite values of parameter kh , where 2 2 2 2

1 1 2 2P S P Sk c c c cω − − − −= + + +  is 
mean-square wave number for elastic interface, h  is the distance between source and its 
projection to the interface. Using results of Lemma 6, this coefficient may be compared to 
corresponding coefficient of the plane wave, which is tangent to the spherical wave at each 
point. Computations are made for the medium model with typical for seismic waves velocities 

1 2Pc km s= , 1 1.2Sc km s= , 2 4Pc km s= , 2 2.4Sc km s=  and density contrast 3
1 2 g cmρ =  

and 3
2 2.6 g cmρ = . The only one source is situated in the half-space 1Ω  in the point 

( )0 ,0 ,1km  and generates the longitudinal spherical wave trace at Σ  
 

( ) { }1 2 2
1 1 1 2

exp
u x , 1

4
Pik R

R x x
R

− = ∇ = + +
π

     (2.63) 

 
On Fig. 2.3 there are the effective reflection coefficients 11

,PP zzχ  and 11
,PP rrχ  for various values of 

the parameter kh : 10kh =  (A), 210kh =  (B), 310kh =  (C), 410kh =  (D), kh→∞  (P). 
 
 The graphs show that the effective coefficients essentially depend on the dominant 
frequency and wave front curvature. This fact may be seen in deviation of the effective 
coefficient from the plane-wave coefficient in the domain of pure reflection 0

1 30γ < . 
Oscillations of the effective coefficient in overcritical domain ( 0

1 30γ > ) correspond to 
interference of reflected and two head waves, which are generated at critical incidence angles 

* 0
1 30γ =  and * 0

1 57γ ≈ . For 0
1 57γ >  the unstable oscillations of the effective coefficient are 

determined by interference of reflected wave and two head waves with different phases. From 
the graphs it follows that both effective coefficients tend to the same plane-wave coefficient 
when frequency tends to infinity. 
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Fig. 2.3. Effective reflection coefficient. 
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3. SIMULATION OF SCATTERED FIELDS 

USING EFFECTIVE COEFFICIENTS 
 
 In this Section we give examples of exploiting effective coefficients for simulation of 
scattered fields for acoustic and elastic waves. In Subsection 3.1 we give abstract description 
of the field, single scattered at curvilinear interface. We give short description of an algorithm 
for its simulation with help of the Tip Wave Superposition Method (TWSM), which was 
developed in Institute of Geophysics SB RAS in 80th and 90th and modified by the author with 
a high-frequency approximation of the effective reflection coefficient (ERC). In Subsection 
3.2 we give comparison of synthetic seismograms with the analytic solution for a plane 
interface and with finite difference and generalized ray solutions for a curvilinear interface in 
the form of flexure. There introduced synthetic seismograms for anticline interface in the case 
of concentration of critical points. In Subsection 3.3 we give examples of synthetic 
seismograms for elastic monotype reflection, scattered at a plane interface for sources of P and 
SV waves. It is shown that simulation of seismic wave fields with help of elastic ERC allows 
correct generation not only reflected waves, but also full range of head waves. 
 
 
 
3.1. Scheme of modified acoustic version of Tip Wave Superposition Method 
 
 Consider stationary transmission problem for scattering of acoustic waves at infinite 
interface Σ  between homogeneous half-spaces 1Ω  and 2Ω . In contrast to the canonical 
problem (1.1)-(1.3), we assume that the interface Σ  is smooth and has the form of a plane 
with finite curvilinear perturbation. Let the one source be situated in the half-space 1Ω  and 
generate the spherical wave ( )1 xu− . As a result of scattering of the wave ( )1 xu−  in each half-

space 1Ω  or 2Ω  there arise the wave fields ( )1 xu  and ( )2 xu , which are solutions of the 
problem (1.1)-(1.3) with the transmission conditions given at curvilinear interface Σ . 
Therefore the vector x  is given in curvilinear surface coordinates of Chebyshev type. 
 
 In [31] the transmission problem at curvilinear interface is reduced to a vector boundary 
integral equation for limit values of the field and its normal derivative. The system is modified 
by introducing the transmission operator that generalizes the operator (1.25). Using results of 
this work, here we give exact description of the space scattered wave field, single scattered 
inside 1Ω . 
 
 The complete scattered field ( )1 xu+  may be represented as [31] 
 

( ) ( ) ( ) ( ) ( )1
1 1 1 1x x x , xu u u+ + ∞+ = + ∈Ω ,     (3.1) 

 
where ( ) ( )1

1 xu+  is single scattered field, ( ) ( )1 xu+ ∞  is a remainder term, which contains 
multiple scattering. From (3.1) it follows that, in contrast to the case of plane interface, the 
reflection process at curvilinear interface contains multiple reflections. However we consider 
only single scattering ( ) ( )1

1 xu+ . 
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 The single scattered wave field is represented in the form 
 

( ) ( ) ( ) ( ) ( ) ( ){ }1 1 1
1 1 1 1 1x x , xu P r r n+ + += ∂ ∂ ,     (3.2) 

 
where P  is a propagation operator in the form of surface Helmholtz integral, ( ) ( )1

1 1xr+  is the 

trace of reflected field, ( ) ( )1
1 1xr n+∂ ∂  is the trace of its normal derivative at interface. Notice 

that in the case of a plane interface the operator P  may be represented in two equivalent 
forms: in the form of the Weyl-type operator, as in Section 1, or in the form of integral (3.2). 
In the case of curvilinear interfaces the operator P  may be represented only by integral (3.2). 
The function ( ) ( )1

1 1xr+  in the formula (3.2) describes trace of the wave field, locally reflected 

at the point 1x ∈Σ . The single scattered field ( ) ( )1
1 xu+  represents interference of separate 

wave fragments coming from various points of the interface Σ . 
 
 The values ( ) ( )1

1 1xr+  and ( ) ( )1
1 1xr n+∂ ∂  in arbitrary fixed point 1x ∈Σ  may be expressed 

through the source field trace ( )1 1xu−  and its normal derivative ( )1 1xu n−∂ ∂  as 
 

( ) ( ) ( )
( ) ( ) ( )

1
1 1 11 1 1

1
1 1 11 1 1

x y ,

x y ,

r K u

r n K u n

+ −

+ −

=

∂ ∂ = − ∂ ∂
      (3.3) 

 
where the integral transmission operator 11K  is defined by the relation (1.26) and has the form 
of convolution in curvilinear surface coordinates. 
 
 For approximate description of the field (3.2), the author used the acoustic version of the 
TWSM algorithm [11, 12, 32] 
 

( ) ( ) ( ) ( )1 1
1 1 1x xu P r+ += %% % ,        (3.4) 

 
where P%  is a high-frequency approximation of the propagation operator P . To compute the 
trace (3.3) in the TWSM they used an approximate formula ( ) ( ) ( ) ( )1

1 1 11 1 1x xr uχ+ −= ∞%  with 

the plane-wave reflection coefficient ( )11χ ∞  [12]. Since the coefficient ( )11χ ∞  generates 
essential artefacts, we included a high-frequency approximation of the ERC 11χ%  instead of 
( )11χ ∞  in the TWSM. At that, the single reflected field trace may be represented as [10] 

 
( ) ( ) ( )1

1 1 11 1 1x xr uχ+ −=% %         (3.5) 
 
 In accordance to the agreed asymptotical approximation (3.4)-(3.5), the exact single 
scattered filed is 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1
1 1 1 1x x x xTWSM ECu u u u+ + + += +∆ +∆% ,    (3.6) 
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where ( ) ( )1
1 xTWSMu+∆  and ( ) ( )1

1 xECu+∆  are mistakes in computation of the space scattered field 

due to introduction of P%  and 11χ%  correspondingly. Only in the case of plane interface the 
relation ( ) ( )1

1 x 0ECu+∆ =  holds true due to the property 11 11χ χ=% . 
 
 In applied problems of seismics to describe phenomena at interfaces in formula (3.5) they 
usually use the plane-wave reflection coefficient instead of ERC. By definition, the plane-
wave coefficient does not take into consideration the wave front curvature and, as a 
consequence, does not allow generation of head waves, which have essential meaning for data 
processing. Moreover, as it was shown in Subsection 1.5, this coefficient belongs to the 
Hölder class. Therefore the trace (3.5) computed with help the plane-wave coefficient does not 
belong to the class of continuously differentiable functions. Consequently, the necessary 
condition of existence of normal derivative of the integral (3.2) for derivation the boundary 
integral equation in [31] is violated [20]. As a result, the scattered field contains diffraction 
artefacts generated in the breaking points of the plane-wave reflection coefficient. It is known 
that any method based on Helmholtz surface integrals and plane-wave coefficients generates 
artefacts of that type [38; 41]. Therefore the plane-wave coefficient is not sufficient to 
simulate reflected wave fields in terms of surface integrals. Exploiting the effective coefficient 
allows removing mentioned artefacts and adding head waves to obtain more complete and 
realistic seismic wave field. 
 
 
 
3.2. Acoustic wave field, single scattered at curvilinear interface 
 
 Let us demonstrate the opportunities of the effective coefficients on examples of 
simulation of nonstationary single reflected wave fields with help of the TWSM [10]. 
Simulations are carried out in the domain of time frequency ω with the later application of the 
standard algorithm of the fast Fourier transform. In all the tests we use the impulse form (Fig. 
3.1) 
 

( ) ( ) ( ) ( )02 2exp sin , 2
t t

F t p p p
T
−

= − − π = π ,    (3.7) 

 
where 0 0.064t c=  is a time shift for the central point of the impulse, 0.032T c=  is the wave 
period. 
 
 In accordance to traditions in seismics, the synthetic space wave fields are shown as 
seismograms, which are section of the wave field on the plane ( )1,t x . Parameter t  is 

continuous on the interval ( )min max,t t  of the abscissa axis, parameter 1x  is discrete and given 

on the interval ( )min max,x x  of the ordinate axis. 
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Fig. 3.1. Impulse and its spectrum. 
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 Test 1. The first test is carried out for a plane interface since in this case the mistake 
( ) ( )1

1 xECu+∆  is absent. This fact gives possibility to evaluate the accuracy of the TWSM 
algorithm. At that, we can simulate the exact space scattered field by the formulas (1.15) and 
(1.24). Therefore we can compare the approximate TWSM solution and the exact solution. 
 
 Let us assume the point source of the spherical wave be situated in the point with 
coordinates ( )0,0,1km . Comparison of the TWSM algorithm with the exact simulation is 
made for an interface given by the equation 3 0x = . Let the density contrast be absent, i.e. 

1 2 1β ρ ρ= = , and the velocities be 1 2c km s= , 2 4c km s= . We consider the single 
scattered field (3.4) in the points ( )1,0,1x km , where 1 1x k x= ∆ , 1 0.05x km∆ = , [ ]0,58k N∈ ⊂  
(Fig. 3.2). 
 
 It is necessary to notice that in the case of a plane horizontal interface between 
homogeneous half-spaces kinematical part of the problem may be described by enough simple 
formulas. At first, for a point source the locus of head wave generation is a circle with the 
center in the source projection point and is defined by the Snell�s law 
 

1 2

1 2

sin sin
c c
γ γ= ,        (3.8) 

 
where jγ  is the incidence or reflection angle in the half-space jΩ . Consider, for example, the 
contrast 1 2c c< , which we will use for all the tests below. From the formula (3.8) it follows 
that for the incidence angle *

1γ  such that *
1 1 2sin c cγ =  the relation *

2sin 1γ =  holds true. The 
angle *

1γ  is the critical incidence angle. Corresponding points on the interface coincide with 
the points where the reflection coefficient is not smooth. For all angles *

2 2γ > γ , front of the 
transmitted wave in the half-space 2Ω  propagates along the interface. Since 1 2c c< , for all 

*
1 1γ > γ , front of the transmitted wave passes ahead of the reflected wave front. Therefore there 

appears discontinuity of the wave field at the interface. Head wave arises as smoothing 
correction that compensates this discontinuity and has the form of a wave with conical front 
tangent to the reflected wave front. 
 
 Secondly, it is easy to calculate the arrival time of reflected and head waves on the 
profile. For the considered model the reflected wave arrival time is given by the formula 
( ) 2 2

1 1 14r x h x cτ = + , the head wave arrival time is ( ) ( )* *
1 1 1 1H Hx x x cτ = τ + − , where 

( )* *
1 12 cosH h cτ = γ , * *

1 12 tgx h= γ , h  is the distance between source and point of its projection 
on the interface. These two kinematic wave properties allow controlling accuracy of 
computations. 
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Fig. 3.2. Medium model. 
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 On Fig. 3.3 we give two seismograms computed with help of the TWSM. The first 
seismogram is simulated with the plane-wave reflection coefficient. From the graph it follows 
that, in addition to reflected wave, the seismogram contains artificial diffracted wave 
generated by a circle of critical points on the interface. Second seismogram is simulated with 
help of ERC. On this seismogram there are only reflected wave with hyperbolic hodograph 
curve and head wave with straight hodograph curve. The above-mentioned artefact is 
removed. 
 
 Estimate accuracy of the TWSM algorithm. On Fig. 3.4 we give two seismograms: exact 
seismogram (red) and TWSM seismogram (black). Since the ratio error of the TWSM does 
not exceed adequate value of several percents, the difference between TWSM and exact 
seismograms is not evident. Therefore on Fig. 3.5 we give detailed comparison for three 
separated traces: 1) zone of subcritical reflection at 1 0x = ; 2) zone of interference of reflected 
and head waves at 1 1.55x km= ; 3) zone of overcritical reflection at 1 2.55x km= . The graphs 
also have small differences. Therefore we can maintain that the TWSM with ERC allows 
simulation of synthetic wave fields with high degree of accuracy. 
 
 Test 2. For the case of curvilinear interface comparison of the TWSM seismograms and 
exact seismograms cannot be realized yet since for computation of single scattered field we 
need to realize the propagation operator in the formula (3.2) and the reflection operator in the 
interface curvilinear coordinates in (3.3). Therefore we made comparison of the TWSM 
seismograms with seismograms obtained by essentially another methods: the generalized ray 
and finite difference seismograms from [27]. In the work they consider the medium model as 
follows. The wave propagation velocities are 1 3c km s=  and 2 4c km s= . The interface has 
form of flexure given by the equation ( ){ }3 10.185 0.2 tanh 2 2x x kmπ= − + − . In the work they 
give seismograms of vertical component of single scattered elastic field for the profile, 
distributed between ( )0.75 ,0 ,0.415km km−  and ( )1.25 ,0 ,0.415km km . Receivers are 
distributed with the interval 1 0.02x km∆ = . Fig. 3.6 shows the medium model and data 
window. Both synthetic seismograms contain single reflection in the form of caustic. Notice 
that the head wave is absent since it cannot be registered by the chosen profile. In this Test 
acoustic TWSM seismograms were computed using the plane-wave reflection coefficient and 
ERC. These seismograms are shown on Fig. 3.7. On the TWSM seismogram we observe 
reflection in the form of caustic, which is conditioned by the relief of reflector. The first 
seismogram is essentially distorted by a diffraction artefact generated by contour of critical 
points at the interface. On the second seismogram, which is computed using ERC, this artefact 
is absent. Although for simulation we used acoustic version of the TWSM, second 
seismogram shows qualitative coincidence with seismograms of components from [27]. 
 
 Test 3. This test is made to control steadiness of reproduction of the head wave field, 
which is generated at curvilinear interface, when simulating with help of TWSM and ERC. 
For that we consider an anticline interface, which is chosen so that there appears a wide strip 
of several critical contours. Let the interface be given by the expression 

( ){ }2 2
3 1 21 0.1exp 16x x x km= − + − +  (Fig. 3.8). The wave propagation velocities are 

1 2c km s=  and 2 4c km s= . The profile is situated between points ( )0 ,0 ,1km  and 

( )2 ,0 ,1km km . The receivers are distributed with the interval 1 0.02x km∆ = . 
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Fig. 3.3. TWSM seismograms. 
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Fig. 3.4. Comparison of TWSM seismogram with exact solution. 
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Fig. 3.5. Comparison of TWSM seismograms with exact solution. 
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Fig. 3.6. Medium model. 
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Fig. 3.7. TWSM seismograms. 
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Fig. 3.8. Medium model. 
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At the interface there are three critical circles with radiuses 0.185km , 0.29 km  and 0.566 km , 
and centers coinciding with the projection of source on the interface. Both TWSM 
seismograms contain reflection with almost hyperbolic hodograph (Fig. 3.9). The seismogram, 
obtained with help of the plane-wave reflection coefficient, contains three diffraction artefacts, 
which essentially distort the wave field. On the seismogram computed with ERC these 
artefacts are absent. Moreover, we can observe two head waves: one from the critical circle 
with radius 0.566 km  at plane part of the interface, as in Test 1, �slow� head wave from the 
strip with the internal radius 0.185km  and external radius 0.29 km  at curvilinear part of the 
interface. �Slow� head wave has apparent velocity lower than velocity of reflected wave since 
is arrives from the anticline part to the distant part of profile under sharp angle. In the central 
part of the profile we observe weak caustic generated by concave part of anticline. 
 
 
 
3.3. Elastic wave field scattered at plane interface 
 
 Below we give results of first tests on simulation nonstationary elastic scattered wave 
fields for the case of plane interface between two homogeneous half-spaces. These fields are 
computed in ω domain with help of formulas (2.28), (2.47) and (2.51) with implementation of 
the fast Fourier transform algorithm. Two tests are given to control steadiness of generation of 
monotype reflected wave and full range of head waves when using ERC. 
 
 Test 4. Let the source be situated in the point ( )0 ,0 ,1km  of the half-space 1Ω  (Fig. 3.2). 
It generates the longitudinal spherical wave 
 

( ) { }1
1

exp
u x

4
Pik R

R
− = ∇

π
,       (3.9) 

 

where ( )22 2
1 2 3 1R x x x= + + − . In 1Ω  the wave propagation velocities are 1 2Pc km s=  and 

1 1.2Sc km s=  and density is 3
1 2 g cmρ = , in 2Ω  the wave propagation velocities are 

2 4Pc km s=  and 2 2.4Sc km s=  and density is 3
2 2.6 g cmρ = . The interface Σ  is given be 

the expression 3 0x = . The profile is situated between points ( )0 ,0 ,1km  and ( )2 ,0 ,1km km . 
Receivers are situated at the interval 1 0.02x km∆ = . 
 
 Notice that for elastic half-spaces the Snell�s law has the form 
 

1 21 2

1 1 2 2

sin sinsin sinS SP P

P S P Sc c c c
γ γγ γ= = = ,      (3.10) 

 
where jαγ  is the incidence or reflection angle of α -type wave in jΩ . From (3.10) it follows 
that for the chosen velocities for a longitudinal incident wave in 1Ω  there are two head waves 
in the reflected field [19]. The first one, conditioned by contrast 1 2P Pc c , has smaller arrival 
times. The second one, corresponding to 1 2P Sc c , arrives later and has weaker amplitude. 
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Fig. 3.9. TWSM seismograms. 

1,0 1,2 1,4 1,6
-0,2

0,0

0,2

0,4

0,6

0,8

1,0

1,2

1,4

1,6

1,8

2,0

2,2

D
ist

an
ce

 (k
m

)

Time (sec)

1,0 1,2 1,4 1,6

0,0

0,2

0,4

0,6

0,8

1,0

1,2

1,4

1,6

1,8

2,0

2,2

D
ist

an
ce

 (k
m

)

Time (sec)



 54

 On Fig. 3.10 we give exact seismogram for vertical component of monotype longitudinal 
wave field scattered at plane interface. On the seismogram we observe reflected wave and two 
above-mentioned head waves. Since the head waves have weaker amplitudes than reflected 
wave, we give reduced seismogram. On this seismogram the reflected wave hodograph is 
reduced to the straight line. 
 
 Test 5. Let the SV wave source be situated in the point ( )0 ,0 ,1km  of the half-space 1Ω  
(Fig. 3.2). It generates the wave 
 

( ) { }1
1

exp
u x 0,0,

4
Pik R

R
−  

= ∇×  π 
,      (3.11) 

 

where ( )22 2
1 2 3 1R x x x= + + − . The medium model, interface and data window are the same 

as in Test 4. On Fig. 3.11 we give exact seismogram of horizontal component of monotype 
wave field scattered at plane interface. On the seismogram we observe reflected SV wave and 
three corresponding head waves. The number of head waves is determined by the Snell�s law 
(3.10) and corresponds to three velocity contrasts: 1 2S Pc c , 1 2S Sc c  and 1 1S Pc c  [19]. Also we 
give reduced seismogram that confirms existence of full range of head waves. 
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Fig. 3.10. Vertical component of P-P wave. 
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Fig. 3.11. Horizontal component of SV-SV wave. 
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CONCLUSIONS 
 
 Basic results of the thesis are: 
 
 1. Known solution of the canonical transmission problems for acoustic and scalar waves 
are represented as result of action of propagation and transmission operators composition over 
the source field trace at the interface. 
 
 2. Scalar elements of the transmission operator are expressed through the integral 
reflection and transmission operators in the form of convolutions over the interface with the 
kernels containing the plane-wave reflection and transmission coefficients. 
 
 3. The reflection and transmission operators are represented in the form of effective 
(functional) coefficients. It is shown that the effective coefficients tend to corresponding 
plane-wave coefficients when the frequency tendes to infinity. 
 
 4. The stable algorithms for numerical realization of effective acoustic and elastic 
coefficients are developed. 
 
 5. With help of simulation of single scattered wave field by TWSM it is shown that 
application of the effective coefficients allows correct and enough accurate simulation of 
reflected waves as well as head waves. 
 
 First and second results for acoustic waves are obtained by the author but represent 
particular case of common transmission problem at curvilinear interface [31]. These results for 
elastic waves, as well as third, fourth and fifth results, are new and obtained by the author. 
 
 Based on the obtained results, the author plans to include elastic effective coefficients in 
the elastic version of TWSM. In the outlook, we can expect that: 1) usage of effective 
coefficients for simulation scattered wave fields with help of surface propagators will improve 
the quality of synthetic wave fields; 2) inclusion of effective coefficients into algorithms for 
solving inverse problems of seismics will improve their abilities. 
 
 In conclusion, the author thanks her scientific supervisors: the project leader professor 
Kamill D. Klem-Musatov for the possibility to work in the new and interesting research area 
and doctor Vladimir A. Tcheverda for the help in making-ready the thesis. The author takes 
the opportunity to express her thanks to doctor Arkady M. Aizenberg for useful comments 
during the research and to doctors Hans B. Helle and Jan Pajchel for consultations on 
numerical technology and possibility of testing TWSM on powerful computers. 
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