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ABSTRACT

We propose a new cost function for clustering based
on the Cauchy-Schwartz (CS) inequality. This cost
function is obtained by replacing inner products be-
tween vectors with inner products between probability
density functions (pdf’s), in the CS inequality expres-
sion. Combined with Parzen pdf estimation, this pro-
vides us with a non-parametric information-theoretic
cluster evaluation function that we refer to as the CS
divergence. We propose a novel method for maximiza-
tion of the CS divergence for clustering, and present
results on both artificial data and real data.

1. INTRODUCTION

In exploratory data analysis it is often desirable to
perform an unsupervised classification of data pat-
terns into different subsets, such that patterns within
each subset are alike and patterns across subsets are
not alike, according to some criterion. This problem
is known as clustering [1]. Clustering has become an
important tool in areas such as data mining [2], image
segmentation [3], signal compression [4] and machine
learning [5].

The two main approaches to clustering can be
divided into the parametric and the non-parametric
methods. In parametric methods some knowledge
about the clusters’ structure is assumed. The most
famous and popular such method is McQueen’s K-
means algorithm [6], which implicitly assumes Gaus-
sian cluster distributions. It minimizes a sum-of-squares
cost function, equivalent to variance minimization,
and thus fails if the cluster distributions are not hyper-
elliptical. Often, however, there is no a-priori knowl-
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edge about the data structure. In such cases it is more
natural to adopt non-parametric approaches, which
make no model assumptions, such as e.g. single-link
or complete-link hierarchical clustering [1]. Implic-
itly, usually these methods also rely on a minimum
variance criterion as the clustering metric [7].

In order to capture data structure beyond second
order statistics, information-theoretic clustering met-
rics, such as entropy, mutual information and Kullback-
Leibler divergence [8], appear as an appealing alterna-
tive. Information theory has been used in clustering
by Watanabe [9], and by several other researchers, e.g.
[10, 11, 7]. The major problem of clustering based on
information-theoretic measures has been the difficulty
to evaluate the metric without imposing unrealistic
parametric assumptions about the data distributions.

Recently, Principe et al. [12] proposed a pdf diver-
gence measure that lends itself nicely to non-parametric
estimation via Parzen windowing [13]. This pdf diver-
gence measure is based on the Cauchy-Schwartz in-
equality between two vectors. Combined with a Gaus-
sian kernel in Parzen pdf estimation, the Cauchy-
Schwartz pdf divergence was utilized for blind source
separation and pose estimation in synthetic aperture
radar imagery [12]. Later, Gokcay and Principe [14]
used a somewhat similar measure for clustering, with
positive results.

In this paper we show that the Cauchy-Schwartz
pdf divergence measure can be utilized as a cost func-
tion for non-parametric clustering. The remainder of
the paper is organized as follows. In the next section
we define the Cauchy-Schwartz pdf divergence mea-
sure, and show how it can be estimated directly from
the available data in a non-parametric fashion. In sec-
tion 3 we propose a novel method for maximization of
this cost function for clustering. In section 4 we illus-
trate the performance of the proposed method using
some artificial data and some real data. Finally, in
section 5 we make our concluding remarks.



2. CAUCHY-SCHWARTZ PDF
DIVERGENCE MEASURE

Based on the Cauchy-Schwartz inequality; ||x||? ||y]||*> >
(xTy)?, the following holds;
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In the spirit of Eq. (1), we define the following diver-
gence measure between the two pdf’s p(x) and ¢(x)
[12];
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The logarithm is included to make the notation con-
sistent with that of other divergence measures. This
measure can be regarded as an approximation of the
Kullback-Leibler divergence between the two pdf’s.
It is always positive, it vanishes if and only if p(x) =
g(x) and it is symmetric. Maximizing the divergence
between p(x) and ¢(x) is equivalent to minimizing the
argument of the logarithm.

Assume that we estimate p(x) based on the data
points in cluster C1 = {x;}, i = 1,...,N,, and ¢(x)
based on C> = {x;}, j =1,...,N,. By the Parzen
[13] method

Dcs(p,q) = —1 (2)
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where we have used a symmetric Gaussian kernel,
G(x,X), with a covariance matrix given by ¥ = o21.
Now, we define the membership function Mj;;, which
equals one iff the data points x; and x; belong to dif-
ferent clusters, and zero if not. Furthermore, we de-
fine the membership functions Mc, = and Mg, . If
x; and x; both belong to Cy, then Mg, = 1, but
zero if not. Likewise for MCzij with respect to Cs.
By substituting (3) into (2), and utilizing the prop-
erties of the Gaussian kernel [12], we can estimate
Des(p,q) = —log Vos(p, q) in a non-parametric fash-
ion, where;
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where ZfVJN Gij2021 = N
i=1 Z;V:I Gz’j,2¢721’ N = Np+
Nq and Gz’j72021 = G(XZ — Xj,20’2I).
In the case of multiple clusters, Cy, k=1,..., K,
we extend the previous definition as follows;
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At this point we note a particularly interesting
feature of the Cauchy-Schwartz divergence. Based
on Eq. (), it is easily shown that Dcg(p,q) is in
fact an estimate of Renyi’s quadratic entropy [12] cal-
culated between samples of different clusters, sub-
tracted (half) the sum of Renyi’s quadratic entropy
of each individual cluster. This means that in order
for Dos(p,q) to be large, the sum of the entropies
of the individual clusters must be small, while at the
same time the entropy across the clusters must be
large. This makes perfect sense.

There is also another interesting interpretation of
the Cauchy-Schwartz divergence. Actually, the Gaus-
sian kernel used in the Parzen pdf estimation can be
regarded a Mercer kernel [15], performing a nonlinear
data transformation into some high dimensional fea-
ture space, which increases the probability of linear
separability of the clusters in the transformed space.
Inner products in the feature space are implicitly com-
puted in the input space by use of the kernel. This
means that Gjjo,21 = ®(x;) - ®(x;), where ®(-) de-
notes the mapping from input space to feature space.
Minimizing Vos(p, q) is equivalent to minimizing the
sum of inner products across clusters in feature space,
while at the same time maximizing the product of the
sums of inner products within clusters.

In conclusion, Eq. (5) provides us with an information-

theoretic cluster evaluation function, capable of cap-
turing data structure beyond mere second order statis-
tics, as many traditional clustering algorithms are re-
stricted to.

3. MAXIMIZING THE DIVERGENCE

In this section we propose a novel method for maxi-
mization of the Cauchy-Schwartz pdf divergence. The
method we propose here has close resemblance to the
approach taken by Jenssen et al. [10] in their entropy-
based algorithm. The main idea is to “seed” a num-
ber of small initial clusters in the data set, grow the
clusters until all patterns have been labeled, and then
re-cluster the members of the “worst” cluster, thus re-
ducing the number of clusters by one. This procedure
is repeated until the predefined number of clusters is
reached.
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Figure 1: Assigning a data pattern to a cluster.

3.1. Growing Clusters

Consider the situation depicted in Fig. 1. A set of
patterns, or feature vectors, is distributed in feature
space. Initially a subset of the feature vectors have
been assigned to cluster C; or C3. These are shown
as the encircled points. The problem of clustering is
now to decide whether a new pattern x (pointed to by
the question mark) should be assigned to C; or C.
Our solution to this problem is very simple: Assign x
to C1 if Dcs(cl + X, Cz) > Dcs(cl,CQ + X), and to
Cs if the opposite is true.

Hence, in the general case of having initial clusters
Ck, k=1,..., K, assign x to cluster C; if

max Dos(C,...,Ci +x,...,Ck), (6)

fori=1,...,K.

This approach to clustering is both intuitive and
simple. However, at this point two questions arise:
How to initially cluster a subset of the data? And,
how to decide which pattern to be clustered next?

Initially we “seed” Kjpi¢ clusters in the data set.
This is done by randomly selecting Kj,i; “seed” pat-
terns, one at a time. The first “seed” pattern and it’s
Njpit —1 nearest neighbors constitute the first cluster.
Thereafter a new pattern among the unlabeled pat-
terns is randomly selected, which together with it’s
Nipit — 1 closest unlabeled neighbors constitute the
second cluster. This process is repeated until Kj
clusters have been formed.

The next pattern to be clustered can be selected
in several ways.

nit

e Randomly among the unlabeled patterns - this
has the disadvantage that early clustering of
points far from the initial clusters can make the
clustering process unstable.

e As the unlabeled pattern closest to a cluster
prototype - this approach makes the clustering
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Figure 2: Identifying the “worst cluster” using the
Cauchy-Schwartz pdf divergence. In this example C}
or (5 is the “worst cluster.”

more stable. If we choose to have just one clus-
ter prototype per cluster, it is typically the clus-
ter mean. At the other extreme, all patterns in
a cluster are regarded prototypes.

3.2. Cluster Evaluation

In Fig. 2 we have illustrated how the CS divergence
can be used to identify the “worst cluster”, whose
members subsequently are re-clustered. In (a) a data
set has been partitioned into three clusters. We pro-
ceed by eliminating one cluster at a time, and calcu-
late the CS divergence based on the remaining clusters
in each case. To be more specific, by eliminating, we
mean that the members of the eliminated cluster are
considered unlabeled, not contributing to the value of
the CS divergence. For example, in (b) Cj is elim-
inated, and the CS divergence based on C; and C,
alone is calculated, as indicated by the arrows. Like-
wise in (c) and (d).

The “worst cluster” is now selected as the cluster
that when eliminated, results in the largest CS diver-
gence based on the remaining clusters, because this
means that the remaining clusters are the most sepa-
rated clusters. In the situation depicted in Fig. 2, this
method results in either C'y or Cs being identified as
the “worst cluster”.



3.3. Complexity and instability

Usually the CS divergence clustering algorithm per-
forms better by choosing the next pattern to be clus-
tered as the unlabeled pattern closest to a cluster pro-
totype. This clearly increases the complexity of the
algorithm compared to random selection. In our im-
plementation of the algorithm, the total complexity is
always less than O(N?) at any iteration.

Because the initial clusters are “seeded” randomly,
the clustering result can differ when clustering the
same data set several times. The CS divergence cal-
culated for the final clustering in each case can provide
us with a good indication of which random initializa-
tion provided the best result.

4. PERFORMANCE STUDIES

In this section we test the performance of our novel
algorithm on four data sets, two artificially created
and two real. In all experiments the data have been
normalized to have a range [—1,1]. This is mainly
done in order to have some control over the parameter
o. It doesn’t affect the structure of the data.

The first data set is shown in Fig. 3. This data set
consists of one spherical cluster and three elongated
clusters, with a total of 550 patterns. To show that
K-means, based on second order statistics, is inca-
pable of producing a correct labeling of this data set,
we ran it 10 times, and display in Fig. 3 (b) the best
result. The clusters are represented by different sym-
bols. Fig. 3 (a) shows the best result (but also typical
result) obtained by the CS method for ¢ = 0.06. In
this case we “seed” Ki,;; = 20 clusters, each with
Ninit = 10 members. The next pattern to be clus-
tered is the one closest to some labeled pattern. The
result is very satisfying, yielding only two errors. The
thick lines identifies the erroneously labeled patterns,
and indicates that they actually belong to the clus-
ter marked by squares. Our experiments show that
these two patterns are always wrongly labeled by the
CS method. However, this is to be expected, since
by visual examination of the data set, a human would
probably also assign these two patterns to the lower
horizontal cluster. Next, we investigate the sensitiv-
ity of the method wrt. o and Kj,;. First, we perfom
an experiment where we keep Kj;p;; and N, fixed
at 20 and 10, respectively. We apply the CS method
10 times for a wide range of ¢’s, and show in Fig. 4
(a) the mean errors obtained. It can be seen that the
CS method yields reasonable results for o as low as
0.03, and as high as 0.17, with mean errors less than
five obtained in the range 0.05 < ¢ < 0.14. Fig. 4 (b)
show the result of a similar experiment for ¢ = 0.09,
Ninit = 10, for a wide range of K;ps. For Ky < 10,
typically one or more of the ten runs result in complete

failure (more than 100 errors) because of the random
initialization of the initial clusters. We only show the
resulting mean error when there are no complete fail-
ures. The error bars indicate the standard deviation.
It can be seen that for Kj;,;; > 17 the CS method
is very stable, and results in a mean error close to
three. For 0 = 0.09 we never achieved a better result
than three errors. If we choose our clustering result to
be the one for which the CS divergence is the smallest
among the ten runs for each Kj,;;, the result would be
three errors for every single K, even for K;,;; = 4.
Finally, in Fig. 5 we show the corresponding Parzen
pdf estimates for three different o’s. For o = 0.03 the
pdf estimate is very crude and noisy. For ¢ = 0.17 the
smoothing effect increasingly dominates. As shown
earlier, even for these clearly inaccurate pdf estimates,
the CS method performs relatively well. The pdf es-
timate for o in the middle range (0.1) is also shown,
for which the clustering results naturally are the best.

We also test our method on a data set consisting
of highly irregular clusters. For very small o-values
(0.04), up to o = 0.12, we obtain a perfect clustering.
For example, in Fig. 6 (a) we show the result obtained
for 0 = 0.1, K;n;+ = 20 and N = 10. For o >
0.12 the resulting clusters tend to spread over the true
cluster boundaries. Not surprisingly, K-means fails
completely, as shown in Fig. 6 (b).

Next, we cluster the well known IRIS! data set.
This data set consists of three classes of 50 patterns
each, where each class refers to a type of iris plant. It
is characterized by four numeric attributes. We run
the CS algorithm ten times, and select the clustering
result yielding the largest CS divergence as our final
result. In this case K;n; = 10 and N;,; = 10. For
0.06 < o < 0.3 we obtain less than ten errors. The
best result is achieved for ¢ = 0.1, for which we ob-
tain only five errors. The best clustering result to our
knowledge of the IRIS data set is three errors obtained
by Roberts et al. [7].

Finally, we test our method on the WINE data
set. This data set consists of 178 instances in a 13-
dimensional feature space, where the features are found
by chemical analysis of three different types of wines.
We include this data set in our analysis because it
shows that our algorithm is capable of performing well
in a high dimensional feature space. For a wide range
of ¢’s we obtain in the order of ten errors. The best
result was obtained for o = 0.5, yielding six errors.

5. CONCLUSION

We have introduced the Cauchy-Schwartz pdf diver-
gence measure, and showed that it provides us with

LIRIS and WINE data sets extracted from the UCT reposi-
tory, University of California, Irvine.
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Figure 6: (a) Best result for CS-method, and (b) best result using K-means.

a non-parametric information-theoretic cluster evalu-
ation function. The main advantage of our cluster-
ing approach is that the underlying clustering metric
is based on entropy, both between sub groups, and
within sub groups. Entropy is a quantity that conveys
information about the shape of probability distribu-
tions, and not only variance, which many traditional
clustering algorithms, e.g. K-means rely on. This en-
ables us to cluster data sets consisting of elongated
and highly irregular clusters.

At present, the major problem with our clustering
algorithm is how to choose the kernel size o. This
is a problem encountered in all kernel-based meth-
ods, both supervised and unsupervised. However, we
have shown that the CS method is not too sensitive
to the actual kernel size. Important topics for future
research include developing an automatic procedure
to determine o such that the corresponding Parzen
pdf estimate is relatively accurate.
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